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Hiſtorical Account 

QF THE 
RISE and PROGRESS 

T ſeem'd meet to me when I 

was about to ſet forth the E- 

lements of the Mathematicks, 

to premiſe a few Things con- 

cerning the Riſe and Excel- 

lency of this Science, that its 

2» Candidates may underſtand 

what a Kind of Science it is to which they 

are about to dedicate themſelves; and that 

it may be made manifeſt againſt thoſe who 

flight thoſe Things whereof they are ignorant 

ol how great Value and Dignity this Knowledge 

is, which the wiſeſt Men of all Ages have, 

with incredible Study, labour'd to attain un- 3 

to, and become poſleſs'd of. Moreover, I 

muſt own that Peter Ramus's Labours have 

been of great Service to me in the compiling 


2 


U i 3 | 


of this Account, who in the whole firſt. 
Book of his Inſtitution, which is not a little 
one, hath out of Proclus, Laertius, Gellizs, Poly. © 
bins, Tzetzes, and others, compoſed a Mathe- 


matical Hiſtory both accurately 
ouſly. 
The Mathematical Sciences were the firſt 
of all other amongſt Men, if we may believe 


and copi- 


Joſephus. He, Book I. Chap. 3. writeth, that 
the Poſterity of Seth obſerved the Order of 
the Heavens, and the Courſes of the Stars. 
And leſt theſe Inventions ſhould lip out of 
of Men, Adam having pre- 


8. 


the Knowledge 
dicted a twofold Deſtruction of the Earth, 
one by a Deluge, the other by Fire, they 
rais d two Columns, one of Bricks, of Stone 


the other; and inſcribed their Inventions up- 
on them, that if the Brick one ſhould happen 
to be deſtroy'd by the Deluge, that of Stone, 
which would remain, might afford Men an 
Opportunity of being inſtructed, and pre- 
ſent to their View the Things which it had 
They ſay alſo, that that 
ſtone Pillar, which even in our Days is ſeen _ 
This Jo- _ 
ſephus ſays : whom I leave to vouch for the _ 


inſcribed on it. 


in Syria, was dedicated by them. 


Story. 


That the Aſyrians and Chaldeans were the 'M 


_ firſt of Mortals, after the Flood, who ap- 


plied themſelves to the Mathematicks, is de- 
livered by the ſame Joſephus; as alſo by Plim, 
Diodorus, and Cicero, But the Mathematick _ 
Arts which firſt ſprang amongſt the Chalde- 
ans, amongſt whom they flouriſhed, were af- 


terwards transferr'd out of Chaldea and A, 
Hria unto the Egyptians, by Abraham, For, 
. When, 
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ritt when, at the Command of Gov, he went 
le forth from his native Soil into Paleſtine, and 
from thence into Egypt, and perceiv'd the E- 
e-  gyptians to be taken with the Study of good 
Pl" + Arts, and to be of a very notable Wit and 
cCcClaapacity for Learning, (as Joſephs teſtifies, 


= ences in Greece. 


After him was Pythagowas of Samos: Which 
1 moſt ancient Philoſopher, exceedingly im- 


Book I. Chap. 9.); he communicated to them A- 


rithmetick and Aſtronomy; and conſequently 


Geometry, which muſt of Neceſſity go before 
Aſtronomy. In which Studies afterwards the 
Egyptians ſo flouriſh'd, that Ariſtotle, 1 Metaph. 
Chap. 1. doth affirm, That the Mathematick 
Arts were firſt found out in Egypt, by their 
Prieſts; who by their Employments were at 
leiſure for theſe Things. alc Ho 

Then theſe Arts croſſing the Sea out of E- 
* gypt, came to the Philoſophers of Greece: For 
Duales the Milefian, who flouriſh'd 584 Years 
before Chriſt, was the firſt of the Greeks, 
Who coming into Egypt, transferr'd Geome- 
try from thence into Greece. He it was in- 


deed, who, befides other Things, found out 


the 5th, 15th, and 26th Propoſitions of the 
firſt Book. To the {ame are alſo owing the 
2d, 3d, 4th, 5th, of the fourth Book. The 


ſame Perſon began to obſerve the Equinoxes 
and Solfſtices, as Laertius teſtifies; and he was 


the firſt who foretold an Eclipſe of the Sun, 
as Hippias and Ariſtotle do write; and Tzet- 


x es ſaith, That he alſo foreſhew'd an Eclipſe 


of the Moon to King Cyrus. For which 
Things ſake he is to be look'd on as the firſt 
Founder and Author of the Mathematical Sci- 


2 4 Pee 


e 1 iv 1 
prop d and adorn'd the Mathematick Sciences. 
And he ſo gave himſelf to Arithmetick in par- 
ticular, that almoſt his whole Method of Phi- 


loſophizing was taken from Numbers. And 


hae firſt of all, as Laertius relates, abſtracted Geo- 
metry from Matter; in which Elevation of 
the Mind, he found out the 32d, 44th, 47th, 
and 48th Propoſitions of the firſt Book. But 
he is eſpecially celebrated for the Invention of 
Prop. 32, and 47. of that Book ; and he con- 
 ceiv'd ſo great Joy upon this Invention, that, 
as Apollodorus witneſſes in Laertius, on that Ac- 
count he ſacrific'd an Hecatomb. The ſame 
Perſon firſt laid open the Matter of incommen- 
ſurable Magnitudes, and the Five regular Bo- 


dies. The ſame Perſon did both moſt dili- 
gently teach and exerciſe the Art of Aſtrolo- 


oy and Muſick : For he did not only acutely 
and ſubtily find out many Things himſelt, 
but he alſo firſt opened a School, in which 
Youth might learn theſe honourable and noble 
Arts. 


Pthagoras was follow'd by Anaxagoras of 


Clazomenz, and Oenopides of Chor, of whom 
Plato makes mention in his Dialogue, The 
Lovers, where young Men are brought in con- 
tending about Anaxagoras and Oenopides in 
their Deſcriptions of Circles. Ariſtotle reports, 
that a certain Treatiſe of Geometry was writ- 
ten by Anaxagoras; and we have it from La- 
ertius, that it was ſhew'd by him that the 
Sun 1s greater than e (a notable In- 
ſtance of the Infancy of Aſtronomy at that 
Time); and that he made ſome Conjectures 
concerning Habitations in the Moon. As for 
Oepopides, to him Proclus aſcribes the 12 and 


13. J. 1. 


s. 13. I. 1. Theſe were followed by Briſo, An- 
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r- t:ipho, and Hippocrates of Chios, all of them, for 


attempting the Quadrature of the Circle, re- 
prehended by Ariſtotle, and at the ſame time 
celebrated. But amongſt them, Hippocrates 


= Philoſopher and a Geometrician, beſides the 
Quadrature of the Circle, alſo firſt attempt- 
ed the Doubling of the Cube, by two mean 
Proportionals, which as being an excellent, 
and indeed the only Way, all that have fol- 


alſo his peculiar and great Commendation, 
by others. . 
Diemocritus was admirable, not in Philoſo- 
phy only, but alſo in the Mathematicks. His 


his Mathematical Works alſo, are wholly loſt, 


* 


of ſttotle, who deſired to have no other Wri- 
but his own. The Philoſophy of 


m tings read | 
"he Democritiis Fath been reſtored by Peter Gaſſen- 
n- dus, in a moſt Learned Work lately put forth. 


in _Theodorms Cyrenæus, although none of his Ma- 


ts, thematical Inventions are extant, yet is great 
it- upon this Account, if there were no other, 


.4- that he is reported to have been the Maſter of 


he Plato. . + 
n- Unto Plato therefore we are come at length, 


at than whom no one brought greater Luſtre 
'cs to the Mathematical Sciences. He amplifi- 


or ed Geometry with great and notable Additi- 


nd ons, beſtowing incredible Study upon it. And 
1. oh. „dung 


was by far the moſt Famous; that celebra- 
ted Perſon, who of a Merchant growing to be 


lo 'd him to this time have embrac'd it. Tis 


that he, as Proclus teſtifies, firſt wrote Elements, 
and digeſted into Order the Diſcoveries made 


Phyſical Monuments, and, if ſuch there were, 


through the Envy (as ſome report) of Ari- 


i 
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F411 „ 
above all, the Art Analytick, or of Reſolu: 
tion, was found out by him, the moſt cer- 
tain way of Invention and Reaſoning. He 
ſer off and illuſtrated his Books of Philoſo- 
phy in a Mathematical way, and encourag'd' 
whatſoever was admirable in Mathematical 
Philoſophy. Upon the Door of his Aca- 
demy was read this Inſcription : sds dot », 
Tenl@- diirw Let no one ignorant of Geometry en- 
ter here; an 1lluſtrious Inſtance to demonſtrate, 
how the Mathematicks are not foreign but 
proper, not unuſeful, or unbecoming, but ho- 
nourable and profitable to ſound and cer- 
tain Philoſophy. In a word, how great both 
Admirer and Maſter of the Mathematicks _ 
Plato was, that Man will of himſelf eaſily .* 
underſtand, who ſhall read his Monuments 
through. > 1 
Out of Plato's Academy, almoſt innume- 
rable Mathematicians came forth. Thirteen 
of Plato's familiar Acquaintance are commemo- 
rated by Proclus, as Men by whoſe Studies 
the Mathematicks were improv'd. From hence 
were Leodamus the Thafian, Archytas the Taren- 
tine, Theætetus the Athenian, by wliom the Ma- 
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thematicks were notably enlarged. . Leodamus © f 
practiſed the Analyſis received from Plato, 
and is ſaid by Laertius to have found out ma- 
ny things by the Help of it. As for The- 


tatus, both his own Inventions, amongſt which _ 
are the Elements written by him, and the In- 
{cription of regular Bodies; and Plato's Enco- 
miums, who alſo inſcribed a Dialogue to his 
Name, do make him famous. „„ 
Archytas alſo wrote Elements himſelf; ang 


his Doubling of the Cube is mentioned by A 
Entocins ; whoſe ſingular Commendation it 


olu- likewiſe was, that he was almoſt the Firſt 
cer 


He 


Oſo- 


ig d 


ical 
ca- 
0 
en- 
ate, 


but 
ho- 
cer- 
both 
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ents 


me- 


teen 


mo- 


dies 
ence 


- 
or 


2 


L vij J 


that brought down the Mathematicks to hu- 
mane Uſes; by whoſe Contrivance alſo a 
Wooden Pigeon was made to fly, as Gellius re- 
ports; he being followed by Dædalus, and other 
Artificers, yielded Matter for the Fables of 
the Poets. 
Mathematician and General of an Army: He 
five times commanded the Forces of his own 
Citizens, in the Wars of his Country, and 
five times overcame their Enemies. 


Moreover, Archytas was both a 


The 


meer Name of Neoclides is only Famous, he 
being more illuſtrious for his Scholar Leon 
perhaps, than for his own Inventions. 
certainly wrote Elements of all the Mathema- 
- ticks, improv'd them, and made them more 
fit for Uſe. | 
be reckon'd amongſt the chief Compilers of 
Elements. „ 

Eudoxus of Cnidos was not inferior to Leon: 
A Man great in Arithmetick, and to him (if 


Leon 


Wherefore he is deſervedly to 


we may believe the Greek Scholiaſt) we owe 
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the whole fifth Book. He likewiſe wrote E- 
lements, and made them more general, and 


r 8 v4 
encreaſed the Sections begun by Plato; over 


4 


and above this he was the firſt Framer of A- 


ſtronomical Hypotheſes, and derived down 
the Springs of Geometry, as Archytas had 
dane before, to Mechanicks. Amyclas the He- 
racleot, and Menæchmus, and his Brother Di- 
noſtratus, Helicon of Cyzium, Theudius, Hermo- 
timus the Colophonian, Philippus the Medmæ- 
an, all Platoniſts, rendered Geometry much 
more perfect. Menachmus alſo found out the 
Conick Sections, and by the help of them, 
wo mean 
in this Caſs is preferr d by Eutocius before ri 
7 1 | | Other 


Proportionals; whoſe Invention 


* 
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minded to be his Auditor, Go thy way, ſaith 


he, for thou wanteſt the very Handles of Phi- 
 boſophy. EW 4s 7% 
But of Ariſtotle, what can I ſay? All his 


Books are filled with Mathematical Argu- 


ments, out of a Collection of which Blancane | 


hath made a Book. Two of Ariſtotle's School 


are eſpecially celebrated, Eudemus and Theo- 
Phraſtus This latter wrote two Books of Num- 


bers, four of Geometry, and one of inviſible 


Lines : The other, compoſed a Mathematical 


Hiſtory ; and from him Proclus, and others 


have borrowed theirs. To Ariſtews, Iſdore, © 
Hypficles, moſt ſubtle Geometricians, we are 
eſpecially indebted for the Books of Solids. 
Laſtly, Euclid gathered together tffe Inventi- 
ons of others, diſpoſed them into Order, im- 
prov'd them, and demonſtrated them more 


accurately, and left to us thoſe Elements, by 


which Youth is every where inſtructed in the 
Mathematicks. He died in the Year before 
Chriſt 284. There follow'd Euclid almoſt an 


100 Years afterwards Eratofthenes and Archi- 


medes, The Name of Erazoſthenes was very fa- 
40 loſt. Many Re- 


mains we have of Archimedes, and many we 
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mous, but his Writings 


have loſt. _ 


5. 8 
Beet 


other. Theudius and Hermotimus made the E- 
lements more univerſal and full. And all theſe, 
who were of Plato's Academy, brought Ma- 
thematick Philoſophy to Perfection, as Pro- 
clus ſaith. Xenocrates alſo, one of Plato's Au- 
ditors, and Maſter of Ariſtotle, as well as Ari- 

ſtotle himſelf, were famous for the Knowledge 
of the Mathematicks. When a certain Per- 
ſon, who knew nothing of Geometry, was 


L iK ] 
1 But when I name Archimedes, T conceive in 
pro- my Mind the very Top of humane Subtilty, 
Au- and the Perfection of the whole Mathemati- 
Ari- cal Sciences. His wonderful Inventions have 
dge been delivered to us by Polybius, Plutarch, Tzet- 
per- es, and others. Conon was Contemporary to 
Archimedes, one who was both a Geometri- 
aith cian and an Aſtronomer, whoſe Death Archi- 
phi- inedes laments in his Book of the Quadra- 
ture of the Parabola. There followed Archi- 
his mmedes and Conon, and that at no great Diſtance, 
gu- Adollonius of Perga, another Prince in Geome- 
cane try, who was called by way of high Enco- 
100! mium, The Great Geometrician. There are ex- 
eo- tant Four | now Seven] moſt ſubtle Books of 
um. his Conicks. To the ſame Perſon are aſcri- 
ible bead, the 14, and 15. Books of Euclid, which 
ical were contracted by Hypficles. Hipparchus and 
hers Menelaus wrote, this latter 6, the other 12 
lore, Books of Subtenſes in a Circle; for which In- 
are vention, ſo very profitable and neceſſary, great 
ids, Commendations and Thanks are due to both. 
nti- There are alſo extant three Books of Menelaus 
im- concerning Spherical Triangles. Three moſt 
ore uſeful Books of Sphericks of Theodoſius the Tri- 
by © polite are alſo in the Hands of all. And theſe 
the indeed, if you except Menelazs, lived all of them 
TJ ney 
"i In the Year after Chriſt 70, there appeared 
in the World Claudius Ptolemæus, the Prince of 
 fa- Aſtronomers, a Man certainly wonderful, and 
WM (as Pliny ſaith) above the Nature of Mortals. 
we But he was not only moſt skilful in Aſtrono- 
my, but in Geometry alſo; which as many 
other Things written by him do witneſs. ſo 
Bw eſpecially do the Books of Subtenſes : T boſs 
| ; 5 af 
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of Menelaus which were Six, and the Twelve 
of Hipparchus, all contracted by him into Five 
Theorems. As for Plutarch, a moſt fam'd 
_ Philoſopher, there are extant his Mathema- 
_ tical Problems. And all know of the Learn- 
ed Commentaries of Eutocius the Aſcalonite 
upon Archimedes. By him are recited the 
Inventions of Philo, Diocles, Nicomedes, Spho- 
rus, Heron, as of ſo many excellent Maſters 
in the Mathematicks, concerning Doubling 
the Cube. Heron's Genius certainly was ex- 
cellent, as well for Mechanicks as Geome- 
try. The Doubling of the Cube delivered 
by him is commended by Pappus, Book III. 
Prop. 7. before all other. The admirable Works 
of Ctefibius the Alexandrian, to whom we owe 
our Pumps, are celebrated by Vitruvius, 
Proclus, Pliny, and Athenæus. The Name al- 
ſo of Geminus is not in the loweſt Place a- 
mongſt Mathematicians, whom Proclus has 
» as in many Things before Euclid him- 
5 15 8 2 
Diophantus, and he alſo an Alexandrian, was 
as great in Arithmetick as Archimedes, A- 
PHPollonius, or Euclid in Geometry; he was Cer- 
tainly a Maſter of all Subtilty relating to 
Numbers: by him was found out that admi- 
rable Art, which we call Algebra; which in 
theſe Times has been rendered more perfect 


and univerſal by Francis Vieta, and Renatus 


Carteſius. There are others who are celebra- 
ted amongſt the Ancients alſo; as Nicomachus, 
famous for Arithmetical, Geometrical, and 
Muſical Monuments; Serenus well known to 
Geometricians for his Two Books, con- 
cerning the Section of a Cylinder; Proclus, 


Cx ] 


Pappus, Then. How great a Mathematician 
Proclus was, is manifeſt from his Learned 
Commentaries on Euclid, and other Writings, 
And this is he, I ſuppoſe, who, as Zonarus 


reports, and from him Ramus, and Baronius, 


about the Year of Chriſt 5 14, with Optic 
Artifice, and the Glaſſes which he uſed, burnt 
* Fleet of Vitalian, who was beſieging Con- 


ntinople. The Praiſes of Theon, which tru- 
y are deſervedly great, Peter Ramus wonder- 


fully exaggerates; inſomuch that even the 
Books which hitherto all have aſcribed to EAA- 
cid, ought, as he thinks, to be attributed to 
* Theon. But Ramus, who every where is rea- 
dy to detract from Euclid, and this without 
grounding himſelf upon any ſolid Foundati- 
on, is not to be hearken'd to here. To come 
at length to a Concluſion, let Pappus bring up 
the Rear, the laſt in Time amongſt the An- 
Fients, as being one who liv'd about the Year 
4; but in Reputation, and all Mathema- 
tical Commendation, to be reckon'd amongſt 
the firſt, Alexandria, that City ſo fruitful 
of great Men, which before had brought forth 
 Hhpficles, Cteſibius and Diophantus, produced 
him alſo, to the great Advantage of the Ma- 
thematicks. He wrote Seven Books of Ma- 
thematical Collections, of which the Two 
Firſt are loſt. The Five other do abound 
Witli ſo many, and ſuch various moſt noble 
Inventions in almoſt all Parts of the Mathe- 
maticks, that they are eſteemed amongſt the 
chief Monuments of the Ancients which are 
ant. TY Or ne wy 
And thus you have a ſhort Hiſtory of the 
Mrigin and Progreſs of the Mathematicks. 
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cy, and Dignity of this Science. Certainly 
the ſame eminent Perſons in the Common- - 


wealth of Learning, who diſcover'd 'Philoſc- . 


phy, diſcover'd alſo theMathematicks, like tw 
Siſters born at one Birth; whom if any on: 


would violently ſeparate from each other, I # 
certainly attempts to break off their natin 
Concord, with moſt notable Injury, and as i 7 
were Cruelty to both; ſeeing, as it is wos 
to fall out in the Caſe of Twins, where the 
are remov'd from one another, in Place or bj © 
Death, ſo it will be like to happen here, tha = 


Mathematicks being plucked away from he, 4 


_ Philoſophy muſt needs languiſh and pine away. #4 


— 
- 
1 


RAI 2 92 : 

AA {I Mt | 
Wi 
* 
j 


5 * f 


„X ESE S 8 


FAPA Ya re, ow AA 


. $3. Gandtn#.o x K : IE; 
On a... Vu, * 
Eres be RE + 6 : 


. 
7 p: 2 Fc Fa "® 
wy — 


a S. 
Wy 80 


. iT 
. 


4 


* 


8 ee 


ww Al. . Ede TE arti 
or Advertiſement of Books, c. 
r, be - . 

atm uk RE is lately Finiſh'd and Sold by J. Sener, at 
as! 1 the Globe in Salibury-Court, a new Sett of Maps, 


wo containing the World and Quarters, with all the Prin- 
the > Cipal Diviſions of Europe: Each Map on Two Imperial 
11 Sheets of Paper; together with ſeveral of theſe Subdi- 
Or d vided, each on One Imperial Skeet: As alſo ſome of 
, tha the Ancient Geography. The Whole making a hand- 
het ſome Book or Atlas. The World and Quarters are alſo 
ay. fitted up upon Cloth, with Deſcriptions, and an Intro- 
duction to Geography. He alſo ſellsthe Beſt and Neweſt 
Globes of 3, 12, and 16 Inches Diameter; and is 
now Engraving, and will ſpeedily Publiſh a moſt Cor- 
rect Pair of Globes of about 30 Inches Diameter. 
VN. B.) Several of the Maps and Globes have been moſt 
unjuſtly and very erroneouſly Copied, and Sold for 
His; but whoever examines the Title and the Gra- 
ver's Name J. Senex, in the World, Europe, Aſia, Afri- 
cas, &c. may be undeceiv'd. Thoſe Gentlemen who have 
aa mind not to be impoſed upon in Buying Globes, are 
deſired to Buy them only from F. Senex, who is parti» 
— zcularly Careful that what he Sells may be correctly Fi- 

niſh'd, and ſuch as may Credit the Maker. | 
"> Aſtronomical Lectures, read in the publick Schools at 
Cambridge, firſt publiſhed in Latin for the Uſe of young 
Students in the Univerſity, and now done into Ex- 

7 $'iſb, 8vo. Price 65. a | „ | 
Sir Iſaac Newton's Mathematical Philoſophy, more ea- 
ſily demonſtrated ; and Dr. Halley's Account of Comets 
IIluſtrated. Being 40 Lectures read in the public 
Schools at Cambridge, publiſh'd for the Uſe of young 
Students there, and now done into Engliſh With Cor- 
__xrettionsand Improvements by the Author, 8vo. Price6s. 
Aſtronomical Principles of Religion, Natural and Re- 
veal d, ing Parts. I. Lemmata, or the known Laws of 
Adva 8 Matter and Motion. II. A Particular Account of the Sy- 
2 ſtem of the Univerſe, III. The Truth of that Syſtem 
ms | „„ brie fly 


BOOKS Printed for J. Senex. 
briefly demonſtrated IV. Certain Obſervations drawn 
from that Syſtem. V. Probable Con jectures of the Na- 
ture and Uſex of the ſeveral Celeſtial Bodies contained 
in the ſame Syſtem. VI. Important Principles of Na- Wha 
tural Re, igion demonſtrated, from the foregoing Ob- 
ſervations. VII. Important Principles of Divine Re- | 
velation confirmed from the foregoing Conjectures. Zi 
VIII. Such Inferenges ſhewn to be the common Voice 
of Nature and Reafon, from the Teſtimonies of the moſt 
conſiderable Perſons in all Ages. IX. A Recapitulation 
of the Whole; with a large and ſerious Addreſs to all, 
eſpecially the Scepticks and Unbelievers of our Age; 
together with a Preface of the Temper of Mind, ne- 
ceſſary for the Diſcovery of Divine Truth; and the 
Degree of Evidence that ought to be expected in Di- 
vine Matters, 8vo, 5 s. | | 8 
An Accountof a ſurpriſing Meteor ſeen in the Air, 
March the 6th ii at Night; Containing, I. A Deſcrip- 
tion of the Meteor, from the Author's own Obſervati- 
ons. IE. Some Hiſtorical Accounts of the like Mete- 
_ ors before: With Extracts from ſuch Letters and Ac- 
counts of this, as the Author has receiv'd, III. The 
Principal Phænomena of the Meteor. IV. Conjectures 
for their Solution. V. Reaſons why our Solutions are 
ſo imperfe&. VI. Inferences and Obſervations from 
the Premiſſes. Second Edition, 8vo, 15. . = 
A Scheme of the Solar Syſtem, with the Orbits of the 
Planets and Comets belonging thereto, deſcribed from 
Dr. Halleys Accurate Table of Comets, Philoſoph. 6 
Tranſact. N. 297. founded on Sir Iſaac Newton's wonder 
ful Diſcoveries, Price 2 s. 6 d. RS 
An Introduction to Geography, with all neceſſary tt 
Definitions. Fol. Price 5 5. 1 | _— * 
The Deſcription and Uſe of the Globes, Second % 
Edition. Price 1 . 6 d. „ ; _ 
A New and Exact Map of the Zodiack on two Impe. 7 
rial Sheets, wherein the Stars are laid down from the 
beſt and lateſt Obſervations, together with an Expla- © 
nation of its Uſes, both in Aſtronomy, and for Derer- Gy 
mining the Longitude at Sea. By Edmund Halley, L. L. D. 
Savilian Profeſſor of Geometry, and F. R. S. 4 
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| Theſe and the reft of Mr. Whiſton's Works, with other Mat be. 1 . 
. : | ; 0 \ , 0 
matical Books, are ſold by J. Senex at the Globe in Saliſ- 

12 and W. Taylor at the Ship in Pater - Noſte- 


<= 
1 


ice 


of: Dr. B A R RO w's Words, 
„„ prefix d before his A pol 
„ 
the . lonius. . 
ir, God always acts Geonetiically 
1 78 or great a Geometrician art thou, 
te. O Lord] For while this Sci- 
The _ ence has no Bound; while there 
ures i for ever room for the Diſcovery 
rom 5 New Theorems, even by Human Faculties, 
Thou art acquainted with them all at 
Fe | one View, without any train of Conſæquen- 
oph. F. without any weariſome Application of 
der. "Demonſtrations. In other Arts and Scien- 
Mary es our Underſtanding is able to do almoſt 
Don nothing; and, like the Imagination of Brutes, 
ems only to dream of ſome uncertain pro. 
mpe. P00. tions « Whence it is that in 0 many Men 
ele are almoſt ſo many Minds. But in theſe Ge- 
Jeter. WW Theorems all Men are agreed : In 
LD. "Theſe the Human Faculties abpear 70 have 
me real Abilities, and thoſe Great, Won- 
15 erful and Amazing. For thoſe Faculties 


ofter- 3 | F 


Mich ſeem of” almoſt no * in other Mat- 
5 A 2 


ters, 


| Dr. B A R R O W. 1 5 
ters, in this Science appear to be Efficacious © 4 


Powerful, and Succeſsful, &c. Thee there. 

fore do I take hence occaſion to Love, ani 
Rejoice in, and Admire; and to pant after | 1 
that Day, with the Farneſt Breathings of "i 
my Soul, when thou ſhalt be pleaſed, out of 
thy Bounty, out of thy Immenſe and Sacre 
Benignity, to grant me the favour to per 
ceive, and that with a pure Mind, and clean 
Viſion, not only theſe Truths, but thoſe alt 
which are more numerous, and more impor. 1 
tant; and all this without t hat continual ani 2 


F 
painful Application of the Imagination Whit) 4 
we — theſe withal, &c. 8 


Mathematical Notes or Abbreviations. the 


== The Note for Equality, S0 a=b. ſignifies cha "ag 
. and are equal. 7 l 
The Note for Addition. So 4 * b lignifies 1. 1 
Sum of à and 6 together. 5 
— The Note for Subtraction. So a— 4 ſignifies * 1 
Difference between à and 5. 1 
x The Note for Multiplication. So ax b or @ b ſigi 
fies a multiplied by 5. I 
The Note for equality of Proportion. So 4: B:: ai. 7 
Eni that 4 bears the ſame Proportion to B, chu, ip 
bears to b. f tp 
E The Note of continued Proportion. So A. B. C. 5 apt 
ſignifies that 4 bears the ſame Proportion to B, hat $ A 
bears to C. 7 
9 The Note for a Square. So C. 8.9 ſignifies . 3 # 
Square of the Line C. B. 1 
c The Note for a Cube. So C B, 4. - ſignifies the a 
of the Line C B. | 
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Ihe dSenſe is the ſame in all. The Inſtrument whereby 
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to the Line before deſcribe 
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Point is a Mark in Magnitude, which is 

FYS [ſuppoſed to be] indiviſible. | 
AS That is, which cannot be divided ſo 

much as in Thought. A Point is the be- 


\ 
F — 


7 2. ALine js a Magiitude which hath Length only, and 
© Wants all Breadth ; foraſmuch as it is underſtood to be 
= Produced from the flowing of a Point. 


3. Points are the Terms of a Line. 
4. A right Line, is that which lies evenly betwix 
Terms. | | 
Or as Archimedes A right Line is the leaſt of all thoſe 
hich have the ſame Terms; or, is the ſhorteſt of all 

"thoſe which can be drawn betwixt two Points. 
Or as Plato hath itz A right Line is that whoſe Ex- 
., _Femes hide all the reſt : [That is, when the Eye is pla- 

Fed ina Continuation of the Line.) FE 


Fig 1 


tits T.:vie t> 


right Lines are deſcribed, is [called] a Rule; which whe- 
ther it be ſtrait or not you may know by this Tryal. 


. Deſcribe a Line according to the Rule; then turning 


be Rule ſo that that which before was the Right-hand 
End may now become the Lefc-hand End, apply it again 
d; if it doth now entirely. 
1 fall 


! 
8 40 


Fig 22 4. 


1 

4 

1 

other of two Lines, which touch one another in 1 A] 
24 

"t 

1 

1 

4 


dt the 


i: that the Sides ſhould be of an equa] Leogth. 


EUCLI1D's Elements, Lib. 1 ; 
fall in with the Line, the Rule is ſtrait, if not, the Rule mM | 


is not ſtrait. The Reaſon hereof depends on Axiom 13, 1 2 
FJ . A Surface is a Magnitude which hath only Length 
and Breadth. 1922 
It hath two Dimenſions therefore: And is underſtood 190 os, 
to be produced by the flowing of a Line. 9 


6. Lines are the Extremes of a Surface. 
7. A Plane, or a plain Surface, is that which lies even. 1 
ly berwixt its extreme Lines. 1 
Or as Hero, that, to all the Parts whereof a right Line 
may be accommodated. 
For it is produced from the Motion of a right Line. 
Or, A plain Surface is that whoſe Extremes any of p 
them hide all the reſt, [ the Eye being placed in a Con x 
tinuation of the Surface. 5 FE THT” p 
Or, It is the leaſt of all Surfaces which havethe ſame 
Terms. The Senſe is the ſame in all. 1 
Euclid hath not here defined a Body or Solid, becauſe 8 
he was not yet about to treat concerning it. But leſt any d 
one ſhould want the Definition thereof, take it here thus 0 
A ody is a Magnitude long, broad and deep. A Body! 1 


; thereof hath three Dimenſions, a Surface two, a Liu? 


one, a Point none. 5 1 
8. A plain Angle is the mutual Inclination to each 


Plain, and fo as not to make one Line. 


Therefore-the two Lines A B, C Atouching one ano. 


ther in A, but ſo as not to make one Line, conſtiruc. bo” 


an Angle. 
9. The Sides or Legs of an Angle are the Lines v hick | ' 
make the Angle. 5 50 
10. The Vertex or Top of an Angle is the Point 0 
in which the Legs do meet and touch one another. 
Note, That a ſingle Angle is deſigned by one Letter put 
Top : When there are more at one Point, they are 
deſigned by three Letters, the middlemoſt of which de. 
notes the Top of the Angle; and many times alſo by on: 
Letter interpos'd betwixt the Sides near the Top. So in 
Fig. 5. the Angle made by the Lines B A, CAis age BE 
ed either by three Letters B A C, or by one only O. * 
11. Angles are called Equal, if when the Tops of them % 
ore laid upon one another, the Sides of one agree with © b 
the Sides of the other. But unto this it is not d 
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Angle B A E is greater than the Angle B A C. 
79 An Angle is not diminiſh'd or increas'd by the Dimi- 


that which a right Line and a crooked one make. 


- Ws 
D +, 7 
5 


EUCL1D's Elements. 


12. They are called Unequal when the Top and one 
Side agreeing, the other doth not agree; and that is 
Kkalled the Greater, whoſe Side falls without. So the 


ib, I. 


nution or Augmentation of the Sides that include it. 
Iz. Aright-lin'd Angle is that which right Lines con- 


titute; a curvi-lineal, which crooked Lines; a mixt one, 


bay” 6 


14. When the right Line [C A] ſtanding upon 
Right ones; But the 


A right Angle may alſo be defined thus. 


As right Angle is that, that (BAC) when on the other 
Side an equal one ariſeth (C AF) if you produce or 


+ 


dairra forth a Side, as (B A). | . 
Two Rules ſo joined as to contain a right Angle, 
make an Inſtrument, which is called a Square. Pythago- 
ra was the Inventor of it, as Vitruvius affirmeth, c. 2. 
4.9. So great is the Uſe and Force of a right Angle in 
Framing, Meaſuring, and Strengthning all Things, that 
nothing almoſt can be done without it. The Proof ofa 
„ 

ano 


Square is made thus: Apply the Side of it, A E to the 


. right Line AF, and deſcribe the right Line C A along 


titu: the other Side. Then turning the Square towards B, 
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one F A C is called an obtuſe Angle. 


Angle (F A C) is called an Acute one. 


are 


de. 


y one ry 


So in 7 bh 
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af on both Sides it agrees to the right Lines CA, AB 


vou may know that it is true and exact. The Reaſon 
) = hereof appears from the 14th Definition it ſelf. 


5 Bg: 5: 
Eg. 2, 4. 


1 the rig. 6. 
Right one [B F] leans unto neither Part, and therefore 
makes the Angles on both Sides equa), CAB S CAF 
both of the equal Angles are call 

right Line C A which ſtands upon the other, is called a 

perpendicular Line, or barely a Perpendicular. 


Fig. 6. 


15. The Angle B AC which is greater than the right Fe. 7. 


16. The Angle (LAC) which is 


17. A plain Figure isa plain Surface, bounded on eve- 
Side with one or more Lines. | 


19. That Point is called the Center. 


A 4 20, The 


leſs than the right Eg s. 


” 18, A Circle is a plain Surface contained within the Eg. s. 
N * , * FP - 

Compaſs of one Line called the Circumference ; from 
h 7% which Line all the right Lines that can be drawn unto 
them 


0 one certain Point, within the contained Space (A) are 
with 2 | os is 5 ph 


Wee" 
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EU CLID's Elements. Lib. J. 
23. The Diameter isa right Line (B A) drawn through 
the Center, and on both Sides ended at the Circumfe- 
rence; and conſequently it divides the Circle into two 
equal Parts. (As isabundantly manifeſt from the exact A- 
greement of two Semicircles when laid one upon another). 
21. The Semi- diameter or Radius is the right Line 
A F drawn from the Center to the Circumference. 
22. A Semi- circle is a Figure (BL C) which is con- 
tain'd by the Diameter B C, and half the Circumference 
B LC. 18 05 | 
Mathematicians are wont to divide the Circumference 
into 360 equal Parts (which they call Degrees,) the Se. 
mi-circumference into 180, the Quadrant or Quarter in- 
to 90. | | 
23. A Right-lin'd Figure is a plain Surface bounded 


on every Side with right Lines. 


Fg. 10. 


24. A Triangle is a plain Surface contained by Three 
right Lines. . | . 
This is the firſt and moſt ſimple of all Righr-lin'd Fi- 


gures, and that into which they are all reſolv'd. 


Fig. 10. 
Tig. 11, 12. 
Fg. 13. 
Fig. 13. 
Fig. 12. 
Fig. 10 11 


Fig. 14. 15. 


Angle right. 


25. An Equilateral Triangle is that which hath all the 
Sides canal 7 Hf 5 | | 
26. An Iſoſceles or equicrural Triangle is that which 
hath only two Sides equal. | | 
_ 2 A Scalenum is that which hath Three unequal 
_— FR. 2 
28. A right-2ngled Triangle is that which hath one 
29. An obtuſe-angled Triangle is that which hath one 
obtuſe Angle. I l 


-* 


30. An acute-angled Triangle is that which hath 


three acute Angles. 


31. Amongſt quadrilateral Figures, the ReQ-angle is 1 


that which hath Four right, and conſequently equa) An- 


Fa. 1. 


Equiangled, 


gles; whether the Side be equal or nor. | 

32. A Square is that which hath equal Sides, and is 

Right-angled, and conſequently Equi-angled. 55 
very Square is a Rectangle; but every Rectangle is 

not a Square. _ 1 5-H e 


33. A Rhombus is 2 quadrilateral or four-ſided Fi. 


gure, which is equilateral, but not equiangled, 


34. A Rhomboides is that which bath the oppoſite 


Sides and Angles equal, but is neither Equilateral, nor 


35. A 
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EUCLID's Elements. 8 


3;. AParallelogram is a quadrilateral Figure, which Eg. 14, 15; 


SY 
4 


"hath each Two of its oppoſite Sides (AB, FCand BF, 16,17, 


AC) parallel to each other. Now what parallel Lines 
are, will be ſhewed in the following Definition. 
Every Rectangle and Square is a Parallelogram; but 
every le m is not a Rectangle or a Square. 3 
36. Right Lines are Parallel or Equi-diſtant, which 52 18. 
ping in the ſame Plane, and drawn out on both Sides 
infinitely, are diſtant from one another by equal Inter- 
vals. | SIE 
The Intervals are ſaid to be equal, in reſpeQ of the 
Perpendiculars. Wherefore if all the Perpendiculars 
(Q) unto one of the two Parallels (A B) ſhall be 
- equal, the right Lines (A B, C F) are ſaid to be Paral- 
lel. | | | 1 i 
Parallels are produced, if the right Line (L Q) which 
is perpendicular to the right Line (AB) be moved a- 
Jong (A B) always perpendicularly ; for then its Extre- 
mity L deſcribes the Parallel C F. 4p 3 
1 of a Parallelogram, Eg 15. 


37. The Diameter or Diagona 
and every Quadrilateral, is a right Line (A F) drawn 
through the oppoſite Angles. | | 
3858. Plain Figures contain d by more Sides than Four, 

5 are called Many-ſided or Many-angled, and by a Greek 
Mord Polygones. ED. 9 
309. The external Angle of a right-lin'd Figure, is Fg. 19. 
that which ariſeth without the Figure when the Side is 
5 3 Such are FBC, G CA, HAB. Every 
Figure there fore hath ſo many external Angles as it 

.- hath Sides, and internal Angles. 1 


e 4 


Poſtulates. 


A Poſtulate is that which is manifeſt in it ſelf, that 
it may eaſily be done, or conceiv'd to be done. 
Ist is required therefore to be granted that we may, 

I. From any Point given draw a right Line unto any 


"* 


ther Point given. 


2. Draw forth a finite right Line in Length ſtill far- 


er. 


A 9 3. From any Center at any Interval deſcribe a Circle. 


Axioms. 


Fg. 21. 


E UCLID's Elements. Lib. I 1 | 


Axioms. 


Ax Axiom is a Truth maniſeſt of it ſelf 
1. Thoſe things which are equal to the ſame thing 
are equal alſo amongſt themſelves. And that Which | 


greater or leſſer than one of the Equals, is alſo greate 


or leſs than the other of them. 


2. If to Equals you add Equals, the Wholes will be 
equal. 


ders will be equal. 


4. If to Unequals you add Equals, the Wholes wil 


be unequal. 


5. If from Unequals you take away Equals, the Re. 


mulcher will be unequal. 


6. What things are each of them half of the ſam 


Quantity, are equal amongſt themſelves; and why 


things are double, or treble, or quadruple of the ſame, _ 
are „ W. amongſt themſelves. 5 
hat things do mutually agree with one anothe, 


are 1 


8. If right Lines be equal, they will mutual ly agree” 
with one another ; and the ſame thing is true of Au 


gles. 


9. The whole is greater than i its part. 


15. All, right Angles are equal amongſt, themſelves. 45 1 
. Parallel Lines have a common Perpendicular: - 
That! is, the right Line which is perpendicular to one a 


them is perpendicular alſo to the other. 

12. The two perpendicular Lines (LO, QI inter 
cept equal Parts of the Parallels. 

13. Tworight Lines do not comprehend a Space; ; u 
unto this there are required three at the leaſt. 

14. Two right Lines cannot have one common Sep. . 
ment; for that they cut one another only in a Point. 


OH Propoſitions ſome propoſe ſomething to be done, 
and are called Problems; in others we proceed no fur 
ther than bare Coptemplation, which therefore are n» 


may Theorems. 


3. If from Equals you take away Equals, the Remain, 2 


b.]. Lib. I. EvUCLI1D's Elements. 7 
n | | 


> PROPOSITIONS. 


THE requiſite Citations are found in the Margin. 
'3 When Propoſitions are cited, the firſt Number de- 
ens the Propoſition ; the Letter I with the Number fol- 
wing, ſignifies the Book. As when you meet with 
Per. 5.1. 3.) you muſt read it thus, (by the 5th Propoſi- 
ill Jon of the zd Book). The Figure is always to be 
Sought amongſt the Figures of that Book in which we 
main. are then converſant. The reſt of the Citations are eaſy 
to be underſtood. Rn 
; will The primary AﬀeQions of Triangles and Parallelo- 
1 . are deliver'd in this Book. The more famous 
e Re. | 


Propoſitions are, 32, 35, 37, 41, 44, 45, 47. 


n, PROPOSITION I. Problem. ti +: 


hing 
ch 1 
reater 


Wha 


{ame ö + ; | | p 
IJ Por a given Right Line (AB) to make an 
other, 3 wh Equilateral Triangle. | 


f From the Centre A, with the Interval (A B) () de- (a) Per be. 

a Feribe the Circle FCB: and from the Centre B with the f. 3. 
ſiame Interval B A deſcribe the Circle A CL, cutting 

T the former in the Point C, from which Point draw t he 

NN right Lines CA, CB. | 

cular | I ay, that the Triangle AC B now made, is Equilate«s 

one d ral. For the right Line A C is equal to the right (5) (b) pe 

Line A B, ſeeing they are Semi-diameters of the ſame De. 1. 

inte. Circle FC B. And again, the right Line B C is equal to 

: the ſame right Line B A, ſeeing they are both Semi- 

e; fun Mjameters of the Circle LC A. Therefore A C, B Care 
I equal berwixt themſelves. And therefore all the (c) be- 

n Seg - Sides of the Triangle are equal. Therefore the Triangle Ae x. 

- >) ACB is both Equilateral, and made. upon the (d) p- 


given Line A B; which was the thing to be done. Def. 25. 
10 fur- 2D k. F. kg” ' | g 


e u M; Corollary. Hence we may meaſure an inacceſſible Line, Fig. 77. 
Fs AB. For ſuppoſe any Equilateral Triangle whatſoever 
DE applied to the Point B along the Line B A. Looking 

from the Point B along the Line BE, mark as many Points 

as you conveniently can in the Line BC, Then remove the, 
= TA 5 | Triangle 


pr 


Fig 24. 


Fig. 24. 


Fig. 25. 


transfer it from A to D, the right Line A D will be F 
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E UCLID's Elements. Lib. I. | 
Triangle B DE along the Line BC, from one place to anothy 4 
of that Line, until by raking aim along the fide of the Tri. 
angle ED or CF, you ſee the inacceſſible Point A in a Con, © II 
tinuation of that Line, Thus the Triangle B A C is as well fa 
Equilateral as 5 D E. If therefore you ſhall now meaſure the & 
acceſſible Line B C, you have the Meaſure of the inacceſſibl; © 
AB. Q. E. F. Eee 5 


PROP. II. Problem. 


Rom a given Point A to draw a right Line de 
L equal to one given E F. > 


Take with a Pair of Compaſſes the Interval, E F, and 
equal to the given EF. 
PROP. III. Problem. = 


TT" WO unequal right Lines being given, on ; 
| | the greater of them G to cut off G [equal 1 
to the leſs E F. 7-0 * 


2 
5 


a; 


fer given Line EF, and transfer it unto the greate!  ' 


Take with a Pair of Compaſſes the Interval of the le.. ; 
from G to 1. | 


PROP. IV. Theorem. ü 
PF F in two Triangles (X, Z) one fide of the o 


1 (BA) be equal to one fide. F L of the other, 
and another fide (C A) of the one equal to another © 


fide (JL) of the other, and the Angles (A and I) 


made by thoſe ſides be alſo equal; then the Ba- 
ſes (BC, FI ) are likewiſe equal, as alſo the An- 9 
gles at the Baſes (B, F, and C, I) which are oppo it?: 
to equal fides, and conſequently the whole Triangles > 
are equal. "Mrs : ILY a 

55 For 


—— : 
- Ao 
7 | 
19 
4 


iP ib. I. EUCLID's Elements. 

67 1 5 . . 

he Ji. © For if we ſuppoſe the Triangle Z to be laid upon the 
4 Cen. Triangle X, the Sides L E, LI will perfectly agree and 

as well fall in together with the Sides that are equal to them, 


ure th A B, AC, and this in ſuch ſort (e) that the three Points (e) Per Axis. 
cceſſilh AL, F, I) ſhall fall upon the three Points, (A, B, C).* 5 
Therefore the whole Baſe F I will alſo fall upon the 


hole Baſe BC. But then the Angles F, B, and like- 
Piſe thoſe I, C, and the whole Triangles will mutually 
Kcongruere) agree to each other. All therefore by Axiom 
th. are equal. Q. E. D. Which was the Thing to be 


- Line * | demonſtrated. 


Coroll. (1.) Hence we may alſo in another way meaſure the Eg. 78. 


Line A B, although otherwiſe Impracticable by reaſon of ſome 
Olſtacle, as a River, & c. between the Extremities thereof. For 
from any Point whatſoever, as the Point C, let the Angle 
AC B he obſerved, and then let the Lines A C, BC be meaſu- 
} red : and in any acceſſible Plane let there be meaſured about 


F, and 
ll be 


/ 


the Angle F, which is equal to the Angle C. two Lines FD 


2 and FE which are equal to the Lines AC and B Creſpe#ively. 


And then there will be the acceſſible Line DE equal to the in- 


from ecceſible A B. Q. E. I. 
eu! 5 . 
CCoroll. (2.) Hence alſo, thoſe who play at Billiards with 
Tuvory Balls may learn how by the Reflexion of their own to hit 
e leſ. 2nd remove their Adverſaries Bal. For let B be the Ball to 
vr bie ſtricken, A that which i to ſirike it, and CD the Recti- 
linear Plain. Let the Line BE be perpendicular to the Line 
0 D, and DE be equal to DB. If the Ball A be ſtricken 
and carried along the right Side AFE unto the Point F, it 


** 


will there be ſo reflected that after the Reflexion it will tend un- 


* 
5 


Fg. 79. 


0 B. For in the Triangles B FD, EF D, the Side FD is 


. be Angler at D are equal, as being right ones. The whole Ti an- 
ther, les therefore are equal: and therefore the Augle B F D, which 


other f equal to the Angle DFE, is equal to A FC, the Angle 
IJ) Ac bung vertically oppoſite to DHE. Wherefore, ſceing the 
Ba-. Angle AFC is the Angle of Incidgnce, which in ſuch caſes is 

equal to the Angle of Reflexion, it 1s manifeſt that BF D, which 


* Per 15. [Its : 


An- 1 hath been proved equal to A FC, i the Angle of the Reflexion of 


te the Ball A, and that the Ball tending towards E is in the Point 
ples e rede en to hit ibe Bal B. QED. 


Co 


Schol*um, 


# 


8 EUcL1D's Elements, Lib. 1, E 


Scholium or Obſervation. 


BY much the ſame way of Reaſoning whereby this $i 


4th Propoſition has been demonſtrated, the follow. 


ing Theorem, which we ſhall have occaſion to uſe by tha 


and by, may be demonſtrated alſo. 8 55 
Fig. 25. If in Two Triangles X, Z, the Sides B C and FI ſhall 
be equal, and the Angles adjacent to theſe Two Sides 


equal alſo, vix. B and C equal to Fand I; All the other "7 


T hings, and the whole "Triangles themſelves will be 1 | 


equal. 


For the Side F I laid upon the Side B C will agree, ot "1 


(a)Per Ari. thoroughly concide with it (a). And then becauſe the 
* Angles B and C are equal to thoſe F and I, when the 
(b) Per.Ax;, Side F I is laid upon the Side B C, EL (5) will fall exact. 
8. Jy upon B A, and J L upon C A. Therefore the Point L 


will fall upon the Point A (for if it fall without A, the 
Sides EL, IL would not fall upon the Sides B A, C A). „ 


Therefore all Things are equal by Axiom 7th. 
PROP. V. Theorem. 


b 26. IJ Nan Iſoſceles or Equicrural Triangle, the An- _# 


1 ges at the Baſe (A, C) are equal. 


Let the Triangle AB C be underſtood to be twice put, 2 ; 
but in an inverted Poſture cb a. Becauſe therefore, in the 
Two Triangles AB C, ch a the Side AB is by the Suppo- 


ſition equal to the Side ch, and the Side C B to the Side 


2 b, and the Angle B to the Angle b; the Angle A alſo A 


(c) Per 4.1.1, at the Baſe will (e) be equal to the Angle c. Q. E. D. For 4 


as for the Angles C and c they are the ſame. 


Corollary. 


Equiangular. 


I 


PROP. VI. Theorem. 


1 F in a Triangle (A BC) Two Angles (A , 


C) be equal, the Sides alſo (A B, BC) which 
are oppoſite to thoſe Angles are equal alſo. 


HEREFORE an Equilateral Triangle is alſo | 


Let 


b.! 


7 this 


EUCLID's Elements. 11 


*Eid. 1. 
Let the Triangle A B C be ſuppoſed to be twice put, 
bur in an Inverſe ſituation, cb a. becauſe therefore in 


the Triangles AB C, cb a, one, Side A C is equal to one 
Side (c a,) and the Angle A is edual to the Angle c, and 


low. the Angle C equal to the Angle a, all the other Things 
ſe by Mall be likewiſe (a) equal, and conſequently A B ſhall - Per Schl. 
dz) equal to the Sidec 4.2 E. D. For as for the Lines 
ſhall "QB and c 6 they are the ſame. 
Sides 5 
ther BR 
11 be 7 + Coroll. 
. THERE FORE an Equiangled Triangle, is alſo 
4 1 0 Equilateral. | | 
the : ; | 
Loh Coroll. (2.) Hence, by the means of the Shadow of the Fig. 80. 


nt L 


, the 


A), 


VA 1 


a - 


Fun, we may meaſure the Height of a Tower, or any elevated 

Point. For when the Sun is elevated 45 Degrees above the 

_, Horizon, the Shadow which the Tower cafts towards the Hori- 

Lon will be exactly equal toits Height. For, by reaſon that 

the Angle ACB u half a right Angle, the Angle B AC alſo 

will be half a right oue; and ſo, by the farce of the preſent pi cn al. 

© Propoſition, the Line A B will be equal to the Line BC. The x1. Prop, 32. 
Tine B C therefore being found by meaſuring, there is found l. r. 

uin the ſame time the Line A B, the Height of the Tower above 

tte Horizon. TR e 
Coroll. (3.) The ſame Thing alſo may be found without the 
Fun by the means of an Aſtronomical Quadrant. For where 
"the Angle of Elevation is half-right, there the Height of the 


mer above the Obſerver's Eye is equal to the diſtance of the 


ame Eye, from that Part of the Tower which is oppoſite to it. 
e Diſtance therefore of the Eye from the Tower being given 
meaſuring, there is given at the ſame time the Height of 


ie Tower. O. E | 


The VIIth Propoſition in Euclid is for the ſake of the 
MIlch, 


which without it will here be demonſtrated. 


PROP. VIII. Theorem. 


IF Two Triangle, (X, Z) have all their Sides Fs. 27: 
1 equal amony/t themſelves reſpectiveh (AC 
ul to E F; CH FI; ABw Ez) they 
vill alſo have all te Anzles which are oppoſite to 
I ua. Sides, equal : (C equal 70 H; Ato E; 30 J. 


For 


x 4 2 
Pte 


"of +44 3 
LIP N 


LS, 
7 


EUCLID's Elements, Lib. 


. 
For ſappoſe the Side A B laid upon its Equal E| ® 

then the Point C falls upon F, the Triangles will; 6 

the Whole agree or coincide, and conſequently all |; 

Angles will be equal. #But the Point C will fall uy; 

1 the Point F. For, | 

Fig. 81. From the Centre A let a Circle be deſcribed with the Semidi 
meter EF; and from the Centre I let another Circle be deſy 

bed with the Semidiameter I F; the Point C by reaſm of 4» 

Equality of the Sides of both Triangles, will be in the Circun 


? 

H 
7 
7 


ference of both Circles, and conſequently in the Point E, 4 

common Interſection of both theſe Circumferences. Q. E. DOP. 

bv le 

PROP. IX. Problem. . > 

Fig. 89. 'O Ziſect or Divide into two equal Parts 3 - 
given right lin'd Angle, as I AL. . 


From the Sides of the Angle take with a Pair of Co 8. 
paſſes two equal Lines, A B, AC; then from the C: 7 


1 | tres B and C deſcribe two equal Circles cutting one as 
3 ther in E; which done draw the Line F A. This biſe! : 

4 the Angle. EE 15 | = 

For draw the Lines BF,CF; the Triangles FAA 


FAC are to each other Equilateral ; for the Sides 4 
AC are by the Conſtruction equal, as in like manner? 
the Sides B F, CF, they being Semidiameters of equ_ + 
Circles; and A E is common to both Triangles. The? 
d) Per 8.1.1, fore the Angles B AF, CAF (a) are equal. There“ 4 
the given Angle I A L is biſected. QE. F. ** 


Corollary. "3, 


"JE NCE we may learn how an Angle may be di 
ded into all equal Angles, 4, 8, 16, Cc. viz. by! 
ſecting each Part again. | 


Scholium. 


| N O one hath hitherto taught the way of dividing Ar 8 

' gles into all equal Parts whatſoever with a Pair“ 
Compaſſes, and a Rule. | . = 

Fg. 30. Vet may you divide any given Angle Mechanically im 
any equal Parts whatſoever, if from the Top of the Ang” "ER 


1 4 

* 5 * Q 

8 

93 r 
= * . 


N 
1 
EC 
4 
£4 
WE | 

1 


7 


ib, | Lib. I. 


0 * 


all th 
| up 


midi 


; deſi 


of i 
zIFCun | 1 Lt 
D Upon the given A B make an Equilateral (a) Trian- (4) Per 1. K r. 

ge AGB. Biſect its Angle G (C) with the right Line (b) Per p. 
8 


= , 
8 

748-4 
1 


* 


EUCLID's Elements. 13 


e Centre you deſcribe an Arch between the Legs of the 
Angle, and divide that Arch into as many equal Parts as 


Y 
EY 


"you require; for right Lines let down from A through 


"the Points of the Diviſion, will cut the Angle into ſo 


many equal Parts. 
F PROP. X. Problem. 
0 biſeft a finite given Line (AB.) 


Eg. 31. 


cod. 


C. The ſame ſhall biſect the given Line AB. 


** 
* 


For in the Triangles X Z the Side CG is common; 


and by the Conſtruction GB, GA are equal, and the 


a Angles contained between them AGC, BGC, 
are likewiſe equal. Therefore the Baſes AC, B C (c) (c) Per 4. l. r. 
are equal. The given Line therefore A B is biſcQed. 

f Car Q. E. F. | | 

e ( ut for Practice it is ſufficient from the Centers A and 

ne ay 7 deſcribe two equal Circles, cutting one another in 

biſe Gand L, and ſo to draw the right Line GL. 

FA . 1 

s A PROP, XI. Problem. 


ner! 


f eq 
Then ö 80 p 
ere!“ 


N 4488 


ROM a given Point (A) to a raiſe a Perpen- Fig. 32. 
dicular in a given right Line (I.) 


With a Pair of Compaſſes take the equal Lines A C, 


by! 


AF. From the Centre C and F deſcribe two Circles, cut- 
ting one another in B. The Line which is drawn from 


e dun Bro A will be the Perpendicular required. 


For let the right Lines C B, F B be drawn. The 
iangles X and Z are equilateral to one another. 
* Therefore the Angles CAB, FAB are equal (a.) (a) Pers. I. i. 


Therefore B A is (4) perpendicular to the Line (L I.) (6) per ae, 


© | I4. 
In Practice this and the next are eaſily performed by 
ng A hechelp of a Square, | RS 
Par Cm : | 
[1y int) 1 8 PR OP. 
ingles au | 
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PROP. XII. Problem. * 
N „% ROM a given Point (A) which is withou js 


an infinite right Line (as L Q) to let fall a is 
Perpendicular to that Line. 


From the Centre A deſcribe a Circle which may cut 
the given L Qin C and I. Biſe& the right Line Cl F 
(c Per 10 l. 1. (c) with the right Line AB. This AB ͤ is the Perpen- 0 
dicular required. | 
For let there be drawn AC, AT. Becauſe by th ». 
Conſtruction X and Z are equilateral to one another; Le 

(d) Per 8. I. 1. Therefore the Angles (d) C B A, I BA, are equi. 


(e) br Therefore, A B is (e) Perpendicular. Q E. F. 758 
Def. 14. | | | Ng 
PROP. XIII. Theorem. 'F 
Fig, 34. HE right Line (B A) ftauding upon the righ. 15 


| Line (C F either makes two right Angles,n * 
Angles equal to two right ones. {vi 


For if B A ſtand upon it perpendicularly, then by 

Definition 14 the two Angles B AC, B AF will be ring 

ones. And if BA ſtand obliquely, let there be raisd - 

f) Per 11. 1. (F) the Perpendicular AL. Where becauſe the une 

qual Angles C A B, F A B poſſeſs the ſame Place which” 

the two right ones CAL, LA F do, and agree to them 

(a) Per Ari. they are equal (g) to them. & E. D. by 
Ta 7 | | : 


Corollaries. 


1. IN the ſame manner it will be demonſtrated, if mote 

right Lines than one ſtand upon the ſame right 
Line, that the Angles thereby made are equal to two * 
J | 9 


Fg. 37. 2. Two right Lines cutting one another, make the #8 
Angles equal to four right ones. 2, 
Fig, 36, , 3- All the Angles which are about one Point, male tho 

; Angles equal co four right ones. It appears from Corol- 1 1e 


lary 2. 


1 you 
; .” 2 / 
15 1 
S 
_ 
* E 5 , 
— . 
4. N 5 8 


3 © . 


; 9 

* ** A 
Ke 7 
„ 
e 

F. Ko 91 ** þ 
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1. Lib. 1. E UCLID's Elements. 15 
Fe , 4. The Angle C A F being known, you at the ſame Fg. 37, 
time know its Compliment unto two right Angles B AF, 
Por Example, Let the Angle CA F be of Jo Degrees; 

the Angle BAF will be of 110 Degrees. For thoſe 
Out two Numbers added together make 180 Degrees, which 
is the Meaſure of two right Angles. 

„1 | 


cx " PROP. XIV. Theorem. 
ot 3 F two right Lines (X R, Z R) at the ſame Fg. 35. 
the % Point of a right Line QR make the An- 


er; ples on both Sides (X RO, Z RO) equal to two 
quil. right Angles; the Lines (XR, ZR) make one 
right Line. ED | 


If you deny it, let X R, B R make one right Line. 
| Therefore the Angles XK RQ, QR B (a) will make two (a) Per 13. f. 
righ right Angles. Which thing is (5) abſurd; ſeeing by the (b) cm 


0 Hypotheſis X RQ, Z RQ domaketwo right Angles, Aris. 
J 5 | h 

Nn wi * | P R O . KV. Theorem. 

right 5 | 

_ s IF two right Lines (BC, FL) cut one ano- Ei 35; 

une 


hic ther in A, the Angles opposite at the top (A) 
then, Ne equal, viz. LAB 10 CA F, and B AF to 


Poor becauſe BA ſtands upon the right Line L F, 

the Angles LA B, FA are (c) equal to two right ones: 

And becauſe F A ſtands upon the right Line B C, the 
F mot: Angles FAC, FAB are alſo equal (4) to two right 5 

right ones. Therefore the two Angles together (e) L A B. (4me Prop. 

totw FA B are equal to thoſe two together CAF, L A B (# Ter ele f. 

) remains equal to CAF. In the ſame manner r e 2, 
de the A F, LAC are ſhewed to be equal. TT 
Coroll. From theſe two Propoſitions we gather in Catoptrics, 
make rot a Ray of Light, as refleted in an Angle equal to the An- | 

e Incidence, taketh the ſhorteſt way of al, E. G. When Fig. 82. 
the Angles B E C, AE F are equal, the Lines A E and E B 
den together, are ſhorter than any Lines whatſocwer, as 
4. Tie | _— > LO AF 


(e) Per 13. t: 


16 EU cLIb's Elementss Lib. I. 


A F and FB talen together. For from the Point B let the per. Þ 
pendicular Line BC be let down; and let BD and D ( 
be equal: Let the Lines alſo EC and FC be drawn Non Ne 
in the Triangles BED and DEC. ſeeing the Side DE i; 
common to both, and the Side BD and D C are cqual by th 
Hypotheſis, as is alſo in the like manner B D E equal to th _, 
„per 4 l. 1. Angle C DE; theTriangles ſballbe equal in all other thingy, 
85 and B E ſhall be equal to C E, and the Angle B E D to the An 
gle D EC: (where becauſe the Angle D E C ; equal to B E h, 
that is] AE F, the Lines A E, E C are provd to mabe s A 
right Line.) And in the ſame manner the Line B F will 15 
proved equal to FC. Seeing therefore the Lines BE and EI 
taken together, are equal to the Lint C A, and the Lines BF 
I A taken together are equal to the Lines C F, F A talen i. 1 
5 get her; It is manifeſt that C 4, which is one Side of the Ti. © 
+ Per 20. l. 1. angle 4 C , is leſs than the two Sides C F, F A talen n, H 


gether, Q. E. D. 
PROP. XVI, XVII. 
PHESE two Propoſitions are contain di 


I Propoſition 32 and are not here made uſe; . 
till then. | 7 


| p R OP. XVIII. Theorem. 


kit. 378. IN every Triangle the Angle (A) which is offt 1 
poſed to the greater Side (B O) is the great 
and (B) which is oppoſite to the leſſer Side (AO) 


Fe. 0 
* 


„ Lib. IJ. EUCLID's Elements. 
wo right Line, which is the ſhorteſt of all betwixt two 


Points. Therefore the Angle A is neither leſs than B, 
oth nor equal to it. Therefore it is greater. & E. D. 


„ + PROP. XIX. Theorem. 


A 2 N the Triangle A O B the Side (8 O) which is Ft. 38. 
ED. ll oppoſed to the greater Angle (A) is the greater; 
te And (AO) which is oppoſed to the lefſer Angle B, 


vil s the leſſer. a 

183 _ This Propoſition is the Converſe of the former. BO 

en n. zs not leſs than A O, for if it were, the Angle (A) by 

be Tj, the 18th would be leſs than B; which is contrary to the 

ben, Hypotheſis. Nor can B O be equal to A O, for in this 

Laſe by the 5th the Angles A and B would be equal. But 
this Equality of thoſe Angles is contrary to the Hypo- 

theſis. Therefore B O is greater that AO. . E. D. 


Coroll. Hence we gather that @ Globe on Ba. perfectly po- | Fig. 82. 


Wed cannot reſt in an horizontal Plane perfectly poliſhed, bur 

„ Where it touches the Earth. For let the Line AB be an ho- 
d it. rizontal Plane. C the Earth's Center, C A the Semidiameter of 
uſer 1 the Earth, perpendicular to the Tangent AB. The Globe placed 
441 B, becauſe of its Gravity, and the Declivity of the Plane, 
will deſcend towards A. For in the Triangle C AB the per- 
piendicular Line C A, which is oppoſite to the acute Angle AB C, 

I leſs than the Line BC which is oppoſed to the right Angle 
BAC; and ſo there is from B to A a perpetnal Deſcent, in 

+ which the Globe cannot reſt. And in the like manner we prove 

be Deſcent of Fluids, and their Confirmation into 4 ſpherical. 


PROP. XX. Theorem. 


IN any Triangle, any two Sides of it taken to- 
J Lether, are greater than the remaining Side. 
bis with Archimedes is as it were an Axiom; foraſ- 
much as it is immediately manifeſt out of his Defini- 


1 3 a right Line; which ſee above amongſt the De- 


18 
PROP. XXI. Theorem. 

FRE. 3. IF from the Ends of one Side A B, two right Line 

be drawn, and joined together within the Trian- 

gle, (as the Lines AO, BO); theſe are leſs thay 


the Sides of the Triangle (AC, B C), but they com 
Prehend a greater Angle (A O B.) 


For as for the firſt Part of the Propoſition, Draw out 


(a) er 0.11. A QuntoF: AC, CF are (a) greater than AF. Ther. 
| fore the common Line F B being added, AC, B C 


| greater than AF, FB. Again, OF, BF are great: 

cb) By the (4) than OB. Therefore the common A O being ad 

fame. ded, A F, B F are greater than AO, BO. Therefor 
AC, CB are much greater than AO, OB. | 


* 


The ſecond Part of this Propoſition will be demon 


ſtrated in the ſecond Corollary of the firſt Part of Pro 


poſition 32. And inthe mean while we ſhall make n 
uſe of it, EE 


PROP. XXII. Problem. 
Fig. 49 


be greater than the third.) 


Let BL one of the given Lines be taken, and B or. 


of its Extremities being taken for the Centre, with ti 
Interval of the other given Line B O deſcribe an Arch. 


Then the other Extremity L being taken for the Cel 


tre, with the Interval of the third given Line LO & 


ſcribe an Arch, cutting the former in O; which bei; 


EU CLI D' Elements. Lib. I. 


o make a Triangle of three given right Lin 
(B 0, L B, L 0) (of which any two Mi 


done, and the right Lines B O, I. O being drawn, If 


that that is done which was to be done. 


gion. 
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The Demonſtration is manifeſt from the Conſtnn 


Treat. 
Ng ad 
refor: 


emol 


Pro 


ke n 


Lim 
m 


B Oo 


ch, 
> Cen 


it. 


diueſcribe betwixt the Sides the Arch C F. Then from 
0 P [ MF | | | 


E U CLID's Elements. 


PROP. XXIII. Problem. 


make an Angle equal to a given one (A). 


Firſt of all let CF be drawn at a venture, cutting the 
: Sides of the given Angle A. Then in the given right 
ine from B take BL equal to AF. Then from the 
"Centre B deſcribe a Circle with the Interval A C; after- 
Wards another from the Centre L with the Interval F C, 
' which may cut the former in O. Then from O unto B 
and L having drawn right Lines, the Angle LB O will 


be equal to the given one A. PEE 
For by the Conſtruction the Triangles are Equilateral 
to one another. Therefore by the 8th of this Book the 
Angles B and A are equal. 


Scholium. 


T ſeems meet for the Sake of Beginner $.to propound * . 


& ſome things here which are neceſſary for Practice a- 


bout Angles. . „ 
The Meaſure of an Angle is the Arch of a Circle, gg. 41. 
which is deſcribed from A, the Top of the Angle as 


the Centre. Therefore look how many Degrees the 


Arch B C which is intercepted between the Legs of the 
Angle BAC ſhall contain, of ſo many Degrees the An- 
gle BAC ſhall be ſaid to be. 
quarter of the Circumference, contains go Degrees, and 
thi: meaſures the right Angle B A E, a right Angle ſhall be 
1 Bid to be of go Degrees. 
A the Circumference, which is divided into 180 Degrees, 
6-3 
bein} 
I #1735 


And ſo becauſe BF a 


In like manner, becauſe half 


- meaſures tworight Angles, and the whole Circumference, 


Which is divided into 360 Degrees, meaſures four right 


Angles; two right Angles ſhall be ſaid to make 180 De- 
. {grees, and four, 360 Degrees. Theſe Things being pre- 
miſed, the Practice about Angles is as follows. 

I. At B a given Point in a right Line to make an An- 
le equal to the given one A. 


From A the Top of the given Angle as the Centre 


Ba B the 


T a given Point in a right Line (as B) to fig. 49. 


19 


Fig. 42. 


20 


Fg. 2. 


Fig. 43. 


Fig. 44. 


, i 

\ 1 
1 7 

0 * F * 7%s — 

4 . 

9 | * . 
1 s ao \ 1 4 
= C2 . * mY 


B the given Point as the Centre deſcribe with the ſame 


Interval the Arch LZ; from which take off L O equat ; 
to CF. Through B and O draw a right Line; LBO 2 


ſhall be equal to the given A. 


2. Toexamine the Degrees of the given Angle OP Q. 
This is done very eaſily through any Semicircle or Pro. 
tractor, which is divided into 189 Degrees. For put the 
Centre of the Semicircle upon P the Top of the Angle, 
and the Radius of the Semicircle PL upon the Side of 
the Angle P Q; and the Arch L O which is intercept. 
ed betwixt the Legs of the Angle will ſhew of how ma. 
ny Degrees the given Angle is. | 


3- 10 frame an Angle containing a given Number of | TE 
Degrees, as 42: | 


Draw the right Line XQ, in which mark the Point P. 
Upon P put the Centre of the Semicircle, and its Semi. 
diameter P L upon PQ. From L number 42 Degrees, @9q 
that is, until you come to O, A right Line drawn from {hz 
P through O, will give the Angle OPL of 42 De. 
grees. | | . 


PROP. XXIV, and XXV. Theorems. 


F two Triaugles (B AC, BA ſhall have 7 S 


A two Sides (B d, AC) equal to two (B A, F 


AF) one fide of one, to one fide of the other; and if P 


one of the Triangles hath the Angle (B A E) con-. 


tained by thoſe Sides greater than the other (BAC) ; 1; 
it ſhall have the Baſe B F greater than the Baſs 2. 


(3 C.) 


And again, If it hath the Baſe greater, it ſhal 
have the Angle greater. 4 


From the Centre A deſcribe a Circle which paſſeth 
through C, ir thall paſs alſo through F, becauſe AC, 


A Fare ſuppoſed to be equal. Therefore B F ſhall fal! 
 berwixr the Point A and C. Then join CF. The 
Angle B CF is greater than the Angle ACF; that 
is, by the 5th of this Book, than the Angle AFC, and 
conſequently much greater than the Angle B FC. There. 


(a) Per 1943. fore in the Triangle B CF, (a) B F which is oppoſte 
OS ne e 


1 N * | 
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me to the greater Angle B CF is greater than B C which 


ual z oppoſite to the leſſer Angle B F C. 

0 Mopponee'n the ſecond Part of the Propoſition this 1s 

a manifeſt from the firſt Part. 9 

SS 

b.. PROP. XXVI. Theorem. 

gle, 4 | 2 25 „ | | 

e of F two Triangles (X and Z) have two Angles Fg. 25. 

P' equal to two, one Angle of the one equal to one 
Angle of the other ( to F and C to I), and 

rof de Side of one Equal to one of the other, whether 
it be that which is betwixt the equal Angles (as 

* C= Fl) or a Side which is oppoſed to one of the 

ves 7 [ Amles (as AC=L I) 3 all the other Parts 

com ſhall be equal. 


Again, ſuppoſe the Sides AC, LI which are oppoſed 
t the equal Ang les to be equal. Here becauſe the An- 
ave ges (B. C) are by the Hyporheſis equal to (F, I) the 
4, ether Angles, alſo (A, L.) ſhall be equal by Coroll. 9. 
di Prop. 32. which Propoſition depends not upon this. 
. "Therefore by the firſt Part of this all the other Parts are 


Por in the Place let the Sides (B C, FI) which are 
berwixt the equal Angles be ſuppoſed equal : In this 
© Caſe all the other Parts are equal; as hath been already 

demonſtrated inthe Scholium of Propoſition 4. 


© equal. 
Coroll. Hence alſe, folowing Thales, we may meaſure in- Fig. 84. 
acteſſible Diſtances. E.G. Let AD be an inacceſſible Line 
i which at the Point & let there be erected the Perpendicular 


C. Let there be made the Angle AC B) equal to the An- 
gle (4 CD) the acceſſible Line AB ſhall be equal to the inac- 
ble A D. QE. I. N Et 


ek PROP. XXVII. Theorem. 

The F the right Line & O ſhall cut two right Lines Eg. 48. 

tha N which are parallel. (AB, CF); 1. The alter- 

as te Angles (RLO, QO L, likewiſe B L O, 

ofite 0 L) hall be equal. 2. The external Angle 
4 * GLB 


22 


Fig. 46. 


* Per Ax 11. 
(a) Per Axio. 
12. 


(b) per 8. J. 1. 


(c) Per 13.61, 


(d) Per 1 5.1.1. 


Fig. 85. 


Therefore taking away the Equals RL O, FO L, the 1. b 5 


meaſure the Compaſs of the Earth. For he obſerved that n 1 
the Day of the Summer Solſtice, the Sun was perpendicular, 


EvucLi1D's Elements, Lib. 
G LB ſhall be equal to the internal one on the ſam © 
Side (that is, to LO F.) as likewiſe G L R equal 4 Ws 
LOC. 3. The two internal ones on the ſame Sid,” 
(ALO, COL) as taken together, ſhall be equal un 
two right ones, as likewiſe the two (B L O, FO1) 
equal to tuo right ones. e 


The firſt Part is thus proved. From O and L dray 
the Perpendiculars O R, LQ. Theſe are perpendicula 
to the * two Parallels A B, CE; and by Definition 36 F 
equal betwixt themſelves, they ſhall therefore (a) inte. 
cept equal Parts of the Parallels, and RL ſhall be equi 


to QO. Therefore the Triangles X and Z are equil. 


teral to one another. Therefore (6) the alternate A. 
gles RL O, QOL which are oppoſite to the equal Side 
RO,QL are equal. Which is the firſt Thing. Fron 
whence it is likewiſe manifeſt that the Alternates B LO 
C OL are equal. For becauſe as well BLO, ALOx 7 
COL, FOL are equal (c) to two right ones; ther: 
fore BLO, AL O together, are equal ro COL, FOL #@© 


mat ning ones B LO, COL ſhall be likewiſe equll. 
Part ſecond. The Angle G LB is equal to that which "4 
is vertically oppoſite RL O (d); Bur RL O by the firt . 
Part of this Propoſition is equal to LO F. Therefor: pot 
GL B the external Angle is equal to the internal remo: 
one which is on the ſame Side, LOF. | = 
Part third. AL O by the firſt Part is equal to L OF 
But LO F with CO L make Angles equal to two right 
ones. Therefore ALO with CO doth the ſame. 7 
Coroll. Hence in Imitation of Eratoſthenes we learn 


over Siene, a City of Egypt; and he found by the means i © 
a Stile perpendicularly ere led, that on the ſame Day the Sm . 
was diſtant from the vertical Point of Alexandria, a City i C. 
Egypt, fftuate almoſt under the ſame Meridian with the 
her, ſeven Degrees, with one 5th Part of a Degree; and | 
knew that theſe two Cities were about 5000 Furlongs diſtant 
from each other. From theſe Things by the Help of this Prog. 
ſition he determin'd the Compaſs of the Earth. Let 4 q 
Siene, and B be Alexandria, where the Gnomon B C i 
refed perpendicular to the Horizon, Let D F and E G be 
e hog 8 8% 7 


Se 


f 
1 
5 
iT 
3 
5.4 
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. = ar Ray's parallel to one another as to Senſe. D Aa Ray 
8 perpendicular t0 the Horizon of Siene ; and E G @ Ray 
St Qulique to the Horizon of Alexandria, and which paſ- 
zal t ſing by the Top of the Gnomon makes with it the Angle G C F, 
| . of 75; Degrees. Now ſeeing the Angle GC F is e- 
qua! to the alternate one A FB, and the meaſure of it is the 
Ach 4 Bof 7; Degrees; he found the Compal: of the Earth 
this Analogy; as 7: Degrees are to 5000 Furlongs; ſo the 
whole Circumference, which is of 360 Degrees, is in a groſs 


= N nber to 250000, the Compaſs of the Earth in the ſame 

inte, Maſure. RET 

equl 

. PROP. XXVIII Theorem. 

> An 

| Sides | ns 
"ow AF a right Line (GO) cutting two right Lines Fig. a7. 


LO 1 (AB, C F) makes the alternate Angles (A LO, 

O FOE) equal; the Lines (AB, FC) are pa- 

OL, ae. : 

1% If you deny it, let X L Z paſſing through the Point L. 

whit be parallel to CF. Therefore X L O (a) is equal to the 0 By the 


* £4 Alternate b OL, which cannot be, ſeeing by the Hy- f>*<2%ns 
refor; Ppotheſis AL O is equal to FOL. > 


mot: 1 
OF. - PROP. XXIX. Theorem. 

a: IF a right Line GO cutting two right Lines p45, © 
n (AB, CF) ſhall make the external Angle mY 


hat n GI B) equal to the internal oppoſite one (L O FH, 


. '&r ſhall make the two internal Angles on the ſame Side 
be ni (AL O, COL) equal to two right Angles; (AB, 
r CF) are parallel Lines, OT 


the, 


qual to its alternate one L O F. Therefore (5) A B, c By che 


15 Fare parallel. Fe foregoing. 
be 1 Again, COL with FO L makes Angles equal to two 
So Fight ones. But by the Hypotheſis COL with A LO 

= | e | makes 


44 


(a) By the 


foregoing. 


Ft 88. 


(b) Per 27. 


" . 


(c) By the 
_ ſame. 

d) By the 
foregoing. 


Fig. 48. 


fe) Fer 22. 
* 


EUCLID's Elements. Lib. 1, 


makes in all two right Angles alſo. Therefore AL 0. 
F O L the alternate Angles are equal. Therefore, ,, 
gain, (a) A B, CF are parallel. OY 
. Coroll. From the ſecond Part of this Propoſition it appr 
that every Rectangle is a Parallelogram. | 


PROP. XXX. Theorem. 
FF two right Lines (AB, CF) be parallel to 1h 


fame right Line (D NY they are parallel l. F 


twixt themſelves. 


It is manifeſt in it ſelf, and from the foregoing Props. 


ſitions. For if all be cur by the right Line G O, th 
external Angle G L. B is equal (5) to the internal opps 


ſite one LDN, Now LDN is an external Angle i 
reſpect of DO F. and therefore (c) equal to it. Ther 


fore alſo G LB is equal to LO F. Therefore A} 
CF (4) are parallel. 


PROP. XXXI. Problem. 


' Hrough a given Point (A) to draw a Parg!.. oY 


to a given right Line (C F. 


\ 


From the Point A let there be drawn at random Al * 
cutting the given F C. At the Point A let there b 


made the Angle (e) LAS equal to the Angle AL 


8 2 
* 
P a 
8 
2 . 
1 
14 
x8 $\ 
"— 
2 
v0 © 
1 1 
= A 
* 10 
. 


$941 
2 
5 


4 
ö 
Ne 


The Line AS will be parallel to C E, as is manifeſt fron | ; | 


the 28th, the alternate Angles S AL, AL F being: 


qual. 


As for the Practice. Draw AL, and from the Cent 
L deſcribe an Arch IQ; and from the Centre A withth: A 
ſame Interval deſcribe the Arch OX; from which h 
ving taken off O B equal to I Q; the right Line draus 

through A and B will be the Parallel fought. The D“ 


monſtration depends upon the 29th, I. 1. 


Or otherwiſe thus. From a certain Centre P deſcrib' 
a Circle which may paſs through the given Point A, aut 


may cut the given Line C F in Q and O. Take th: 


b. 


to th 
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"Arch O N equaltoQ A. The right Line A N ſhall be 
the Parallel ſought. 
The Demonſtration hereof depends upon 29. I. 3, and 


the 28th of this. | 
S PROP. XXXII. Theorem: 
PART I. 


VN every Triangle any one of the external An- Fs. 51. 
I gles (as FBC) is equal to the tuo internal re- 
mate ones (A and C). 


Props. Through the Point B draw (a) B L parallel to A C. («Per 31.1.1, 
O, th Becauſe F A cuts the two Parallels B L, A C, the exter- 

Oppo mal Angle FB L ſhall be equal to the internal one A | 
len . And becauſe the Line B C cuts the ſame Parallels (b) Per 27, 
Thee (BL, AC); the Angle LB C ſhall be (c) equal to its t. 

A] Alternate one C. Therefore the whole Angle FB C wal F he 
ſhall be equal to A and C both together. &. E. D. £2 
a Corollaries. 
27 =" E external Angle FB C is greater than either of Eig.; x; 
I the internal oppoſite ones A or C. | 


2 Of the Angles (C and AO B) having 
Baſe, AO B which falls within, is the greater. 


the ſame Eg. 35. 


ALY For let A O be produced unto E, A G B by this Pro- 
re Poſition is greater than OF B; and likewiſe O F B is by 
\ LF This greater than C. Therefore A OB is much greater 


t fron ® 


ing e 


Dent. 
th the 
h hi. 
i . In chi | 
pal in teſpec of AQ B, and conſequently ſhall be great- 
er than the right one, by Coroll. 1. which is abſurd. 
ſcribe | 

5 and | 15 3 | 

e the BE. 


Arch a . 
2 3 


e De- 


3. If from one Point A there falls two right Lines Hg. 55. 
on B C; one of them A O obliquely, the other A F 
perpendicularly ; this laſt ſhall fall on the Side of the 
ute Angle AO B. For let it fall, if it may be, on 
The Side of the obtuſe Angle A O C, as for Inſtance in 
In this Cafe the acute Angle A O B ſhall be exter- 


PROP. 


EvucLid's Elements. Lib, J. 


1b 


PROP. XXXII. Theorem. 
PARTI. 


N every Triangle the three Angles taken togetl 
are equal to two right ones, and therefore mal 
180 Degrees. 9 


Fg. 62: Drau forth one Side A B unto F. The external An. 


(a) By the gle FBC is equal (a) to the two internal oppoſite one, a 
firſt Patt of A and C. But FBC with AB C make (4) Angles equi rig 
this. to two right ones. Therefore the two A and C with' © x, 
(9) Per13'-1: the fame C B A make Angles equal to two right ons, whi 
. 5 3 ; Lin 
. Or thus. Draw the Line H M parallel to A C, th mal 


(c Per 27. 1. alternate Angles as well O and A, as N and C (c) ar: _(@) 

(4) Corel, 1. equal. But O, Q, N make Angles (4) equal to tub 1 

Prop. 13.4, 1. right ones. Therefore alſo A, C, Q are equal to tw. wn 
right ones. Q. E. D. ©, | di 


+ HE three Angles of any one Triangle taken to Sele 


Triangle taken together. 
5. If in a Triangle one Angle be right (or obtuſe) th: 
reſt are acute. =O X 


4 


Degrees the two other Angles as taken together do make B 
up. And ſo on the contrary, when you know how ma- 2 
ny Degrees two Angles of a Triangle taken together do 
make up, or what is the Sum of them, you know at the 
ſame time of how many Degrees the third Angle is. 
9. When two Angles of one Triangle either ſeveral- 
Iy or together are equal to two Angles of another Tri- 
„angle, the third Angle of one Triangle is alſo equal to 
the third of the other. e 5 "$i 
e 10. When 


fy 7 4 
* 
1 
1 
29 5 p 
= 


b.! Lib. J. EUCLID's Elements, 27 
Ic. When two Triangles have one equal Angle, the 
"Sum alſo of the reſt of the Angles are equal. 
III. When in an 1ſoſceles , the Angle contained by the 
 *equal Sides is a right one, the two other are each of them 
half. right Angles. And the Angles of an 7/oſceles which 
the; Are at the Baſe are always _—_- | 
mas 2 In an equilateral Triangle, each Angle is two thirds 
_of a right Angle. For it is one third of two right ones, 
therefore it is two thirds of one right one. 75 
z. Hence a right Angle (B A C) is eaſily divided in- Fg. 51- 
1 An. is three equal Parts; if upon A C be made the equilate- 
ones, "mal Triangle Z; for ſeeing FAC is two thirds of one 
equl kight one, B AF ſhall be one third of a right one. 
wit 14. The Perpendicular AF is the ſhorteſt of all Lines Fs. 55. 
one; which can be drawn from the Point (A) unto ſome right 
| Line. For ſeeing the Angle F is a right one, A O F 
„the hall by Corollary the 5th be an acute one. Therefore | 
ae fe) AF is ſhorter than any other, as A O. (a) Per 19.11, 
tuo 15. Only one Perpendicular can fall from one Point 
tuo Unto one right Line, This is manifeſt out of the fore- 
Wang Corollary. | | | | 
1656. Hence alſo we learn to determine the Parallax of the Fig. 86. 
Stars, or the Difference of their true and apparent Place. 
Tet 4 be the Centre of the Earth, B the Place of the Ob. 
= ferver upon the Surface of the ſame. Let DBC be the An- 
n to. gle of the Star C according to Obſervation, or the viſible An- 


n 
A 


Other + £#lar Diſtance thereof from the vertical Point; when in the 
mean while DAC is the true angular Diſtance. Now the 
) the 7 external Angle DB C which is given from Obſervation is 

"equal ro the Angles BAC and BC A taken together ; and 
| Conſequently the Angle B CA is the Difference of the Angles 
BC and DAC. If therefore we ſhall from Aſtronomical 
"> Tables ſeek the Angle DAC, or what at that time of Ob- 
vation is the true angular Diſtance of the Star from the ver- 


ngle Hal Point, when the Angle DB C is at the ſame time known 
nany By means of the Quadrant, the Difference of thoſe Angles 


an, Pythagoras was the Finder-out of this Propoſi- 
| | : tion, 


Fig. 56. 


(a) p 32.4.1, together do (a) make four right Angles. 


Fg. 57. 


(b) Per 32. 
„ . 


(c) Cord. 2. 


Prop. 13 l. 1. if from the Angles of all the Triangles you take auf 


8 1 
E ucLiD's Element.. Lib. % 
tion, which indeed is a Theorem moſt excellent in i 


ſelf, moſt fruitful in its ConſeQaries, and of uſe in: 


Parts of the Mathematicks. Ariſtotle very frequent. 


makes mention of it, who alſo puts it for an Exa m ple 9 | 

the moſt perfect Demonſtration. Bur like as from thi; 
_ Propoſition we have already learned, how many right A 
_ gles the Angles of a Triangle are equivalent to; ſo by 


the help of the ſame, it will in the three following un 
poſitions be manifeſt, how many right Angles the A 
gles of any rectilinear Figure whatſoever, whether ry 
ternal or external, do make. 9 
Theorem 1. 7 
Ix every quadrangular Figure the four Angles tog wy 

ther make four right ones. 2 . 


For if through the oppoſite Angles you draw the ringt I 


Line BF, this will cut the Quadrangle into two Tri, 
gles, without forming any new Anples, whoſe Ange“ 


A the Angles together of every right - lin d Fig 
| make twice ſo many right ones, abating four, 
From any Point A within the Figure let there 


| | . . "_ 1 
drawn unto the Angles of the Figure right Lines, wi 
ſhall cut the Figure into ſo many Triangles as it hath Sid 
and make no more Angles but thoſe of the Cent 

Wherefore when each of the Triangles contains two rye 

Angles (5), they muſt altogether contain twice ſo mani 
right Angles as there are Sides. Now the Angles abo 


the Point A, (c) do make four right Angles. Therefo 4 


% 
. 


the new Angles which are about A, the remaining 4 
gles which indeed do alone conſtitute the Angles of ft 

Figure, will make twice ſo many right Angles, exc 

ing four, as are the Sides of the Figure. 
Hence it appears that all Righr-lin'd Figures of f 
ſame Species, or Number of Sides and Angles, have 
Sum of their Angles equal. Which thing is worthy 
Admiration. 5 a "I a : 


X 
. 
2:5 
* 


A 
7 — 
WY 


| 
| 


. 


is I EUCLID's Elements. 40 . 
The Praftice is thus; Double the Denominator of the 
624 and from the Product take away four; the Re- 


er is the Number of the right Angles, which the 


A 


exp! Angles of the Figure do make, | 


2 i Theorem 3. 
41 = Ma Te . 
WEL the external Angles of any right-Iin d Figure Fig. 58. 


WE: 
"i 
_ 


vhatſoever taken together do make up four right 


ils. 33 1 
por each of the internal Angles of the Figure does . 
with its reſpective external one make two right An- (4) Per. 1. 
8. Therefore all the internal ones, together with all 2. 1 
. external ones, do make up twice ſo many right An- 
$88 are the Sides of the Figure. Now by the Pre- 
ent, the internal ones, together with four right An- 

5 81 to them, make twice ſo many right Angles 
re the Sides of the Figure. Therefore the external 
es are equal to four right ones. | | 
Monderful truly is. this Property of right-lin'd Fi- 
res; from whence it follows alſo, that all the right- 


Ar 


i ert al Angles of a Triangle are equal to the thouſand 
al Angles of a thouſand - ſided Figure. Which 
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PROP. XXXIII. Theorem. 


F FT, right Lines, which are equal and paral- Fg. 39. 
Kh, as (AB, CF) be joined by two others 
BF); theſe alſo will be equal. and pa- 


b cut the Parallels AB, CE. In the Triangles - 
ee alternate Angles B AF, CF A (a) will be (4) pw 37; 
Nov the Side A B is ſuppoſed equal to the Side l. i. 
A is common to both Triangles. Therefore 
baſes B E, AC are equal. (Which is the firſt (b) Per 4. l. 1: 
have tl * And then the Angles at the Baſes AFB, FAC * 
orthy gal; which being made by AF falling upon the 
ines AC, and BF, are alternate Angles AF B. 
T8 FX . Therefore 


s of 


(a) Per 3 2.l. 1. 


Admiration. 


Theorem 2. 


ALL the Angles together of every right-lin'd Figu $ 
make twice ſo many right ones, abating four, :Þ C 


ing four, as are the Sides of the Figure. : 
Hence it appears that all Righr-lin'd Figures of tl 

Fame Species, or Number of Sides and Angles, have tl 

Sum of their Angles equal. Which thing is worthy © 


5 are the Sides of the Figure. 1 15 
Fig. 57. From any Point A within the Figure let there!“ 
drawn unto the Angles of the Figure right Lines, whicÞ >. 
ſhall cut the Figure into ſo many Triangles as it hath Side 
and make no more Angles but thoſe of the Cent, 
Wherefore when each of the Triangles contains two i 5 
(b) Per 32. Angles (), they muſt altogether contain twice ſo ma # 
J. 1. right Angles as there are Sides. Now the Angles abo V 
(c) Cord. 2. the Point A, (c) do make four right Angles. Therefo 7 
Prep. 13 J. 1. if from the Angles of all the Triangles you take au f 1 
the new Angles which are about A, the remaining A Q 
gles which indeed do alone conſtitute the Angles of ti - 
Figure, will make twice ſo many right Angles, exceg * 


| 78 QE 


x1 q | | ib. I. EUCLID's Elements. 5 


1 R * 0 ey s 5 
in; The Praftice is thus; Double the Denominator of the 


in Figure; and from the Product take away four; the Re- 
ent * ainder is the Number of the right Angles, which the 
pech ZIncernal Angles of the Figure do make. ; 


4 


2 th 
tAn BLLR 
ſo by 2 
o A! ALL the external Angles of any right-lin'd Figure Fs. 58. 
rin FA whatſoever taken together do make up four right 
ngles. 2 | 


Theorem 3. 


5 NP » = * 
F 


For each of the internal Angles of the Figure does 
E ( ) with its reſpective external one make two right An- (d) Per. 14: 


ges. Therefore all the internal ones, together with all 2. 1. 
dhe external ones, do make up twice ſo many right An- 
tog: gles as are the Sides of the Figure. Now by the Pre- 
7 gedent, the internal ones, together with four right An- 
rig Wes added to them, make twice ſo many right Angles 
Tri z are the Sides of the Figure. Therefore the external 

1 Angles are equal to four right ones. 


\ngk 2 x 

> Wonderful truly is this Property of right-lin'd Fi- 
” Sures ; from whence it follows alſo, that all the right- 
n' d Figures of any Species whatſoever have the Sums 
bf their external Angles equal. And therefore the three 
+. External Angles of a Triangle are equal to the thouſand 
= external Angles of a thouſand-ſided Figure. Which 
= Obſervation is altogether worthy of Admiration. 


which ;, P R OP. XXXIII. Theorem. 


Side 1 = | = 
Centr F two right Lines, which are equal and paral- Eg 59. 
„nn el, as (AB, CF) be joined by tuo others 


S aber AC, BF ); theſe alſo will be equal. and Pa- 
erefo Falle. 


ag „ Let A E cur the Parallels AB, C F. In the Triangles 


Q. R, the alternate Angles B AF, CF A (a) will be (a) Pe 27. 
E. equal. Now the Side A B is ſuppoſed equal to the Side . os wy 
F F, and AF is common to both Triangles, Therefore 
of of WE) the Baſes B FE, AC are equal. (Which is the firſt (b) Pera. l 1; 
ve off ert) And then the Angles at the Baſes AF B, FAC 
thy | e equal; which being made by AF falling upon the 
| ght Lines AC, and B E, are alternate Angles A F B. 
T4 : ogy oe ths Therefore 


30 


J. 1. 
Eg. 87. 


Fig. 59. 


35. 


1. 


(c) Per 28. Therefore A C, B F are alſo (c) parallel. Which is the 


| qo ; and the perpendicular Sides B D, EC, &C. added tig 
4 1 : bs 


Fx 1 diſtant from both the Lines of Direction 4 9 


chanical Phanomena, that it # worthily reckoned by the I. 
mois Sir Iſaac Newton, as a Foundation of his Geometrical 


F. 55. 


3 on them, the alternate Angles B AF, CF A are , 
(b) Per 25. 1. equal. Likewiſe becauſe A C, B F (c) are parallel, ana 
| (c) Per Def. upon them falls the Line A F, the Alternates CAI 
( ke 27. is equal to the whole Angle B EC. In the ſame manney 


EucLiD's Elements. Lib. ; 


other Part. | 


equal to B F. Which done, the Sides parallel to the Horizon 'T 


AD, BE, &c. added together will give the horizontal Liu 


ks 


* F 


A B, as if it had been driven by either of the Forces ſeps 
rately ; which thing can be ſaid of no other Point. And thi 
Corollary dot h ſo fully agree with Aftronemicat and other A T 
| ide 


8 Ce 
PRO P. XXXIV. Theorem. 


* every Parallelogram the oppoſite Sides and Af 4 
gles are equal, and it is cut into two equal Part ; 


by the Diameter. 25 


Becauſe AB, CF are (a parallel, and A F falls up | 5 
an 


al 


| 


B F A (ah are equal. Therefore the whole Angle B A 
B and Care ſhe wed to be equal. Which was the fir! 


a 

— 
0 : 1 

& 

F 

2 


LES 
bes 
ig 


Wh 37> 

>, 4 
- 3 
CR 


3 
3 
BY 
9 15 
23 


0. J. : ib. IJ. EUCLID's Elements. 
Now becauſe it hath been already ſhew'd that the Tri- 


s the” v 
angles Q, R, which have one common Side AF, have al- 


eig 


„ I to CFA; and C AF, to B FA; the Sides likewiſe ſhall 
quar;, be equal, AB to FC, and B F to AC; and thus the 
140 Whole Triangles are equal. Which was the ſecond 


Fart 
999 o 
.® 1 


7 


Scholium. 


PD Artly from this Theorem, and partly from a Definiti- 
| A a right-angled Parallelogram is eaſily deduced. The 


e two contiguous Sides A F, A Cone by another. E.G. 
Jet AF be a Line of 8, AC aLine of 4 Feet. Multi- 
Line 10 he Rectangle. 
Body. 
on 7 (ap of the Side FI by it ſelf; as if FI be of 5 Feet, 
er eps 
And thi r the Area of the Square. | 
her M. The Demonſtration is manifeſt from this Propoſition, 


the Fay 
Jes. 


metric 


1 


eld when it is a Parallelogram. For let ABC D be the Pa- 


{a e, the middle Point whereof is marked F. Whatſoever 
be Line, as EG, paſſeth through the Point F, it divides t he 
eld into equal Parts E AC G, EBDG. For the Triangle 


7. 


nd An 


Ay * 


o the Angles adjacent to the common Side equal, B AF 


on to be premis'd to the ſecond Book, the meaſuring 


y s by 4, there ariſes 32 Square Feet for the Area of 


Itiply 5 into it ſelf, there will ariſe 25 ſquare Feet 


f parallel Lines be drawn through the Diviſions of the 


Velogram Field: A D the Diameter or Diagonal Line of the 


31 


Area thereof being produced by the Multiplication of EH 60; 


Z But the Area of a Square is had from the Multiplicati- Fg: 61. 


= Corollary, Hence Surveyors do eaſily diuide the ns of a Fig. 88. 


1 pan E P # equal to the Triangle ACD, and * the Triangle» per 26. 1,6: 


4 2 
1 


FI 


are ( 


Dy 


angle AB D or to half the Parallelogram, and conſequently 
a IV ual to the Trapezium AE GC. Q. E. J. 
|; 1 ee | 5 ; 
e manneF 


the fir! 


WE equal to the Triangle & FD. If therefore to the Tra- 

Nrium E B D F, inſtead of the Triangle AE F, you ſhall add 
\1_ .. the Triangle which is equal to it & FD, you will not change 

falls 10 Area; but the Trapezium E B DG will be equal to the 


EEE PROP. 


Fig. 62. 


(a) Per Def. 
35. | 

(b) Per 27. 
'Y 

(c) Per 34, 
1. 1. 

(d) Per 34. 

4. 1. 

(e / Per 4. l. 1. 


Fig. 62; 


YON 
Vs pd, J 
K by 
1 ( 0 1 
n 
9 * i 
l x 4 8 | 
n 0 
ty . 
n 
For 
j 5 . 
that ( 
* 


p RO P. XXXV, XXXVI. Theorem Bult 


E U CL1D's Elements. 


* 
«KY 
9 * þ 


Arallelograms upon the ſame or equal Baſes (A R 
and between the ſame Parallels (C Q, A 1 


are equal. 0 


5 


1 L 


Becauſe AL,BQ (a) are parallel, and CQ cuts ther 
the external Angle CL A ſhall () be equal to the i 
ternal one E QB. Then becauſe as well CF as L 
are equal (c) to the ſame AB, CF is equal to L 


equal. Moreover AL, B Q are equal (4). Theref 
the Triangles CLA, FQB (e) are equal. Therefe 


equal to the other, by the Force of the preſent Demo 
ſtration. . „„ = 
L From hence it follows, that two Cities in Magnitude en 
may ſo much differ in Compaſs, that the Circumference of 
may exceed that of the other an hundred or a thouſand Tin 
If for Inſtance, one be of a ſquare Figure or Rectangular; Wy, 
the other a Parallelogram, betwixt the ſame Parallels ini; 
with the former, but very oblong. 30 
Moreover, it hence follows, that Figures of equal Com A. 
round may contain Area's vaſtly different. | —_ 


Scholium. = 
— Wt 


1% O M this Theorem we may learn to meaſure Mon 


Parallelogram. For the Area of it is produced fi“: 
the perpendicular Altitude QX, or C A multiplied it 
EA. „ "M th 

| 9 


ib, 0 Lib. J. EUCLID's Elements. 33 


* 


. 


| 72 For the Area of the Rectangle C B which is equal to 
that of the Parallelogram B L is made (a) by A C, (a) By the 


1. . - 5 fore going 
ems Multiplying A B. Therefore, &c. . 
a 1 5 FLY 


RO P. XXXVII, XXXVIII. Theorem. 


RIANGLES (AC B, ALB) a- ke 6: 
1 on the ſame or equal Baſes (AB), and 
the een the ſame Parallels (C 1, A Z) are equal. 


| 0 Draw the Lines BL, BI parallel to the Sides A C, 
Qi. The Parallelograms A CFB, ALI B (3) are (b) By the 


eren qual. But the given Triangles are halves of thoſe Pa- fore going. 


Pla lelosrems (c). Therefore the given Triangles (a) are * 34. 


Zequal. | Axia. 
dane This Propoſition will be made univerſal, Prop. 7. J. I. 2 OY 
a h. et Beginners mark the ſame Thing here concerning 
"| | Triangles, which we bid them to note in the foregoing 
58 FPropoſition concerning Parallelograms. . 
1s i Coroll. (1.) Hence Surveyors eaſily divide the Area of @ Fig. 89. 


f the Wangular Field, Let ABC be the Field, and let the Baſe 


1 2 be bi ſected in D. The Triangles ABD, ADC upon the 
and! Baſes BD and D C, and having a common Top A, or be- 


Zang between the ſame Parallels, are equal, Q. E. E. 


3, Pa 
X88 


4 1 { Coroll. (2.) Hence we alſo gather, with the famous Sir 
4e aac Newton, that the Area's which all Bodies whatſoever 


7 Y | at revolve round about an iImmoveable Centre, towards which 
15 


44% 


ey are impell d, do deſcribe, are both in immoveable Planes, 

d are proportional to the times of Deſcription. For let the pig go: 
me be divided into equal Parts, and in the firſt equal Part 

of Time, let the Body by the impreſs'd Force deſcribe the night 
Eine AB. The ſame Body in the ſecond Part of Time, if 

not hing hinared, would go forward ſtrait unto c, deſcribing 
the LineB c equal to AB; ſo that the Area's made by Lines | 
(rawn from the Centre A SB, BSc (a) would be equal. ( py 
gat when the Body comes unto B, let the Force act with one |. 1. 
rele Impulſe, but a great one, and make the Body to defect 

ſure om Bc, and to go forwards in the right Line BC; 1. e. 

ced fir the centripetal Force be in that Place to the Force before 
lied ii bud as Cc or BZ is to Be; in this Caſe the Body will ) Per Coral 
=_ b) deſcribe the Diagonal BC. Let there be drawn parallel 2. Prop, 3 3. 
2902S the right Line Ce meeting BC in C. In the ſecond l. 1. 
ee ben 


27 
94? 


34 


(c) Per 37. 


1. 1. 
(d) Per Axio. 


JI. 


EUCLID's Elements. Lib. 1&1 
Part of Time compleated, the Body will be found in the pin Þ 
C ia the ſame Plane with the firſt Triangle S AB. Join 8 W 
The Area made by a Ray drawn from the Centre, that i th © 
Triangle $ BC will be equal to (c) S Bc, and conſequent) © 
to the firſt Triangle S AB (d). By the ſame Argument th 
Body in the third equal Part of Time would by its preſen 
Force reach from C unto d, ſo that the Line C d ſhould , 
equal to the Line Bc or 4B. But if the centripetal For: Ni 
whether it begreate” or leſſer, does again aft upon it in th Hint, 
Point C, in the end of the third Part of Time, it will be fun e; 
ſomewhere in the Line Dd, parallel to $ C; and therefore a ae 


before, ſuppoſing the ſaid Force to be equal or unequal | We Fo 
what it was before, it will be found to have deſcrihs ga 1 


the Diagonal C D, and will be found in the Point D; and And 


Ray being drawn from the Centre, the Triangle S D C wit“ Co 


Fig. 64. 


(a) By the 
foregoing. 


the centripetal Force aft ſucceſſively in the Points D, E, I 


equal to that d C, and conſequently to the others $ Ci Nane 
S 4B, which are equal one to the other, In like manner en 


and be the cauſe that the Body in the ſeveral Parts of tin 
reſpeftively deſcribes the Diagonals, DE, E FE, &c. the . 
rea's now made as a-fore will be in the ſame Plain, and Tri. © 
angles will be deſcribed equal to the former Triangles. Thin © 
fore in equal Times equal Area's are deſcribed in an immovu. _. 
ble Plane; and ſo the Sums of the Area's A DS, SAFS 
be among themſelves as the Times wherein they were deſcr 
bed. Naw let the Number of the Triangles be increaſed, au 
their Wideneſs diminiſhed infinitely ; both that laſt Perim. 
ter of them AB CDE F, will be a Curve Line, and tu 
Area's deſcribe in one and the ſame immoveable Plane wil ralbe 
in _ 5 alſo be proportional to the Times as well as be, L 


PROP. XXXIX, XL. Theorems. 


* „ 1 
. 2 
W 


Qual Triangles (A CB, AFB) upon tl. 
= fame or an equal Baſe (AB) and "ly 
the ſame Side, are between the ſame Parallel . 


If you deny it, let C L be parallel to A B, and let Bl, 
be drawn. Then ALB is equal to AC B (a). Bu N 
by the Hypotheſis A F Bis equal to A C B. There 


OR» 
bo. 8 5 
. 


A 
2 
; 0 
1 
. 
WW 
* We: 
* 5 7 
1 


Ft 


„ 
{WP 


- BEV 


pi A LB and AFB are equal; 2 6. a part is equal to the 
5 is whole. Which cannot be. There re, &c. | 


1 th F [Coroll. (J.) Heuce alſo, with the Famous Sir Iſaac New - 
Juenth ton, we gather, that all Bodies which are moved in Curve 


in ty, Prints C and c ſhall be in a Line Cc which i parallel to the 
e un Boſe 3 and ſo the Figure BeCg ſhall be a Parallelogram ; the . 
fore » Sides whereof Be and B g are the Lines of the Direction. of Fer col. 


ual „ nt pe 
ſcrily, Fed unto C by the Force B g which tends unto S the Centre. 


nner 
, 

the 4 
d Tri. 
20 Ver = 
S ab 
defer. E 


a, ant. K. 


F a Triangle (AFB) be in the ſame Parallels Er 6. 

i, with a Parallelogram (AL) and have the 

7 1 ame or an equal Baſe (A B) it is half of the Pa- 

vll rallelogram. 

ben, Draw CB. The Triangles AFB, AC B are (4) (a) Per 37, 
equal. But A CB is half of the Parallelogram AL 38. l. r. 
). Therefore A F B alſo is half of AL. N. E. D. oy Fer 34. 


A F B, is produced from half the Altitude F I multi- 
plied into the Baſe A B, or half the Baſe multiplied into the 
Altitude. Wherefore one Side of a Triangle being 
5 13 now, and the Heighth, that is, the Perpendicular which 
t falls upon the known Side from the I Angle, the 
e Meaſure of the Triangle is given. As if the Baſe A B 
19% 95 mT Py be 


IM £ * 
1 . 
. 
of 1 8 


. 15 5 : T 

"I Scholuum. 
, 10% * this Propoſition, with the Scholium of Prop. 35. fg. 65. 
4 "i we learn that the Area of whatſoever Triangle, as 
el 


N 


(a) Per 31. 


. 


(b) Per 23. 


J. 1. 
(c) Per 31. 
5 


(d) Per 38. 


11. 


(e) By the 


foregoing, 


Fig- 66. 


E U CLID's Elements. Lib. 1 
be of an 100 > Feet, the Height F I, 85. multiply half the 


AF B = 4250 Feet Square. Further, the Altitude of 2 
Triangle, when the Area of it is in all Points acceſſible, 
may be known mechanically as well as the Sides. But 


if the Area of it cannot be gone over, the Heighth may 
be found Geometrically by 12 and 13. Iib 2. as we mall 1 


there ſhew. 


In a rectangle Triangle, the Heighth i is the ſame with © : 
either of the Sidesabout the right Angle. Half of this 
therefore multiplied into the other Side adjacent to the 


right Angle, Wal give the Ares of the 1 


P K © p. XLIL len. 


o make a Parallelogram with an Angle equal 


to a given one ( 0); and equal to a given Tri. 
angle (A CB.) 


Biſe& the Baſe AB in E. Through C PRE C X pa- 
rallel (a) to AB. Make the Angle BAL equal to the 


given one 0 (6). Draw FI parallel (c) to AL. AL IF 5 


mall be that which was ſought. for. 
For let F C be drawn. The Parallelogram Al hath 


an Angle LA F equal to the given one O, and is equal N 
to the given Triangle ACB; ſeeing that as well the NF 
Triangle ACB (a) as the Perallelogram AI (e) is dou- 9 


ble to the ſame Triangle AC F. 


Corollary. 


Fi E Triangle ACB being given, a Rectangle equal | 3 

to it is had, if there be drawn a Line parallel to the 
Side AB, and AB being biſected in F, the hag rr. 1 
lar B Q be erected. For the Rectangle under F B — 


2 B will be equal to the Triangle A CB. 


Baſe 50 by 85, and you have the Area of the Triangi 35 


[iv 


f * 2 


"about the Diameter (RF, Care equal. 5 


which 
N avgle V * 


EUCLID's Elements. 37 


PROP. XLIIL. Theorem. : 


N a Parallelogram (as BL) the Complements Fig. 67. 
(BO, O T) of thoſe Parallelagrams which ar 


* 


If through any Point of the Diameter AQ as the 
Point O, CF be drawn parallel to the Side A B, and R S 
Parallel to the Side BQ; the whole Parallelogram B L 
38 divided into four Parallelograms, whereof two are 
about the Diameter RF, CS, the other two B O, OL 
are the Complements of theſe unto the whole Paralle- 
logram B L. e ee 
Their Equality is thus proved. The Triangles (H) (F) rer 34. 
AB Q, AL Qare equal. Likewiſe the Triangles AR O, . r. 
- OCQ (g) are equal to the Triangles A FO, OS Q. 
Therefore if from the Equals (h AB Q, AL Q you 


(g By the 
ſame. 
15 (h) Per Ax. 3. 


take away Equals, on this Side A RO, O C Q on that 


AF O, OS Q 
KE. B. | 


then B O and OL ſhall remain equal. 
PROP. XLIV. Problem. 
P O IN a given right Line (O O to conſti- Fig. 68. 


27 © tute a Parallelogram, in a given Angle (X,) 
Parallelogram ſhall be equal to a given Tri- 


Make a Parallelogram (a) RC equal to the given V, (a) rw 42. 


having its Angle RO C equal to the given one X, L. r. 

nd join the Side RO directly to the given Line O5, fo 

to make one right Line therewith. Then through S 
WawSQ () parallel to OC, which SQ let BC meet (b) pe- 3 1. 


py When it is produced unto Q. Then ler a right Line J. :. 
Fawn through Q and O meet B R produced unto A, 


unto F and IL. 


Which done, through A draw AL parallel to OS, 
[Which AL let CO and Qs meet when it is produced 
; The Parallelogram O L is that which 


For 


Jas required. 


38 E UCLID's Elements. Lib. 14 ; 


te) By the For OL (c) is equal to R C, that is, by the Conſtru. 
foregoing. Qtion, to the given Triangle V, and is at the given Lin en 
(d) Per 15. . 1. OS; and (4) the Angle FOS is equal to the Ang 

| RO; that is, by the ConſtruQion, equal to the give: 
Angle X. | | | | "Bur ( 
Scholium. This Propoſition contains a certain Geometric" Ther 

| Diviſion. For in the vulgar Arithmetical Diviſion, the Nun Pes 


ber to be divided may juſtly be conſidered as being a certain R. 


4 
ay. 
* 


Fie 91. Fangle. E. G. Let the Rectangle A B comprehending 12 fn e 


Feet, be to be divided by 2; i. e. a Rectangle i to be foun 
equal to that A B of 12 ſquare Het, one of whoſe Sides ſhall # 
only 2 Feet : From whence it comes to be enquired of whi 
Number the Side ſought ſhall conſiſt ; which Side is to be efteen 


This. Kind of Diviſion is called Application, becauſe i) 
refFangular Space AB i Applied to the Line BD or EH + 
and hence it comes that Diviſion is often named Application 
Reſpect being had to the Practice of the old Geometric ian vs 
who always made more Uſe of Geometrical Conſtru# 

on, which requires only 4 Rule, and a Pair of Compaſſi 
than of Arithmetical Computation, which is performed? 
Number, | — 4 I 


PROP. XLV. Problem. 4 A 


Fig. 69. U PON a given Line (I ) and in a gie 
L Angle ( to make a Parallelogram equal 


a given Reftilineal Figure (C B A). le c 
| | | Fi vei 


Reſolve the given Rectilinear into the Triangle 

A, B, C, by drawing the right Lines FL, FI. 7 

Upon the given Line LQ in the given Angle H mah 

tp ll l V equal to the Triangle A. The? 

4 right Line I R being produced infinitely towards! 

00 By the Upon the right Line R V in the Angle VRP (4) mad 
eme. The ParalleJogram R Z equal to the Triangle B. Aga 

5 | 28 . vpoln 


. 


504 
5 4 
bo 


b. Ly | ib. I. EUCLID's Elements. 39 
ft. on the Line 8 Z with the Angle Z SP make the Pa- 


"Sew that Q Z and Z G make one right Line. There- 
Pre the whole Q V G is one right Line, and is al- 
parallel co I X, ſeeing by the Conſtruction Q V is 
*Krallel to IP. Now X G alſo (e) is parallel to I Q. (o) per 36.7.12 
; Seeing X Gis parallel to SZ, and S Z to RV, and RV 
15 pen 10. | | | 
' Cm 31G therefore (F) is a Parallelogram ; but that it is O Per dg. 
age ich an one as was required, is manifeſt from the Con- 
_ 16 1 uction. . | 
Gang *:[Coroll. Hence is eaſily found the Exceſs whereby a grea- 
Het "pop reftilinear Figure exceed, a leſſer : To wit, if unto the 
une right Line I be applied Parattelograms reſpe#ively 
ſe 16 rqual to the two rigbt- lin d Figures. For that Parallelogram 
EH I which the greater Rectilinear exceeds the leſſer will give the 
at 10 -- erence of them. Q. E. I.] * | 


ic ian 


Scholium. 


. E will here add a Problem that will be uſeful for 

1 the Practice of Propoſition XIV. I. 2. | 

= Aquadrangular Figure B F being given, to deſcribe Fg. 
n equal Rectangle. | 


F 
45 


3 — 1 7 X. > 4 Ay > n 1 Wc, 
= we =, - x _ CS — 

— D * 

2 Naas 


2 ; . 
7 


Biſc&t A C in S. From S erett the Perpendicular S L, 
qual to the two BO, F put together. The Rectan- 
le comprehended under L S and SC is equal to the 
given B F. The Demonſtration appears out of Propoſi- 
jangle Bon XLI. . | | 


_ ſ 
= 5 
A gail E I | P en P. 


 EucLiD's Elements. 


e Nr XLVI. Problem. 


rn. RO If a given right Line (4 Z) to deſrile, jm 
| ' Square: | | e N 


dh) Per 29, alſo ( a) equal. Therefore CE and A B are (4) paralk“ “ 
I 


1 


(a) By the Equilateral. But all the Angles alſo are right ones ( 

00 f. uti ſeeing A and B are right Angles, the oppoſite ones ( "the - 

% 33: E and C are right alſo.) Therefore the Figure A E . 

te) Per 34, A Square. 2 . offer 

"SO [ In the ſame manner you may eaſily. d:ſcribe a Refan; have 
which hath the two unequal Sides given, in w 


0 
n 
Ws „ 
i 
2 Wo 5 
- 
x k Ld, 


"8 5 15 


* 


ib. ib. I. EUCL1D's Hlenents. 


"the whole A R is equal to IB and B X together. 


B; U | Hypotheſis 5 
lone 
) rich; 0 
wy a” 
darall* 37 


T 1 HIS Theorem (which Prop. 3 1. L. 6. Euclid extends 
es ( 1 U unto all like or ſimilar Figures) is commonly call'd 
ey the Pythagoric Theorem, from Pythagoras the Inventor of 
' It; who, as is atteſted by Proclus, Vitruvius and others, 

PIO offer'd Sacrifices to the Muſes, as ſuppoſing himſelf to 
a have been helped by them in ſo excellent an Invention; 
zin which thing he ſhew'd himſelf to be ignorant of God, 
the Lord of Sciences, the true and only Author of all 
Wiſdom; or certainly if he knew him, he glorified him 
not as God. There is frequent and notable Uſe of this 


Scholium. 


F Theorem through all the Mathematicks; and in particular 
) i opens a way unto the Knowledge of incommenſurable 


/ite | Magnitudes, a main Secret of Geometrical Philoſophy. 
ther '-* That the Side of a Square is incommenſurable to the 
Diameter is a thing much celebrated amongſt the old 


that Plato would {ay, that he who knows not this is not a 
0 A Nan, but a Beaſt. Now the Knowledge of this Myſtery 
IAlgems to have taken its Riſe out of this 45th Propoſition. 
C, te For ſeeing in the Square A E the Angle Ais a right Angle, 
in : "the Square of the Diameter C B ſhall be equal to both the 
1 tho! Squares of the Sides, AB, A C, and therefore double to 
to Vi: ne of them. Wherefore ſeeing the Square of C B is 2, 
re ti and the Square of the Side AB is 1 or Unity, the Dia- 


beczu meter CB ſhall be the ſquare Root of 2, and the Side 


LAB the ſquare Root of Unity, or Unity it ſelf ; the Re- 


ha 
rallel 


hey are incommenſurable. : 
i{onin! 
eu 


that the Parallelograms E C, B X are equal. Therefore 


> Philoſophers, Ariſtotle and Plato eſpecially ; inſomuch 


io of which Quantities (as it will be demonſtrated in its 
Place) cannot be explicated in Numbers, and therefore 


And by this one Argument alone, if all others were 
Fanting, it might evidently be made out, that Geome- 
Erical Magnitudes cannot be made up of a definite Num- 
= 1 e "WEE 


41 


Fige 7. 
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ber of Points; for otherwiſe none would be incommen 


Wes 
# 0 


* A 
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ſurable ; foraſmuch as a Point would be the commos 


Meaſure of all. | = 
To theſe Things we will ſubjoin three Problem 


which are deduced out of the preſent Propoſition, an 5 hoc 
are of frequent Uſe. = | of w 
| 5 

| f ASIC 

Problem 1. his - 


Figs 73+ 


(a) Per 47. 
. | 


Fig. 74. 


(a) Per 47. 
„ 


* 8 


JF any Number of Squares are given, to make on 8 


equal to them all together. g » 

Let there be three or more Squares given, whoſe Sid 
are AB, BC, CE. Make the right Angle F BZ having? 
indefinite Sides, and unto the Sides of it transfer Al S$qua! 
and B C, and then join AC. The Square of A C ſhi of 
be equal to the Squares of AB, and B C together ( 5g 
Then transfer A C from B unto X, and C E the thin 'W 
given Side transfer from B unto E, and join EX; th Cc 
Square of E X ſhall be equal to the Squares of E B (% bles 
EC) and BX together; that is, equal to the three g #C | 
ven Squares, whole Sides are AB, BC, CE: And ſou tans 7 
as long as you pleaſe. i Subte; 


Problem 2. 


T% O unequal right Lines being given (AB, BC) ti, 
determine that Square, whereby the Square of th 
greater (A B) exceeds the Square of the leſs (B C.) Ta, 
From the Centre B with the Interval A B deſcribe 
Circle. Then from Cere& a Perpendicular C E, cur on 


ting the Circumference in E. The Square of CE is th D 


Exceſs or Difference which is ſought for. 


For let B E be drawn, The Square of BE, that i; py 
of AB, is equal to the Squares (a) of B C and CE t- GE 
gether. Therefore, Cc. | S © 


Problem 3. 


| A NY two Sides of a right-angled Triangle being I 
FA. known, to find the third. 4 
Let the Sides containing the right Angle be AB, A a 1 


3 1 * 
3 
«7 


b. 18. ib. I. EUCLID's Elements. 
men e one of 6 Feet, the other of 8. You aretofind of how 
not any Feet the Side C B, which is oppoſite to the right 


"i y it ſelf. From which Multiplication there will ariſe 


 ZAngleis. To do which, multiply 6 and 8 each of them 


1» and fr the Squares of thoſe two Sides 36 and 64; the Sum 


” of which is an 100. The ſquare Root of an 100 which 
i 10, gives the Feet of the Side B C, whoſe Quantity 
as ſought. This Demonſtration offers it ſelf in and from 
is 47th Propoſition, for the Sum of the Squares B A 
and C A is equal to the Square of B C. Therefore the 
Noot of the Sum of them is equal to the Root or Side 


ide, Then let the Sides A B, B C be known, the one of 6 
Feet, the other of 10, you are now to find A C. Take the 
"Square of the Side A B which is 36, out of the Square 
ofthe Side BC = 100. The Remainder 64 ſhall be the 
"Square of the Side AC. The Root therefore of 64, 
thin Which is 8, gives the Feet of the Side A C. 
(; th Corollary, From hence we derive the Original of the Tu- 
B (0 Ber 
tee g C the Semi diameter of the Circle be of 100,000 Parts, 
I ſo awd the Angle BAD of 30 Degrees. Becauſe the Chord or 


43 


of Sines, Tangents, and Secants. For, for Inſtance, let Fig. 92. 


Subtenſe of 60 Degrees is equal to AC the Semidiameter ; per Cordl, 


BD the Sine of 30 Degrees ſball be equal to half the Semidi- 1. Prep. 14. 


4. and Co- 
rol. 3, Prep. 3» 


"meter, or ⁊ AC; and therefore ſhall contain 50,000 Parts, 
But now in the right-angled Triangle AD B, the Square of 


B is equal to the Squares of AD and BD. Wherefore let 
C) % Semidiameter AB be ſquared Gr multiplying 100,000 
of i 199,000) and from that Square ſubſtraf® the Square of 
"BD. The Remainder ſhall be the Square of A D, or of the 
ib ne equal to it B F; out of which extract the ſquare 
cribeh Roe, and yon will have the Line B For A D. Then by this 


' fol owing Analogy, AB: BD:: AE: CE, or AD: 


> PROP. XVIII. Theorem. 


£5 


being F in a Triangle the Square of one of the Sides Et. 16. 


1 (4B) be equal i the 10 Squares of the other 


9 A C, 3 - 
the! Sides 
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: right Angle. | | 
If not, the Angle A C B will be greater or leſs thy 


Hypotheſis. 


pe 151, to CB, and join AF. The Square of AF is (a) equi 
. oy the Squares of FC, CA together; that is, (C) ha ; 


Square of A B. Therefore the right Lines AF, 


Li. 7 they are both right Angles (4). & E. D. 


Fides ( AC, BC) taken together, the An Z 
(Ac) which the two other Sides contain,, 


Cafteuction. Sduares of B C, CA; that is, by the Hypotheſis, too 


are equal. Becauſe therefore the Triangles are mut: 
(c) Per 8. ly equilateral, the Angles at C (c) are equal. There 


- . 2 . 
— At 0 
. 5 5 i % 2 * 
Ae ä 
NE 3 8 > 223K O 25 by 
8 ws Thos 2 5 3 (I-24 Wes * 
82 Na 1 r 
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* right Angle. In either of which Caſes (as it will be; 
monſtrated, Prop. 12, 13.7. 2. which Propoſitions dey; 

not on this) the Square of AB will not be equal tg; 

Squares of AC, B C together ; which is contrary to; 


Or thus. Draw FC perpendicular to AC, and e? 
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BOOK IL 


} 


HIS Book is ſmall in Bulk, but great indeed 

in the Excellence and Uſefulneſs of its Theo- 
rems. Young Beginners will not, I know 

1 what I ſay, be at firſt able to diſcover it; but 

Ing further advanced, they will, from their own Ex- 

perience and with the greateſt Certainty apprehend that 

is moſt true, 


5 


> ADEFINI1ITION. 


Right. angled Parallelogram (as AE) (which is wont Fg. 601.3} 
1 ſimply, and without any Addition, to be call'd a 
ectangle) is ſaid to be contain'd under the two Lines 
AC, AF) which determine the Magnitude of it: 
For the one of them A C determines the Heighth, the 
ather A F the Breadth of it. Now if the Side A C be 


* w of 2 
W 8 8 3 
R 5 2 9 ES Eun: of * 
8 — ns, E * 
I 2 132 ö ; e at > IN 
25 3 23 i. Wy; 
; 8 Ss 
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A 
F 


Þ 
£4 


e A 


* 


2 


* 


ur derſtood to be carried perpendicularly along the whole 
AF, or AF along AC, by that Motion the Rectangle 
its Area will be produc d. Wherefore a Rectangle is 
tghtly ſaid to be produced from the Drawing of two 
Ines into one another, or the Multiplication of them 
We by the other. When therefore you have theſe LE 
ords, [the Rectangle under (or of) AC, CB, I or for Fg 2:1. 2: 
Fevity's fake, [the Rectangle A CB, ] there is meant 
Mat Rectangle which is contained under AC and CB 


Multiply'd one into the other. In like manner. when 
We ſay the Rectangle under AB, BC, or the Rectangle 
ABC, there is deſigned the Rectangle contain'd under 
he Right Lines A B and B C, as th by one ag ot 
8 — 1 e e 
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Moreover of ReQangles ſome are Oblong, ſome a 


Square. The Oblong Rectangle is that which hath in 


which is contain'd under two equal right Lines. 


Fg. | By 2. . 


contiguous Sides unequal, or which is contained unde 
two unequal right Lines The ſquare Rectangle thy 


bg there be two right Lines (AB, AC) . 
1 whereof is divided into as many Parts as Ju e 
will (AE, E E, FC) the Reflangle compris, , 
under thoſe rwo (AB, AC) is equal to all 1. . 
Reftangles together, which are contain'd under tl: 


undivided Line (AB) and the ſeveral Parts of 


divided Line (AE, EF, FC). 


* 
Make A B perpendicular to A C, through B draw t 
infinite Line B R parallel to A C. From E, E, C, eres 
the Perpendiculars EI, FL, CQ. B C will be a de in 


 Ctangle under AB and AC; and is equal to the Re B 


Ctangles BE, I E, LC; that is, (becauſe as well IEA 


(a) Per 29.& L F are equal (a) to A B) equal to the Rectangles unde 0 


34 1. I. 


I 

al; LON | O e P. 
Scholium. . 
In 


* 
IS; 
L 
_ 


TH E ten firſt Theorems of this Book are true alſo i ana 
Numbers, if they as Lines be divided into Pane of 
The numerical Re&angles are produced from the Muli hann 
plication of two Numbers, and the numerical Squatſ e 5 
from the Multiplication of the ſame Number by it fel: BR 
| Let the undivided Number be 9, and the divided one 11 
The Rectangle which is from 9 multiplying 12 = 108 will | 
equal to the three Reftangles, 27, 36, and 45, which a 
produced from 9 multiplied by 3, and 4 and 5, reſpecti vel) aug 
ſeparately. Or let the Number 432 be as it were a Multipli . 
cani divided into 400 and 30 and 2; and the Number 8 at —* 
undivided Multiplier; 8 Xx 432 = 3456 will be equal to M. 
* 400 = 3200 -|- 8x30 = 240 * 8 Xx 2 — 16. 4 n 01 
from this Propoſition therefore the Demonſtration of Multiv" [Fo 
cation is to be deriv'd. : | Huar 
| FF, 


PRO 


\ 
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PROP. II. Theorem. 


I F the right Line (AB) be cut any where (as in Eg. a. 
"_-” g 
1 (c), the two Rectangles under the whole (A B) 
vnd the Parts (AC, C B) are equal to the Square of 
be whole Line (A B). 5 
lber A D is the Square of the whols; and A H, C D are Re- fig. 17. 
angles under the Whale A B and the Parts A C, C B.] 
Let the Number 8 be divided into 5 and 3; the Square of 
"We Whole 8 x 8 — 64, is equal to the Rectangles 8 x 3 — 


4 tit 2: , © 8xX5= 40.) 
r t N . 
of ie PROP. III. Theorem. 
aw th ET a right Line as (A B) be cut any where bt 5 
2 _ (as for Inſtance in C); the Rectangle con- 
be fe d under the whole A B and either of the Parts 
1E48BC) i equal to the Rectangle under the Parts 
unde C, CB) together with the Square of the ſaid 
Wet (BC). -:- e 
X [For A F is the Rectangle under the whole Line 4 B, and Eg 13, 


e Part AC; and C F u the Rectangle under the Parts; as 
AE is the Square of the Part 40 

In Numbers. Let the Number 7 be divided into the Parts 

alſo i and 4. The Rectangle of 7 x 3=21 5 equal to the Reffan- 
Patz 4 Ye of 3x 4=12, together with the Square 3 x Z=9. In lite 
: MultyWanner 7 * 4 = 28, 2 equal the Rectangle 3 x 4 = 12 -|- 
Squaſeſſe Square 4 x 4 — 16. | 

it ſelt Þ 

| one 1 
8 will i 
hich a" 
vel a 
Multiple 
aber $ ail 


* 


PROP. IV. Theorem. 


ET a right Line, as (FL) be cut any where, Fig. 4 
as in (O) The Square of the whole ſhall be 


qual 0 Wal to the Squares of the Parts (FO, OL) and to 
6. 4 vo Rectangles contain d under the Parts (FO, OL). 
Aultipiſ [For F D is the Square of the whole; and C G and C Lebe Fig. 19 
Wuare of the Parts; and C F, C D, two Rectangles under the 
. e 


\ 


ar = 3 1 
= *. N n. ESO - = 
n eee 


Fig. 19. 


-= = ——— é ne —— a 
Tar: — — - 
* _ 


Fig. 20. 


Fg. . 
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In Numbers. Let the Number 10 be divided into two pan 
and 3. The Square of 10 x IO loo is equal to the Squan A 0 4 
of the Parts 1 * J=49, and 3x 39, and to the two Recta 4 
gles 7.x 3=21, and 7x3=21. And on this Propoſition 4. 0 1 


pe nds the Extraction of the Square Root. and 


Coroll. (1.) Hence it is manifeſt, that the Parallelogran. 1 4 N 
about the Diameter of a Square, (OI, HK) are Squares, = 
(2.) 4s likewiſe that the Diameter of every Square biſeh 2 uſe 
the Angles of it. #4 
(3.) And that the Square of half of the Line i a fort Wi 
Part of theSquare of the whole Line. For in that Caſ: * 
Rectangles and e end in four equal Squares. a 


o ; Theorem. 


J. a right Line as (QX) be cut equally in (R), a al 2 
unequally in (S the Rectangle contaiu d : * 
der the unequal Parts (QS, S X) taken roger 2 
with the Square of the intermediate Part (R fa fi 
be equal to the Square of the half (Q. R). 


[or Au is the Rectangle under the unequal Parts, 19 2 
LG the Square of the intermediate Part, and R F the Squii 
of half the Line; and therefore, becauſe the Rectangle 2 1 
equal to t he Rectangle S F, and the reſt of the Space is n 
mon to both, the Propoſition is manifeſt. ] _ % 

Let the Number 8 be divided equally, that is, into 4 ani 
and unequaily into 5 and 3. The Rectangle of 5 * 3 151 1 
my with the Square I > 1==1 255 be equal to the a 


PROP. VI. Theorem. 


"Þ a right "Toms (A B be divided into hd 
{Dont Parts in . aud 10 it a certain 1 


Join 4 (B F taken . with the Tees i 9 


half the Line (C B) ſhall be equal to the quan [ue 


(C8 
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u F) which is compounded of half the Line A B 
Nacken ud the adjoin e. 


ion 4% [ For AN is the Rectangle under the whole compound Line Fig. 21. 
and the adjoin d one; and KG the Square of half the Line 


b. Nl 


Wis 


ogren B; and C E the Square of the Line compounded of half 
s. = 


* 


* 2 


be Line AB, and that which was added. Wherefore be- 
„ apuſe the Rectangle H E is equal to the Rectangle A N, and 
e reſt of the Space is common to both, A N and K G is equal 
CE. Q. E. D.] | 

n F the Number 6 be divided into the two equal Parts 3 
and 3; and to it be added the Number 2; The Rectangle of 
2 = 16, taken together with the Square 3 x Z=9 ſhall be 
equal to the Square 5X 525. | 


3 Coroll. Hence, with Maurolycus, with one ſingle Obſer- 


"alption we learn to meaſure the Diameter of the Earth. Let 
he Altitude of the Mountain 4 D be known, and AB the FS 22. 
ne touching the Earth be known by meaſuring. Let the 
e D E be cut into two equal Parts in the Center C, and to 
be added the Line A D. Now becauſe the Rectangle under 
E, 4D, together with the Square of D C, is by this Propo- 
ion equal to the Square f AC, that is, equal to the Squares Fer 17.1. 1 
of the Lines AB, BC: From hence it follows that if you take 
away on both Sides the Square of C D or C B, the Rectangle 
ich is under AE, AD is equal tothe Square of AB. There- 
ye let the known Square of A B be divided by the known Al- 
Nude of the Mountain A D, and the Quotient will give the 
ne A E. From which ſulſtract the known Altitude of the 
"Mountain A D, the remaining Line D E will be the Diameter 

the Earth. Q. E. I. 1 = 


HY PROP. VII. Theorem. 
9 F a right Line (A B) be cut any where (as in kt ;. 
1 C), the Square of the whole Line (A B) ta- 

_ together with the Square of either of the Seg- 

% ene (AC) is equal io two Rectangles contained 
14 0 nder the whole (AB), and that Segment (AC) 
he a CB 

4e [ror EB © the Square of the whole Line, and A. L the Fog 22, ... 
are quare of the Part 4 C. But the two Reflangles under | 


& 5 
« 


ether with the Square of the other Segment 


1 
1 


(Ct, 1 "3 | the 


30 


F 8. 


Fig. 24; 


Fg. 5 


(10) that is compounded of half the aforeſaid Liu, 4 


Pound Line (LO). 
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the whole Line and that Part, E I. HL, together with 6:10 
the Square of the other Part, peſſeſi the ſame Space that EU- 


and the Square of AC doth. Therefore 9 are equal to 27 740 
and the Square of A C.] 1 15 
Ao 


[ Let the Number 13 be divided into any two Parts, ar 


and 4. The Square 13x13 = 169, together with that 7 St 


—81, ij equal to 13 X9=117, and 13 19 1 175 nd thi Fee 
mn 16.] 3 


PRO P. VIII. Theorem. 


Fa right Line (L ) be divided into two equi 1 
Parts in (1) and to it a certain right Line bY 15 1 
adjoin d (FO); the Rectangle (L TO) which is c 
tain'd under the half of the Line (LI) and the La 6 


and the Line adjoin'd, this Rectangle taken ll 4 
Times, together with the Square of the adjoin'd ay . 
(FO), ſhall be equal to the ends ef the whole cer 


| For AL is the Square of the whole Compound, all 
four equal Refangles under LI and I O (to wit, DR, BY 


RO, and the Fourth made up of LR and AH added 7 20 228 


ther) and with thoſe four ReFangles the 2 pars HE, Fr 14 
whence the Propoſition is manifeſt. ] - 
Let the Number 12 be divided into 6 and 6; and i e 
Number 4 be added tit. The four Reftangles 10 x 6 20 
and 4X4 = 16 are equal ro the Square 16 x Lela = 256.] 


PR © P. IS. | Theorem 4 


F a rigbt Line (A C) be divided equally 1 . 
(B) and unequally in (F), the Squares of 11 N 


unequal Parti (A F, FC) will be double to thi | J 
Squares of half the Line 1 AB), and of the inter ni. 


11 
diate Part (B F). 5 
[Let-B E be equal and perpendicular to B 4 From hen! 


rhe Confer ut ian being made, as the Figure ſhews, the Lines 
435, 


- 3M : 
"IE 
ES 


N "RY wry * . 
24 | | F 4 * 
=. 2 ö 3 
ib. II. EUCLID's Elements, 1 
wh "3 
J, = 0 $ i 
5 
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5 % 5, E, BC be equal : 45 alſo the Lines E O, G Nil 
equal. The Angles A E C, ABE, CBE, EGQ,9QFC, 


, 4; abuble to * the Square of 4 B, which is half of AC, and per 35. l. 1. 


1 = 
= 
320 


= 

ve 8 
Ss 

- = 


2 


* 


0 equally into 20 and 12. The Square 20 x 20 = 400 with 
We Square 12 X 12 = 144, are double to the Squares of 
6 x 16 = 256 and 4x 4 2 16. 


PR O P. X. Theorem. 


1 

Fa right Line (FI) be divided into two equal Fs 10. 
Parts in (L), and to it a certain right Line 
as O) be adjoin d; the Square of the whole 
ompound Line, (FO) taken together with the 
Muuare of the additional Line (IO), ſhall be dou- 
Je to the Squares, which are deſcribed upon the 


ain / Line (E L, and (L ) that which is com- 


. [S's 


ounded of half the Line (FFI) and the additional 
Line. 8 | 
* | For a Confrufion being ſuppoſed not unlike to the former; Fig. 25. 

110 "he Square of FE, is double to the Square of the half Line 

y L, and the Square of E & is double to the Square of E © per 47.1. f. 
6. > L O which is compounded of the half Line and the additio- 
nal one. But the Squares of FE and E G are equal to the 
Square FG ; that i, to the Square of F O the whole com- 
pound Line; taken together with the Square of OG or OI the 


to 
AD 


n 


additional Line. Q. E. D. 5 

7 il | | Let the Number 40 be divided into 20 and 20, and to it 

of * : let there be added the Number 14. The Square 54 * 54< 
2916, with the Square 14 * 14 = 196 are double to the 

0 tht " Square of 20 X 20 = 4Co taken together with 34x34 = 

"5 ] e 


2 A Xt gh nn no. 
: Ma os note FRIES, DYES ARSE .. 


* 


Fig. 117 


(a) Per 6. 2. 
(b) By the 


Conftruction 


LI Fer 37. 


5 4 * 
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P R O P. XI. Problem. | 


O to cut the given right Line (A B). in (C) Mm bs 
the Rectangle (AB C) which is contain d und 
the whole Line and one Part, ſhall be equal to i» * 
Square of the other Part (A C). | I 


From Aere& a perpendicular A E equal to AB. nil] 
AF in X. Draw the right Line XB; from the Lin 
F A drawn forth cut off X I equal to XB. Then a 
off A C equal to A I. I ſay the Thing is don. 

For let the Square B AE $ be perfected; and a perpen“ 
dicular being drawn through C, let the Rectangle FIL O 
be perfected alſo, Becauſe F A is biſected in X, and th oy 
it is added ATI; there ſhall be 
Y Rea PIA 


9 


* = (a) to the $ uare of XI [ % 
Square of X A a 9 . he 
That is, = to the Square of X B (3) G 

155 That! is, = to the Squares of AB 90 © 

AX) "I 

Therefore let there be raken away on both Sides tt 2 

Square of X A; there will remain 3 

Rectangle FIA or FL. | 

As the Square of the Line BA; + 

| Wherefore again, the common Rectangle AO being 

taken away, 80 
AL. will remain camel to CS. % 

But AL is the Square of the Line A C, ſeeing by 


the Conſtruction ACand AI are equal. And CS i 


; Tu. E Ten fr "FIAT ON of this Book are true alſo 4 


the Rectangle A B C, foraſmuch as BS is equal to A by + | 
Therefore the Rectangle AB C is equal to the Square of 
AC. we herefore we have cut the Line A B, as it Was re. 
quired. 1 


Scholinm. 2 


in Numbers: But this Eleventh cannot be exempli - * 

Fy'd in Numbers; for no Number can be ſo divided that 
a the Product of che whole en by one Part ſhall be 6 
equa 


3 IL EvcLiD's Elements, 53 
1 nal to the Square of the other. The Force of this | 
£ ion of a Line is wonderful, for which ſee Prop. 30. 

1 ö 6. 


T R O P. XII. Theorem. 


'N an obtuſe-angled Triangle (A CB), the Et 12: 

4 Square of the Side (A B) oppoſite to the obtuſe 

ple (C), exceeds the Squares of the other Sides 
c. CB), by the Rectangle (B C F) twice ta- 

1 ; which ſame Rectangle is comprized under 
5 one of the Sides containing the obtuſe An- 

F and the Line (C F) which is intercepted be- 

: g xt the Perpendicular (4 F) and the obtuſe An. 


| ic The Square ABis equal to the Squares of + F 32 n 
| 9 But the Square of B F is equal to the g of F C, mY 
c (FEB, with the Rectangle F C B twice taken (5). There- (b) Per 4. 
« if you ſubſtitute theſe for the Square of B FE; then 7.2. 
| cn the 9 of A B is equal to A F Squareʒ 
1 FTF (Square 
C B Square 
and Rectangle B CF twice. 


4 But the Squares of AF, F C are (c) equal to the C p,, ,-. 
| Juare of A C. Wherefore this being . for 1. 1 


11 Em, 

” | AB Square i is equal to A C Square 
A I C B Square ; 
| * Reftang BCF twice: 
are 0 
as re 


P R O P. XIII. 'T heorem. 


N any Triangle lever (as AC B) the Fig. 13, 14: 
Square of the Side (4 B) oppoſite to an acute 


e alſo Mrgle (C) is exceeded by the Squares of the other 
mp r ”y (AC, CB) by the Rectangle (BC twice 
be! en; ; which ſame Rectangle is contain under 


(30). 


equal 


54 


(d) Per 4. 1.2. 


e) per 474.1 


(a) Per 3. l. 2. 


(b) Per 47.1.1, 


F'g. 15. 


(e) Per 12 l. 2. 


I (/ Fer 3. l. 2. 


QED 
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(BC) one of the Sides comprehending the acute 4 
gle (C); and the Line (FC) which is intercepted ii 
twixt the perpendicular (AF) let fall upon the Y 
(BC) from its oppoſite Angle (A), and the ad 
Angle (C). „ 1 
The Square of B C is equal to (d) the ReQan. BF 


(rwice, Y'® 

F C Squan ®* 

| — F B Squan. a 

And A C Square is equal to (e) CF Square, | N 
+= F A Square c N 


Wherefore the two BC Squ. are equal to Rect. BF $ 
together AC qu. 


= AF Square. vu 
But the Rectangle B F C twice, together with i 


Square of F C twice, is (a) equal to the ReQa 85 
B CF twice. Therefore this being ſubſtituted i f 
them, „ ale 
BC Squ.) are equal to the Rectang. B CF twit P. 
AC Squ. ＋ BF Squay 
et 3 „ AF Squl l 4 
But the Squares of AF, BF are equal to (5) in 3 
weer of AB. Therefore this being ſubſtituted (ky 
them, | 1. 
BC Squ. I are equal to the Rectangle B C F twit 3s 
+ FU San} AB Squ. 5 
That is, 6 C Square -|- A C Square do exceed Miet 
Square by the Rectangle B C F twice taken. 5 
Corollary. 5 


1 
1 
* 


1* E Propoſition is true, although the perpendici . 
falleth without the Triangle. And the Demonlſi N 


tions is almoſt the ſame. 


More briefly thu. A4 C ꝙ <= (c) ABJ＋ C37 
2 CBF. Add on both Sides C B, then A CH Ca 
= 4Bq-|- 2CBq--2CBPF= (4; A Bq -\- 2 Kili. 
Dich ) 
kater 


$0 


Scholium. 


Rom this Propoſition and the 47th of the former 
Book, we have the Meaſure of any Triangle what- 
ver, whoſe three Sides are known, although the Area 
altogether inacceſſible. For by the Help of theſe 


ke L eorems, the Perpendicular is known, albeit the Impe- 
0 Ments of the Place ſhould not permit us to mark it out. 
ef Note, That the Perpendicular, multiplied by half the 


; FA on which it falls, produceth the Area of the Tri- 
evil] le, as appears out of the Scholium of Propoſition 41. 
| 'Þ : 0 . ' | 


2 


et there be any Triangle (as ABC) having its Sides Fg 18, r 14. 
uu en. It is required to give the Perpendicular AF, 
1 ** falls from the given Angle A upon the oppoſite 
e CB. | 
axe the Square of the Side AB oppoſite to the acute 
ele C, out of the Sum of the Squares of AC, and 
. By the 13th the Remainder ſhall be the Rectangle 
F twice taken. Divide half of the Remainder, that 


2 che Rectangle BC F by the known Side B C; thence 
691 lariſe the right Line CF. Take the Square of the | 
ured Wl Line C F out of the Square of A C. The Remain- 


will give (4) the Square of A F, whoſe ſquare Root (0 Per Trib, 
WI give the Perpendicular AF. 2 Schvl. peſt. 


8 This thing alſo may be obtained out of Propofition 47 l. + 
wy But the 13th ſufficeth, foraſmuch as in every Tri- 
ced Nile the Perpendicular let fall from ſome one of the An- 
s unto the oppoſite Side, falls with the Triangle. 
. PROP. XIV. Problem. 
nic CF . 
monk E right-lin'd Figure (OXZ) being given, Pi 16. 


to make a Square equal to it. 


393 | 
Ae Make (5) a Rectangular Parallelogram CI equal to the h) per. 35. 2 
- 230 ilinear QX Z; the Sides of which Parallelogram, if J. 1. „ 
yy ſhall be equal, you have already made the Square g 
pich was required; if they be unequal draw forth the 
kater Side TA unto L, until AL ſhall be equal to 
c. Then biſeQ IL in Z; from which as from a Cen- 
' 8 | der 
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ter through I and L deſcribe a Circle, and let C A 

. produced till it meets the Circumference in B. TI 
Square of the right Line A B is equal to the given Re 

angle QX Z. | = 

For let the right Line Z B be drawn; becauſe IL 

cut equally in Z and unequally in A; the 4 


(c) Per 512. | ; W yg Fe Care equal (c) to Z L Squ. that f 
22 equal to (d) Z B Square, that is, 

* equal to (e) Z A Square 2 
5 ＋ AB Square. $ 


Taking away therefore on both Sides the comma 
Z Aq, there remains . 
Re&. IA L equal to AB q; that is, * 

Becauſe A C and A L are equal, the ReQ. CI ej 
to A B Square, and conſequently A B Square equal 
the ReQilineal (g) QX Z. 


(s) By the 
Conſtruction 


Scholium. 


Et L1D's Conſtruction of this Problem requii 
that the given Rectilineal be reduced unto a Reda 
gle by Prop. 45. 1.1. Which Reduction being opera 
enough, the Problem perhaps will more readily be d 
patch'd after this manner. _ rf Ao, „ 
Let the given Rectilinear be reſolv'd into as mi 
Quadrangles (X, Z) as it can. Then to each QuadransMW2- £ 

{a) Per Sehe. (a) make an equal Rectangle. If there remain, as H dot! 
40 Her corel it happens, one Triangle (Q), to it alſo (6) make Wee 
OEs.” Rectangle equal. Then to each Rectangle by this 14.1.! 
make an equal Square ; and laſtly to all theſe Squares! 

e) Per Prob. one equal one be made (c). This will be equal to 


1 47. given Rectilinear QX 2. 


= 10 
e F 
8 pr 

F 
ol 


* 


he Elements of E ucL1D. 


BOOK III. 


— ER 
— 


H E fundamental Properties of the moſt perfect 

amongſt plain Figures are demonſtrated in this | 
Book. The Uſefulneſs of the Book is mani- — 
'F feſt by this one Thing alone, that it treatsof a 

Arcle, that abundant Sourceof ad mirable Things through 

the whole Mathematicks. The more famous Theorems 

at 16, 20, 21, 22, 31 32, 35, 36. : 
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2 


equi 5 t; 
Reda Di itt oN. 17 
opera 

be di; 


23 
** 
* 


T Hoſe Circles are equal whoſe Diameters or Semi- 
S Mal) 


diameters are equal. 
drang 2. A right Line (F B) is ſaid to touch a Circle, when Fig. 20. . 3· 
as he doth ſo meet it in the Point ( B), that albeit it be pro- 
male Nced it doth not cut it. 


3. Circles are ſaid to touch one another, when they Fig. 13, 14. 
ſo meet that they do not cut each other. 
4. In a Circle the right Lines (BC, FL) are ſaid to x, 18. 
t <£qui-diſtant from the Center (A), when the Perpendi- 
lars which are let fall upon them from the Center 
AO, Al) are equal. 
5 5. Segments or Portions of a Circle are the Parts into fie. 37; 
ich the right Line (C E) which cuts the Circle doth 
vide it. 
6. An Angle i in a Segment is that (B Q C) which is Eg. 33; 
pntain'd under the right Lines, which are drawn unto 
Nee Point of the Circumference (Q) from the Ends of 
| ze Segment, (B, C). 
TH Ihe Angle (C QB) i is ſaid to ſtand upon the Cir- Fig. 33; 
© P[nkcrence (B O C), as being n to it. FR 
, Ce 


14.1.1 
ares | 
to [ll 


PFC 


* * 
4 

5 

N 

* 
* ” 
. 
2 
* 
i 

4 
v 
g 
0 
4 
1 
4 
1 
{ 
c 


2 ——— 
A, Wd > RY See 0 — 
— —— = Aa —ooe ooo 
- _ - — 


e 4 To find the Center of a given Circle. 


(.) Per. 8.1.1, the Angle OQ C(a) is equal to the Angle O QB. The 


14.1. 1. to LQC which is a right one by Conſtruction, a Part iſh 


12. The Center ofs Circleis veryeaſily found by aSqua 
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b 7 Hom X z ö a 1 ö : 1 
Fig. 11. 8. A SeQor is that Part of a Circle which is contain 


by two Semidiameters, as (AB, AF), and an Arch 
(F or BCF) intercepted betwixt the Semidiameten N 


PROPOSITION I. Problem 1 


Let the right Line (B C) be drawn in the Circle ver, 
random, which biſe& in Q. Through Q draw Wc. 
Perpendicular L F, which biſect in A. A ſhall be ih C 
Center. ate. 

If you deny it; let the Center be O, which is within C 
the right Line F L (for in FL it cannot be, foraſmuf ten 
as this Line is divided every where unequally but in Sie 
and let there be drawn BO, QO, CO. Becauſe thei 
fore you ſuppoſe O to be the Center, BO, CO muſt} 
equal; and the Triangles BO Q, CO Q, muſt be equi 
lateral to each other; ſeeing by the Conſtruction Bl 
and CQ are equal, and QO is common. There 


(b) Per df, fore O Q C 1s a right Angle (4), and conſequently equi 
the whole. Which is abſurd. 


_ Corollary. 


5 F what hath been demonſtrated it appears, that 
wy the right Line (LF) cuts another right Line BC 
to two equal Parts and perpendicularly, the Center 15 
the Line that cuts the other. | 


the top of it (Q) being applied to the Circumference 
for if the right Line DE joining the Points D and 
in which the Sides of the Square cut the Circumference 


F 


be biſected in A, (A) ſhall be the Center. The Demo :, 
ſtration whereof depends on Prop, 31, J. 3. Ce 
e t it 


PRO! Pe 
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1tain! 7 


urch 
eter: 


PRO P. II. Theorem: 


em, Fin the Circumference of a Circle there be taken fig. 2. 


Iwo Points (B and C)] the right Line which is 
aun through them falls entirely within the Circle. 


Let there be taken in the Line BC any Point what» 

irck Wever, as O, and from the Center A, be drawn AB, AO, 

aW (BC. Becauſe AB, AC are equal, the Angles alſo B 

be C are (e) equal. Becauſe therefore AO C is (a) (c) Per 8. l. t. 
: Water than the internal one B, it ſhall be greater alſo (d) Per Corel. 

vitho n C. In the Triangle therefore O A C, the Side A C 1. prep. 32. 

aſmu; ending the greater Angle AOC, is (e) greater than wg 

tin Au Side A O ſubtending the leſſer Angle C. Seeing = 1 Oes 

e thenfrefore A C reaches no farther than from the Center 

muſt he Circumference, A O ſhall not reach ſo far. There- 

de equifie the Point O ſhall fall within the Circle. The ſame 

on Þ Wing may be ſhew'd of any other Point of the Line BC. 

1erelofWherefore BC falls wholly within the Circle. 


. TheifMT he Propoſition is alſo manifeſt from the very Notion 
y equa right Line and a Circle. 
art MCoroll. Hence it follows, that a right Line touching a Cir- 


touchethᷣ it in one ſingle Point only. For if it touched the : 
rcumference in two Points, it would be a right Line drawn 
rough two Points of the Circle, aud conſequently would fad 
thin the Circle, contrary to the Definition of a Tangent. 
Id by the like Reaſoning (in paſſing from Planes to Solids ) 


* 2 a * _ 5 > : 4 - — - 
b * 5 * — kx * — — * * Fs 3 LE * > 
— . — 2 1 — - . C mw T2 me y . * 4 wo hook N = 3 n r n . CE n 
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„ ChatiWrigo he be prov'd, that every Plane toucheth à Sphere only in 

BCi Paine ; | 

ter 181 ; | 

Squat! | PROP. III. Theorem. ; 
ference „„ | | MH 
EG 3 | . 9 
Ferenc F in a Circle a right Line (B L) drawn thro” Eg. $ 


the Center biſecls another (C F) not drawn thro” 
Center, it will cut it perpendicularly. And if it 
it perpendicularly, it will biſect it. | 


Demo 


Of! Part 1. From the Center (A) let there be drawn A, 
P. The Triangles X and Z are equilateral to _ 
5 5 other. 


_—_ 
. 
Cy 
7 

* 
bl 
Ny 
4 
3 
| 
'y 
4 
9 
ol 
v 10 
1 
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(a) Per 8 l. 1. 
(b) Per def. 
14. . 1. 


(c) Per 47. | 


& Is 


| Fg. 4,5. 


Pg. 5. 


Fig. 4. 


0% By the 
foregoing. 


Fg 6,7. 


EUcLI D' Elements, Lib. 1 
other. For C O, F O are by the Hypotheſis equal, 2 
AC, AF are ſo, becauſe drawn from the Center; whill 
AO is common to both. Therefore the Angles A0 
A OF are (a) equal. Therefore right (4) ones. Whit 
was the firſt Part. | — 
Part 2. Becauſe by the Hypotheſis AOC, AOF A 
equal Angles; A C Square ſhall (e) be equal to tf 
Squares of AO, OC together; and AF Square equal; 
the Squares of AO, OF together. Seeing therefore ti 


Squares of AC, AF are equal, the Squares of AO, (0k 1 
together will be alſo equal to the Squares of . AO, 0 
together: Wherefore taking away the common Squi ine 
AO, the Squares of OC, OF remain equal. A B 
therefore the right Lines O C, O F are equal. Wh 
was the other Part. | 1 


Coroll. (1.) Hence in every equilateral Triangle, and * 7 
that alſo which is only an Iſoſceles, a Line which fal 


from the Top of the Angle, biſects the Baſe, is perpendiculr b 
it. And on the contrary, a Line which falling from the u 

the Angle is perpendicular to the Baſe, doth biſect it. 3 

(2.) Hence it follows, that half of the Chord of every af gea- 

z the right Sine of half the Arch. = 4 

5 „ 8 | Tr 077 

S R O . IV. Theorem. en 

EXT P 

Fin a Circle two right Lines (BC, FL), uf 

A drawn both of them through the Center, cut en ; _ 

other, they cannot biſect each the other. CB 

For if one of them LF paſſeth through the Cen pe f 

it is manifeſt that ir ſhall not be biſected by B C who P 

doth not paſs through the Center. 5 A F 

If neither of them paſſes through the Center, fi the 

the Center A draw AO. If now BC, FL were bon t 

biſected in O, the Angles AOC, A OL would () Hor a 

right Angles, and conſequently equal; the whole to P 

Part, which is abſurd, h L. A 

P R O P. V, VI. Theorems. hl 

4h KP 

Ircles cutting each other, or inwardly toucliſpf t 

one the other, have not the ſame Center. ca 


1 
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fror if it were otherwiſe, the right Lines AB, ACE, 
Aran from the common Center A, would be equal; and 
(FI C would be equal to AF; a Part to the whole, be- 
Fuſe they are both equal to A B. Which is abſurd. 


PRO P. VII. Theorem. 


J Fina Circle there be taken any Point beſides the Fg. 8. 
IL Center (A), as the Point (C), and divers right 
ies fall from thence unto the Circumference (as 

: F B. CL,CO; CF); 

255 1. (C B) which paſſeth through the Center will be 

al be hk nad | 
2. The remaining Part of the Diameter (C F ) 

| L vill be the leaſt. 

4 3. Of the reſt that wil be the , which is 

Gow to the greateſt, 

1 4. And no more than two equal Lines can be draun 

From the ſaid Point (C) which is different from . the 

' enter, unto the Circumference. 

Les Let AL be drawn from the Center A. Be- 

L. ae A L, AB are equal, the common Line A C being 

eded to each. A C and AL together are equal to C B. 

But A L-| AC are greater than L C (b). Therefore (b) per 20 
TB is greater than LC. In the ſame manner B C will . . 


be ſhew'd to be greater than any other. 
Part 2. From the Center A draw A O. A O (that is 


Nie common Line A 0. C O remains greater than CE. fame. 

re boi ; In the ſame manner CF is prov 'd to be leſs than C 2 

por any other. 

Fart 3. In the Triangles COA, CL A, the Sides 
LA, AC, are equal to OA, AC, each to each. But 

5h Angle LAC is greater than the Angle OAC. 


: | J. 1. 
part 4. This is manifeſt from what goes before. For 
r0uchilf there could be three drawn equal CO, CI, CQ, 
there would be two on the ſame Side -equal : Whictis 
onerary to Part 3. 


Fo E Cotoll. 


A 


F) is leſs than AC, CO (c). Therefore taking away (c) by he 


1 (4) tlie Baſe LC is greater than the Baſe (d) pe- 245 


82 — T , 
OTE OI 


is, | 
{7 
$ 

t if 


1. 


85 


Fig: 9,10, 


Fg. 9. 


(e Pe 20. 
1. 


rence, the greateſt is (A B) which paſſes throug) "i 
| Center $41 


er to the Freateſt (A B). 
the convex Periphery, the leaſt is (A O) which bi 


Ot. 


er than A C. Therefore A B is greater than A C. 


EUCLID's Elements. Lib. II | 


Coroll. By the like reaſoning Theodoſius gathered, that 
the Arches of great Circles drawn upon the Surface of a Sp: A 
from any Point diverſe from the Pole of a certain Circle, wit 
that Circle, the greateſt is that which paſſeth through the bi 
of that Circle; the leaſt, that which is drawn unto the oY 
fite Point; and of the reſt, that is the greater which is na 
to the greateſt ; as alſo that no more than two equal Arc 
can be drawn from that Point unto the Circle, And in theli 
manner may the Reader reaſon of himſelf on ſome other of u 
Propoſitions of this Book ; it being very eaſy to paſs from 2 9 
zo Solids in theſe 1 aroh 5 


PROP. VIII. Theorem. 1 

F from a Point (A) taken without a Circle, the * 

1 be drawn unto the Circle the right Lines (41 < 
AC, AF) ow (AO, AQ, AR); q 
1. Of thoſe which fall upon the concave Circun® 


2. Of the reſt, that is the greater, which is nl +: 


3. Of thoſe which fall without the Circle, or | þ 


Fo 

produced would paſs through the Center (Z.) ron 
. Of the reſt, that which is nearer to the lea Sy 

teſs has that which is farther off. 1 3 
5. No more than two equal Lines can be dra B, 
unto the Circumference from the ſame Point (HAHlbe ( 
whether they fall within the C ircle, or only wit 0 


Part 1. From Center Z draw 20. becauſe Z C, 7 6 
are equal, the common A Z being added to each, A! 
＋ 2 C are equal to A B. But AZ 2 Care (a) gre 


1þ 


Jike manner A B will be ſhewed to be greater than 4 5 
other whatſoever. aſe 
Part 2. Draw ZF. Becauſe in the Triangles AT If 


ATZF, the Sides A Z, ZC are equal to A Z, 2 F q DIC; 
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4 3 o each; but the Angle A Z C is greater than A Z F. 
A herefore the Baſe A C (6) will be greater than the Bale (h) Per 24 l. 1. 


N 
F. 
-"y 1 Part 3. Draw Z Q. The two Lines AQ, QZ are grea- +. 10. 
* er than A Z (c). Taking away therefore the Equals Z. Q, (% Fer 20.41, 


nes 1 E O, there remains A Q greater than A O. In the ſame 


b 4 1 nanner A O is prov'd leſs than any other. 
6 part 4. Draw ZR. Ihe right Lines AQ, Q Z are 
9751 Weſs than A R, RZ (a); therefore the Equals, Z Q, ZR (d) rer 21. f. 


| * Pine taken away, A R remains greater than A Q. 
Part 5, This is manifeſt from the four foregoing. 


PR O P. IX. Theorem. 


F from ſome Point within a Circle (as A) more Fig. 11. 
a than two equal right Lines can be drawn unto the 
EErrcumference ; that Point is the Center. 


This is manifeſt from Part 4. of Propoſition 7. 
ſly PROP. X. Theorem. 


birds cut each other in two Points an. | Fg. 12. 


For let them cut, if it may be, in more (B, "a> F.) 

From A the Center of the Circle LQ, let there be 

Wrawn to the Points B, C, F, the Lines A B, AC, AF: 

theſe will be equal. Becauſe therefore from the Point A 

? ithin the Circle O 8, there are drawn three equal Lines 

HRB, A C, A F, unto its Circumference, A mult alſo be 

he Center (a) of the Circle OS. Therefore the Circles 74) ry the 
Thy OS, which cut one another, have the ſame Center. t£:rcgoir 3. 
hich contradicts een 5. 


lea 


PROP. XI. Theorem. 


A 

b. A 

) 887 Ir +wo Circles touch each other th; a right Er 13. 
1 Line drawn through their Centers (A and 9 


paſſes through the Point of Coutact (B). 


s A LW If you deny it, let the Centers have, if it may be, that 
LF 1 Situation that a right Line paſſing through them ſhall 55 
E 2 ">. IO. - 
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without the Contact B, cutting the Circles(in O and 1, 

Let the Center be A and C; and join AB, CB. Becan 

therefore CB, CO are equal, the common A C bei 1 ontat 

added to each of them, AC, A. C B ſhall be equal -en 

h) Per 2% A O. But A C, CB are (s) greater than A B, that I 5. 
l. 1. than AL (e). Therefore alſo A O is greater than Al. 7 
(c) y e a Part than the whole. Which is abſurd. 1 


The 


Definition of Ach ot 
a Circle. | . | be dra 
PROP. XII. Theorem. The L 

We Tr 

Fig. 14. F Circles touch one another on the out-ſide, a rij -_ 
Line which joins the Centers muſt paſs throuWMeix: | 

: the Point of Contact. therefc 


If it be denied, let the Centers be fo plac'd, as fi 

"Inſtance in A and B, that the Line paſſing through the 

ſhall nor paſs through the Contact 8, bur cut the Circh 

in O and Q. Let the Points A, S, and B, S be jou 

(d) Per 20. Ed. Then AS, BS together will (4) be greater thy 
. 1. AB. But AS is (e) equal to A O, and B S equal: 
(e) By the B Q. Therefore A O and B Q together will be great 
Definition of than A B, a part than the whole. Which canf 


a Circle. be. | Pa 
{ Coroll. 4 right Line drawn from the Center of one i Thi 


Circles through the Point of Contact, will paſs through 
Center of the other.] 8 Night 


0 P. XIII Theorem. 


Fi. 18, & Ircles touch both one another, and a right Lid 
125 4 in a Point only. 0 


Fg. 18. For let two Circles touch one another inwardly it | 
Part of the Circumference L C, if it may be: Tha 
(f)Per 11.4.1. right Line drawn through the Centers A and B will“ 


paſs through the Point of Contact, as in C. Let tht b 
be drawn alſo AL, B L. Becauſe therefore B L, ee eq 
are equal (for they are drawn from the Center B un 
the Circumference O L C) the common Line A B bei pro 
added, A B, BL ſhall be equal to AC. But A( ies 


equal to AL, for they are both drawn from the Cen C, 


Aunto the Circumference LQ C. Therefore A B,! 
| are equal to A L, contrary to Prop. 20. J. 1, 


Th 
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II Then let the two Circles touch one another on the out- Fig. 16. 
a1 Ee, in the Arch O L, if it may be. The right Line 
nale joining the Centers will paſs through the Point of 
5 ontatt (a), as in 0 for Inſtance. Let A I., PL, be (i) Per 124.3. 
bay Hawn. The two Sides of the Triangle AL, PL will 
* i equal to AO,PO or the whole AP; contrary to 
Wop. 20.1.1. 
n Al & Laſtly, let the right Line B F and the Circle touch 
Ich other, if it may be, in ſome Part (CE) : Let there 
e drawn unto the Center the right Lines C A, E A. 
The Lines C A, E A will then be equal : And therefore 
the Triangle CAE is an JIſoſceles. Wherefore the An- 


a rig Wes C and E (5) are acute. And therefore a Perpendi- (0) Ler Corel. 


therefore both AC and A E be equal to the Perpendicu- 3. Pro. 22. 
1 Ir A O. which is abſurd, and contrary to Corel. 14. Pp. l. 1. 

\ the and to Prop. 47. L. 1. 1 

Circk 
E jon 
er thu 
qual! 
great 


Corollary. 


Ircles whoſe Centers are in the ſame right Line, and Fg. 15. 


can which cut it in the ſame Point B, do touch one 
Mother in that Point only. „ 

ne f This Propoſition is manifeſt from the very Notion of 

131 She Lines which are compar'd together. For neither can 


right Line and the curve Circumference of a Circle, or 
hedivers Curvatures of unequal Circumferences, or two 
urvatures both convex, agree as to any Part of them- 
tlves. But they would agree, if they touched one ano- 
ther in ſome entire and proper Part. 


t LY | 
PROP. XIV. Theorem. 
N a Circle equal right Lines (B C, L F) are equal- b 


| ly diſtant from the Center (A). And what Lines 
re equi-diſtant. from the Center are equal. 


ly i 


From the Center (A) let there be drawn (A C, A E.) 


8 kewiſe (A O, A) at right Angles to B C, FL. Thus 
Tx C, FL ſhall be biſeQed (4) in O and J. (8) Par 3: 1:3 
, $8 8 Ses 


3 


plar let fall unto B F from the Center A, will fall be- Ho Prop. 32. 
r00rixt E and C, (c) as for Inſtance in D. There will be ct 


£ F G 4 . . 2 Fr p oor SOPRI +. 
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Seeing therefore the Squares of. A C, A F are equi 


(a) Per 47.4.1 


(V Per defin, 


4 * 20 


7 *. Per 3. l. 3. 


Ep TY 


d) Per def. 


4. b« 2, 


lie) By the 


foregoing. 


Per 21. 
by . 


But the Angle RAS is greater than the Angle XA 
Baſe X Z (J). AE D. 
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Seeing therefore the whole Lines B C, FL are ſup 
poſed equal, the halves alſo O C, I F muſt be equi 


and conſequently the Squares of them are alſo equal 


>; 


and the Square of A C is equal to OCqand OA q, 
alſo the Square of A F is equal to I F q, and I A q() 
It follows that the two Squares O C q, O A q are equi 
to the two Squares I Fq, I A q. Wherefore taking await 
the Squares of O C, I F (which before were ſhew'd rr t. 
be equal) the Square of O A remains equal to the SquarM 
of A I. Therefore the Perpendiculars O A, AI are . 
qual. Therefore (5) B C, EL are equi-diſtant from till 
Center. Which was the firſt Part. Then for the Con 
verſe of it; | 3 
If the Diſtances O A, A Lare ſuppoſed equal, then t 
Squares of the equal right Lines being taken away, ba 
the ſame Ratiocination it will be ſhew'd, that the «i 
maining Squares OCq.I F q are equal, and conſequem 
ly that the right Lines O C, I F are equal, which ſeeing 
they are * halves of the right Lines B C, FL, theſe all 
muſt be equal. Which was the ſecond Part. £ 


PROP. XV. Theorem, 


F right Lines deſcribed in a Circle, the great 
AT, . 7. 4 * 
is the Diameter; and of the reſt, that is 

greateſt, wnich is the neareſt to the Center. | 


Let there be any Line, as RS different from the DW 
meter FL. From the Center draw AR, A S. I. 
two AR, AS, which are equal. to rhe Diameter, 
(c) greater than RS. Therefore, &c. D 

Then let B I be nearer to the Center than X Z. Front 
the Center unto them draw the Perpendiculars A C, A 
A Q ſhall be greater (a) than A C. Take therefore A 
equal to A C, and through O draw RS perpendiculſ 
to AO, which (e) will be equal ro BI; and let A 
AS, AX, AZ be join'd. Becauſe therefore A is ii! 
Center, the Sides AR, AS ſhall be equal ro A X, A 


Therefore the Baſe RS, that is, B I, is greater than ti 


P R ONS 


* 
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ſup. 0 ; 

:qual | | | 

Aus 5 ee XVI. Theorem. 

equal 

% A Kab. Line (IT) which being drawn thro the Fig. ac: 
<ul Point (B), the Extremity of the Diameter 


wife B) iö perpendicular thereto, falleth all of it with- 
auß the Circle, and toucheth it in (B). Neither can 
Here any right Line be drawn betwixt it ſelf and the 
BT 7rcle unto the Point of Contract (B) but it ſhall cut 
Cone Circle. : 


en i Part 1. Let there be taken in the Line I B F any Point 
Ly, by „ unto which from the Center A draw the Line A L. 
he uf ecauſe in Triangle A B L, the Angle A B L isa right : 
que ne, by the Hypotheſis, AL B ſhall be acute (g). There- (g) Per corel. 
. - ore AL which is oppoſite to the greater Angle B will 5: 7.2 l. 1. 
le e greater than A B which is oppoſite to the leſſer Angle 
). But AB reacheth only to the Circumference. (h) Per 19, 
Therefore A L ſhall reach beyond the Circumference; 1. 
Ind conſequently fall without the Circle. Which was 
the firſt Part. : | ED „ 
Part 2. Below B F, if it may be, let RB fall whol- 
rea without the Circle. Becauſe F B A is a right Angle 
y the Hypotheſis, RB A will be acute, and therefore 
Ah is not perpendicular to B R. Therefore let there 
be drawn from the Center A to B R the Perpendicular 
AO, which (a) will fall towards R and cut the Circle (a) Per coroll. 
ae Daf in Q. Therefore A B which is oppoſite to the greater 3. P. 32. 
I Angle A O3, is greater than A O, which is oppoſite to“ 


. 
ww 
— 
— 


er, u the leſſer, ro wit, the acute Angle O BA. But A B is 
equal to A Q : therefore A Q allo is greater than AO, ? 
Frog a Part than the whole. | | K 
C, A0 5 07 | : i | « 
re Al | 
dicull _ Corollary. 
* A if | | | 1 
\ js tis 


X10 Ence it appears again, that the Contact of a right . 26. 
Sal +- Line anda circular one, is only in one Point. . 
X 2. If from Centers taken in the ſame right Line inſi - Fit r7. 
han th nitely protracted, there be deſcribed through B infinite 

I Circles, as well leſſer than the firſt B S C, as greater; 
R O'S 4 they 


Fig. 17. 


the right Line I F by Coroll. 2. of this, and one another 


(089). 
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they ſhall all touch the right Line IF in the ſame one cular 
Point B. 8 

3. Circles therefore growing into an Amplitude gre. 
ter than any given one, approach always, even unto Inf. 
nity, nearer and nearer to the Tangent, but are never 


join d to it, otherwiſe than in one ſingle Point of Con. des i 


tat; which thing although it be moſt evident, 15 Yet e | 
truly admirable. . 
4. From theſe Things it is manifeſt, that every geo · ſy 


metrical Line whatſoever is infinitely diviſible. For let Mircle 


there be drawn from ſome Point ofthe Diameter untothe 
Tangent the right Line A Q. Infinite Circles having 
Centers in theright Line B A infinitely produced, touch + 


by Coroll. p. 13. in one and the ſame Point B, and conſe. 1 


quently are no where join'd either amongſt themſelve, WF) x 
or with the right Line I F, but in the Point B only. Nun 
Therefore it is neceſſary that they divide the right Line Met 
AQ into infinite Parts, that is, into Parts exceeding enter 
any Number aſſignable. | and 
5. The Angle of Contingence or Contact LB Q, (that, Nhe r 
to wit, which is contained under the Tangent and the por 
Circumference) cannot be divided by any right Line. Mccle 
6. Nevertheleſs by Circumferences touching the Line H; te 
JF in the ſame Point, it may be divided and diminiſhed 
infinitely. And in this and the third Corollary lies hid 
the whole Myſtery of Aſymptotes, that is, of a right 
Line approaching unto an Hyperbola, together with it 
elf infinitely produced, unto a Diſtance Jeſs than any hy F 
given one, yet never concurring with it. 
e £ 
= 5 | | ange 
PROP. XVII. Problem, f 
If! 


Rom the given Point (B) to draw a right be Pe 
Line which ſhall touch a given Circk Net 


From A the Center of the given Circle let there be 
drawn unto the Point B the right Line A B, cutting 
the Periph:ry in O. From the Center A deſcribe thro' 
B another Circle B C, and from O draw OC Niger 

„„ . 


Il 


— 


One 


rea. 
Infi. 
ever 


Con. 


E Yet 4 | 
fi re A 1 B is a right Angle. 


geo. 


or let 
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cular to A B. which may meet the other Circle in c. 
raw CA meeting the Circle O Q in I. The right 
ine drawn from B unto I will touch the Circle O Q. 

For becauſe the Sides B A, I A, are equal to the Sides 
A. AO, and the Angle A contain d betwixt the equal 
es is common to both. Inthe Triangles IA B, OA C 


lib. III. 


Angles AO C, AI B are alſo () equal. There- (a)Per 4; 1 f 
For A OC is a right one 


Therefore BI (5) toucheth the (b) Per 1 6. 
n 


the Conſtruction. 
( Gecle i in I. 


to the 


aving We 
touch 


Scholium. 


other 


-onſe. 


elves, 1 


only. 
Line 
eding 


17 


Dv the 31ſt following, from the given Point O, a xj. 27; 
Line rouching a given Circle (BQ) may be well 

Fawn thus: 

et the right Line i joining the given Point O and the 
Enter A be biſected in P. Then from the Center P thro 

and O deſcribe a Circle, meeting the given one in B. 


(chat, The right Line 0 B will touch the Circle. 
d the For A B being joind, the Angle A B O in the Semi- 
ne. cle is a right one by Prop. 31. Therefore Eby Prop. 16. 
Line YB toucheth. the Circle B Q. 
i ſhed 
os hid 
"| PROP. XVIII. Theorem. 
ith it 
1 2 a right Line (C L) touch a Circle, a rieks Eg. 28; 
Line (A B) drawn from the Center (a) unto 
he Point of Contact (B) is ahne, to the 
wn 
11 it be denied, jet ſome other FR Line (as AF) be 
rioht te Perpendicular from the Center A. This will cut the 
"; rc Nircle in O. Becauſe therefore the Angle AFB is ſup- 
pſed to be a right one, A B F (e) muſt be acute. (c) Per ce. 
herefore A B (that is, A O) is greater than A F (a); ; 5. P. 22. J. 1. 
Fi | Part than the I which! 18 abſurd. | 8 12 
re 9 5 
ne 
thro' = 
pen- P R O P. 


cular 


Pg. 299 


te) By the 
toregoing. 


Fg. 30, 31, 
32. 


Fig. 30. 


fa) Per 5. I. 1. 
(b) Per 32. 
gh 


Hg. 31. 


Tig. 32. 


Fig. 53. 


pendicular to the Tangent, the Center wil be in ti 'F 7 


js without the Triangle BFC. Here let FAL 
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PRO P. XIX. Theorem. 4 

1 „ 
Fa Line (BC) touch the Circle, and 3 th D. 
Point of Contact (A) there be rais d (AT) , If t 


Perpendicular. 7 ole. 


If you deny it, let the Center be without AI in 2 is 
and from it let there be drawn unto the Contract 


Line Z A. The Angle Z A C will be a right one (e) u fa 
therefore equal to the Angle IA C, which by the H Ec 4 
potheſis is a right one; that is, the Part will be en 1 5 
to the Whole, which 1 is abſurd, 1 3 
| F Di 
| | | : 1 5 
N heorem. $ 5 

: 


HE Angle at the Center (B A O) is da 2 
tße Angle (B FC) which is at the Circum : :1 
rence, when the ſame Arch (3 C) t5 the Baſe ves 


Angles. © eme 


Here are three Caſes. In the firſt Caſe, the SUM, x 
BA, B F concide. And then becauſe A F, A C dr 4 
from the Center are equa], there will be in the Triage / 
Z, the Angles F and C equal (a). But BA C is culo, 
to the two Angles Fand C (6). Therefore B ACE! 
double of F. 

In the ſecond Caſe B A, CA fall within B F, CI 
and then F AX being drawn, X AB by the firſt ( 
is double of X EB; and X A C double of XF 
n the whole BAC is double of the ub 
In the third Caſe, BF cuts AC, Fe” the Angle BA 


7 't 
drawn. By the firſt Caſe the whole L AC is double ; 
the whole LF C, and L A B taken away is double f. 
LF taken away. Therefore the remaining Angle BA 
is alſo double of the remaining one B FC. &. E. D. 
[ Corollary, Hence we gat her that the Sides of ever) 1 
angle are to each ether as the Sines of the Angles oppoſitt 
thoſe Sides reſpectively. Let EFG be * Triangle; * 
W 
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Pieh let a Circle be underſtood to be circumſerib'd (c), and (c) Per 5. l. 4. 
n the Center of the Circle, let there be let down the Perpen- ; 
Wrlors 4B, A C, AD, which wil biſe# the Subtenſes. Fer 3. l. 3. 
r a E F is to E G, ſo; E F (that is, E B) 10 4 EG(that is, 
WD.) But E B is the Sine of the Angle FB A E, that is, of f Fer Corll. . 
; F the Angle E A F. that is, of the whole Angle E G F 9 * 6 
one to the Side E F; and E B is the Sine of the Ample 
D, that is, of half the Angle E AG, that is, of the | 

Whole Angle E FG, which is oppoſite to the Side E G. Therefore 

Lind ii to EG, as the Sine of the Augle E G P, is to the Sine 

ad | the Angle E FG. Q. E. D. And from this one Propoſiti- 

(on great Part of Trigonometry is deduced. Which Thing 

he He worth our Obſervation. | 

bs * Coroll. (2.) From the former Corollary we learn to meaſure Fig. 86. l. 1. 
1 Dance of the Moon. For Aſtronomical Qbſcruations gi- 

© ng us the Angle of the diurnal Parallax B C A, we find out Corll. 16. 
We Diſtance of the Moon by the following Proportion. As the l. 2. bs Te 
e of the Angle AC B, is to the Sine of the Angle A BC. 

is the 8 of the Earth B A, unto the Moon's Di- 

: pice 40. Q. E. I. | abs 
able & Coroll. (3.) From the ſecond e cnl we learn alſo to mea- Ft. *. 

F cum e the Diſtance of the Sun. For there being gi ven by Aſtro- 

ſe of „ Obſervations the Angle of the menſtrual Parallax, 

Jamely, that which is made when the Moon appears preciſely 

WeZed,) or the Angle Z E O, and together with this Angle 


. nf 


I ba 


in tho 


he 9088: Moon's Diſtance Z O. We find the Diſtance of the Sun by 
— dran is Analogy. As the Sine of the Angle Z E O, is to the 
ria of the Angle E. O Z,; which Sine is the Radius: Sos 
1S edo, the Moon's Diſtance, unto Z E the Diſtance of the Sun. 
ACBEEL. . : 1 
| C PROP. XXI. Theorem: 


*X Fl 


2 whd 1 „ TS 
TEE Als (B OC, BFC) which in à Cir- rig. 33. 

eBAW ce ſtand upon the ſame Arch (B30 O); or 

5 Fe W ich are in the ſame Segment (B QS C) are ail 

ble al among themſelves. 5 

le B AY Let firſt the Segment B QS C be greater than a Semi- 

E. D. iclde. From the Center A draw AB, AC. By the 

very foregoing the Angle B A Cat the Center is double of 

poſire Nach B QC, B FC. Therefore they all BC, BFC | 

e; ai! re equal (a). &. E. D. | a Per axis o 
fi 9 1 Then 


CF IA FU» 


72 EvcL1D's Elements, Lib, Il | 


Fig. 34 Then let the Segment B QC be equal to or leſs than ib. 
Semicircle. In the Triangles B QI, C FI, becauſe h, 
(b) Per 15. Ang les vertically oppoſite at I are equal (4), the Sum of 63. 
1. 1. the reſt, Q and R will be equal to the Sum of the ( 
d Per cerol. oF F and O. Wherefore if from theſe equal Sums then 4 
$a * be taken away the AnglesR and O, which by the fo 
335 Part are equal, as ſtanding upon the ſame Arch QF, ti 
Angles which remain QF muſt be equal. Q. E. D 
|  Coroll. Hence we gather in Opticks that any Line BC 

the Eye placed where you will in the Circumference of the C 
cle, whereof the Lines is a Chord, appears of the ſame Mani 
zude ; to wit, becauſe it appears every where under an «qu 

Angle B AC. . gr 
| Schol. If of two equal Angles ſtanding upon the (wi 
Arch, one of them be at the Circumference, the other . 

| will be at the Circumference. 3 

| Fig. 33: 34: If it be deni ed, B AC ſhall either be equal to the Anz 3 
BIC on this Side the Circumference QF, or to the Angle BI 
which is beyond the ſaid Circumference. But the Angle BI 
1.0 (8) Per col. 7 (d) greater, and the Angle B E C (A) is leſs than the & 1 
= 1. P. 32. l. 1 gle BAC. Therefore, &c. 5 


5 
= 


9 5 = 2 : 8 


PRO FP. XXII. Theorem. . 

mg 25: 1 any Ouadrilateral inſcribed in a Cir, [8 
Eo, (AB CF the oppoſite Angles make two rig 
Ones. . N 


Let B F, C A be drawn. The Angle A B C with t 
(a) Per 22.11, (4) two O and X make two right Angles. But 0 
(b) Per 21.1.3, equal to I (6), becauſe it ſtands upon the ſame Arch B( 
And again X is equal to Z, becauſe it ſtands upon ti 
ſame Arch AB. Therefore A BC taken together wit 
the two Angles I and 2, that is, with the whole oppo 
ſite Angle A F C, makes two right Angles. Q. E. D 
ICorollary, (t.) Hence if one Side of a Quadrilateral iÞ 
ſcribed in a Circle be protracted, the external Angle will Wſ 
equal to the oppoſite Angle of the Quaarilateral ; for the Int 
nal added to either of them makes two right Angles. 

2.) Likewiſe a Circle cannot be deſcribed about a Rim 
bus, becauſe irs oppoſite Angles either fall ſhort of, or «xiii 
two right Angles. | 


f 


(3) LW. 
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* x (3.) Likewiſe if in any Quadrilateral A B C F che oppoſite 

ko 0 igle, F and B are equal to two right ones, a Circle may be 

the ſcribed about it. For (a) a Circle will paſs through any three (a) per g. 137 
fi eagle, C, F, A, and this ſo that the fourth be equal to B; Per 22. l. 3. 


ob cannot be, unleſs it doth indeed paſs — the Point 


| q I. Therefore it doth paſs throuzh it. 7 Per on 
4 pr. 21.1, Is 


PROP. XXIII, XXIV. Theorems. 


þ A RE not neceſſary ; and they treat of fimilar 
T2 k Segments, which cannot righth be defin'd 
Pit hout Proportions. 


PROP. XXV. Problem. 
O perfect a given Arch (A B C). | | Fig 36. 


Let there be ſubtended at Random the two right Lines 

AB, CB; which biſe& in I and L. From I and I. 

1 viſe Perpendiculars meeting one another in O. This 

Pall be the Center of that Circle whereof A B C is a 
Fortion. 

F For (a) the 8 is both in the find] X, and in the (a) Per col. 
Tine L Z. Therefore it is in their common point O. pr. 1. l. 3. 
The Practice. From the Center B taken in the Arch 
leſcribe a Circle: and with the ſame Interval from other 

enters in the Arch deſcribe two other Circles, each of 

hich cuts the former twice. Two right Lines drawa 

rough the Interſections, and croſſing each other 1 in O, 

vill give the Center.” | 


Cri 


0 11208 


vith ti 
ut O0 
ch B( 
pon th 
ler WH 
le opp 
E. D 
teral 1 

1 
he Int. 


4 Rh | ee equal Arches; and if the Arches are 
or cual, the Subtenſes are aſe _ 


3 ) Lik 


p RO P. XXVI. XXVII. T Do UITY 


Theſe Two Propoſitions are plainly Axioms, and need 
no Demonſtration, 
[Corol]. 


N eq ual Circles equal right Lines 2 E, F D ea 7. 


— * 


. ͤ ·— OC EOTTS 
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[ Coroll. (1) If in a Circle ABCD the Arch A3 The 

equal to the Arch DC; AD will be parallel to B C. With a 

AC being drawn, the Angles A CB, C AD, as ſtandi int 
Per 27. 1.1. equal A. E. B. be equal. Wherefore 4 D © is paralli 4 pints 
| B C. E. D. 1 | _ 
Fig. $6: ( 2.) The right Line E F which is drawn from the Pin, E 
Wy the middle Point of ſome Arch and toucheth the Circle, u 

rallel to the right Line BC, which ſubtends that Arch. of 

from the Center D draw unto the Point of Gonta# 4 

right Line D A, and join DB, DC. The Side DG i: it 

mon, and DB is equal to DC, and the Angle B DA 

to the Angle C D A, the Arches B A, C A being ſuppoſed Nicirc 

® per 4.1.1, be equal. Therefore the Angles DGB, DG C are equi Went / 

and conſequently are right Angles. But the internal 4M, 

per 1813. GAE, G AF are alſo right Angles t. Therefore B ©, 

® Per 28. l. I, A parallel 5 Q. E. D. N 5 on 

wor t 


Fig. 55. 


PROP. XXVIII, XXIX. Theorems, {Where 
Fig. 38, Fin equal Circles, the Angles whether at the (i - 


ters (B AC, FL 1 or at the Circumfem 3 Part 
(BOC, FS be equal; the Arches alſo (B A * 
F J on which they ſtand are equal; and if the Me. 
ches be equal, the Angles alſo are equal. 3 
hk 
Jill b 
Ire, C 
| Cor 
Ver! 


Theſe two Propoſitions alſo are plainly Axiom, 
need no Demonſtration. . 


PROP. XXX. Problem. 


= br in 
1 = 5 Wy 
1 | O biſect a given Arch (A BC). * 


tle 


Draw AC, which biſe& in O. From O draw u (2. 
Perpendicular O B, meeting the Arch in B. I (ey W's 
i, thing is done. Pol Ws Luis rr ot und 


wit! 
he Li 
(3. 
Lt 
hene 


For let A B, B C be join'd. The Sides AO, OB! 

by the Conſtruction equal to C O, OB; and the Any! 

at O are equal, as being right ones. Therefore tlc 
(a) per 4. l. 1. ſes AB, CB are equal (a), Therefore the Arches 
b) Pr 26. l · () AB, BC are equal, 7 


. II | b. IH. EUCLID's Elements. 75 


7 » W The Practice. From the Centers A and C deſcribe 
. och an equal Interval, Arches cutting each other in the 
aint F and I, the right Line drawn through theſe 
all] Mints will biſect the Arch ABC. 


1 


Pin 
' 1:18 


PROP. XXXI. Theorem: 


1 mr 
5 ö f HE Angle (B 2 F) in a Semicircle, is A right Fig. 40] 
46 Th one; that in a Segment greater than a Se- 


poſe; Ricircle, is leſs' than à right one; that in a Seg- 
qu went Jeſs than a Semicircle, is greater than a right 
„ a 55 


0 Part 1. From the Center A draw A C. Becauſe AB 
and A C are equal, the Angles O and B are equal (c). (pe; 1, f: 

For the ſame Cauſe the Angles I and F are equal. 
Therefore the Angle B CF is equal to B and F toge- 
ther. Seeing (a) therefore the three together make two ( Per 324.1, 
ht Angles, B C F which is half of two right Angles, | 
he (one right Angle. + | 
nem Part 2. Let the Segment LOB C be greater than a Fg. ar; 
B yMEnicircle, and in it let there be the Angle COL, and 

, It LB the Diameter of the Circle be drawn. The An- 

the 4 ECOL is leſs than that B OL, which by Part 1. is a 
cht one. Therefore, &c. 5 
Part 3. Let the Segment L O X be leſs than the Se- x;,, 4: 
ſicircle LOB, and X O L be the Angle in it. This 
Al 5 greater than BO L which isa right one. There- 
dre, & c. ” 5 | | 
| Corollary. Hence we may make a Proof of the Inſtrument, xs, 40. 
bled a Square, whether it be exactly Rectangular or not. | 
br in what Circle ſoewer the Top of the Square is laid upon 
b or any Point of the Circumference whatſoever, if the Sides 
it do paſs through the Points of the Diameter Band F, the 
Imgle is a right one; otherwiſe not. 


ms. 


2M, i 


Lraw 0 (2) | If the Sides of a Square be held continually upon the 

I ſay Mints B and F, in the mean while that the Angle is moved 
bund. fit on one Side, then on the other, the Top of the Angle 

, O Bf ni? deſcribe a Circumference of 4 Circle, whoſe Diameter is 

12 Ane Line B F.] | | 

e the bl (3 ) Hence we learn to raiſe 4 Perpendicular at the End of 

ches Line. Let BC be the Line, C the Point given, from 


hence a Perpendicular is to be rais'd, From any Point * 
| ocver 


WH 


bay 


* 
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ſoever A as the Center, let a Circle be deſcribed paſſing ii all 
the Point C, and cutting BC in any Point, as B. | 
Diameter B F be drawn, it is manifeſt that the Line cj on 
the Perpendicular required. Q. E. F. &- 
Fige 57+ (4.) | Hence it is manifeſt, that Circles touching one oi 
ther inwardly, do cut all Lines, as A D proportionably ; „ 
that AC theSubtenſe of the leſſer, is to A D the Subto| T 
the greater Circle; as A E the Diameter of the leſſer, is 1 d 
the Diameter of the greater. For there being drawn the m 
tenſes E C, B D, the Triangles E AC, D AB are equiayW A 
For the Angle A is common, and ACE, A DB are right © 
as being Angles in a Semicircle ; and therefore A E C, 4 5 hi 
(b) Per Corol. (S) are equal. The Triangles therefore are ſimilar, h Al 
9eP. 32. l. 1. fourth Propoſition of the Sixth Book, and A E: AB: e 
Fig. 40. (5 In @ right-angled Triangle B C F, if the Hy 
B F be biſected in A, the right Line AC cuts the Triangi WW 
two equicrural ones ACB, ACF, and ſo a Circle deaf 
from the Center A through B muſt paſs through C, th: 1 
the right Angle. | 5 | 


5 
IF 
94 
* 
«| 
1 


PROP. XXXII. Theorem. 


Fig. 42. 43. IJ Fa right Line (C F) touch a Circle, andi 
5 ther (AB) which is drawn from the Pun 


Contact (A) cut it, the Angle made by the Tan ng 

and the cutting Line, is equal to the Angles wii, c1 

made in the alternate or oppoſite Segment. 6.1.1 

SO Ang! 

That is, the Angle CAB will be equal to the . Fo 

L, which is made in the Segment ALB; and the L 

gle F A B will be equal to the Angle O, which is Ther 

in the Segment A O B. For, Poche 

FE. 42. Firſt, jet the Line A B paſs through the Center. Bu 
5 | by Prop. 18. CAB is a right Angle: And by Pri Ore, 


WE: © 4 a right one. Therefore C AB and Lai 
Fig. 43. Then let the Line A B not paſs through the Ce, 
© Let the Line A Q therefore be drawn through the | 
40 Per 31. ter, and BQ be join'd. Becauſe the Angle in the 
(b) Per 32. micircle AB Q (a) is a right one, B QA taken tog 
Wap with B AQ will make one right Angle (6), But C. 


— 
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s alſo by Prop. 18. of this Book a right Angle. There- 
N ore B OA with B QA are equal to CAQ.. The com- 
Non Angle therefore BA Q being taken away, there 
Remains B QA, which is equal to L (e) equal to CAB. (9 Ter * 
ene Tberefore L and CAB are equal: Which is the firſt ““. 
„ear to be proved. 

if 8 Then FAB and CA wake two right Angles (a), (a) pe- 13. 
Ind in the Quadrilateral YO A L, the oppoſites L and 1. 
make two right Angles | e). Therefore the two FA B, (e. Fe 22, 


AB are equal to the two O and L. Therefore there (3 


1 


mp t 
If 
WC! 


cl | Nia taken away on one Hide C AB, on the other L, 
C, 4 hich have already been ſhew'd to be equal, there re- 
„ | {Wains FA B equal to O. Which v was the other Part to 
- 4 de proved. ä 
"Þ PROP. XXXIIL Problem. 
_ 
the i Pon a given Line (BC) to make a Segment Fig. 44: 


EL of a Circle, in which the Angle ſhall be equal 
# W any Angle given. 


3 | Firſt let there be an acute Angle given ABE, from 
"The B L perpendicular to AB; And at C, the Ex- 
and emity of the Line B C, make B CI equal ro C BL (by 
2 Pot b: . 10 whoſe Side ſhall cut B Li in IJ. From the Center 
Ta deſcribe a Circle thro'B : This Circle will alſo paſs 
10 trough C (foraſmuch as becauſe of the Equality of the 
5 UN Angles at B and C, the Sides likewiſe CI, B I are (by 
6.1. I.) equal, and the Segment BQC ſhall contain an 
Angle equal to the given one A B F. 
the At For becauſe AB is perpendicular to the Diameter 
id the! uh AS hag _— the Fr which BC cuts (a). ta 18. 
ij Therefore the Angle in the Se ment B C is equal ( 
ch is . 1 3 g Q qual (6) 6 1 
nter. But if che Angle given be obtuſe as R B C, do as be- * 
y Pro Pore, and C 0 B will be the 9 required. 
d La 
the Cell P R O P. , XXXIV. e 
h the 0 Ss 7 | 
i", | Rom a given Circle to take away a Segment ke. 45). 
But C. containing an Angle equal to a given one. 


E . Unto 
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VDnto the Diameter of the Circle F A draw the b 
le fe 23. . . pendicular B AL. Then (e) let A C be drawn, whight 
may make the Angle B A C equal to that which is ge Bu 
This Line A C ſhall cut off the Segment A Q C, who Pre, 
Angle is equal to the given one: As is manifeſt fu 


Prop. 32. 


PROP. XXXV. Theorem. 


Fg. 46, 4”. IJ F in a Circle tuo right Lines (C L, BF) ii 
1 85 one another, the Rectangle (COL) under ih 
Segments of one is equal to the Rectangle (BO 
under the Segments of the other. For, 4 


If they interſect each other in A the Center of 1h 

1 Circle, the thing is manifeſt. 5 
Fg. 46. If one of them CL paſſeth through the Center 
and biſects the other B F which doth not paſs throw 

(f)Per 3. l. 3. the Center; it (f) cuts it perpendicularly, and ſof 
Square of FO is the ſame with the Rectangle FO 

Let A F be drawn. Becauſe CL is biſeQed in A 
otherwiſe divided in O. | | 1 F 


It will be thus, . Fo! 
(a) Per 5. l. 2. Rect. C O by will be equal to AL q. (a). ſo⸗ 
| + A O q. ; : | | | ive. 

that is, to AF q. = 

; that is, equal to A O q. 8 de ( 

ch) rer 47. | ＋ FO. Sh). Arch 
4. I, Therefore the common Square A O being ti Coro 


away, there will remain 
Rect. COL equal to EO q. that is, 
| to the Rect. FOB. | Y 
Fit. 47; Then if one of the right Lines CL paſſes throught! 
Center, and cuts the other BF unequally in O, let 
right Line drawn from the Center A cut BF into tv 
ae equal Parts in I. In this Cafe AIB will be a right f 
( fer 3. l. 3. gle (e). Now becauſe CL is biſected in A, and oth 
(d) Por 5.1.2 was col? vil bes * | 
d) Per 5. l a· Re&. will be equal to AL q (a4) that is, Wwe | 
TAOqS AB g. that is, to | 


W 
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e 2d NE 
which 8 

ging But A0 ꝗ is equal to O1 q. + Al q. (f). There - 4 By the 


Alg. 
-—B I q. (e) (e) Per 47.1.1; 


ame. 
who e 


ſt f neg. COL? equal to AI q. 
'YF I „I. 


Therefore the common Square A being taken away, 
dere remains, nd 55 | 
= Rea. COL? =BIq 
F) a, 01935 
77 But BI Square is equal to the Rectangle F OB, toge- 1 
e er with OI Square : (g) becauſe F B is biſected in I, , 
5 Od otherwiſe cut in O. Therefore, ”= 
ERect. CO Le are equal to Rect. FOB; 
Therefore the common OI q. being taken away, 
of t Were remains, a | : | 
nter But laſtly, If neither of the Lines CL, FB paſſes Fs. 48: 


_ Wrough the Center: Through their common InterſeU- 
o tl 


o 


let there be drawn the right Line X Z, which paſſes 
FO rough the Center. By what hath been juſt now de- 
A onſtrated, both the Rectangle CO L, and that FO B, 
| re equal to the Rectangle Z OX. Therefore COL, 
FOB are equal betwixt themſelves (b); „ 
| [Or the Propoſition may be demonſtrated more eaſily and Eg. 58. 
Wiverſally thus Join A C and BD. Here becauſe of the E- 
Quality of the Angles CE A, BED as being vertically oppo- 
ſite (a) ; and of the Angles C and B as being udon the ſame (a) Per 158 


(h) Per Axi. 


Arch A DT; the Triangles C E A, B E D areequiangled (per li. 
og tak | orol. 9. P. 32. I. 1. Therefore 2 E: EA:: EB: E D. T 
Therefore C E x E D is equal to E AXEB (per 16. I. 6.) f 


E. D. 
ought! I : 2 55 
O, i PROP. XXXVI. Theorem. 
no 3 ” © ab | 
gat F from (B) a Point given without a Circle ts: 49, Sor 
| there be drawn unto the Circle two right Lines 5** 


hat 1s, Wore (B F) touching it, the other (B C) cutting it; 
to Whe Rectangle (C BO) which is comprehended under 
the whole cutting Line (C B) and the Part (BO) 
ain | oo ENG  ophich 
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which lies betuixt the Point (B) and the Circle, | 
equal to the Square of the Tangent (B F.) 


I. If the cutting Line B C paſſes through the Center. 
| join A F. This, with theLine F B, will make a f 8 
(a) Per 18. Angle (a) And therefore becauſe C O is biſected ini 


1.3%. andtoitisadded OB; it will be thus, Y . 
(b) Per 6. 1. 2. Re&t.CBO will be equalto A B q- (% thut KY 
FAO. E. 

to AE d. 2. 
(c) Per 47. ＋ FB q. & (e). be C 
5 Therefore the equal Squares A O q AF q. being Wy th 
” ken away on both Sides, there remains, 3. 
Rea. C B O, BF q. 4 + 


Fig. o, ft, 2. But then if C B doth not paſs through the Cent 4 
Jet there be drawn AB, A F, AO, and AL, and 
AL biſet O Cin L. The Angle ALO is chere . ; 
d) Per 3 1.3. right one (4) Likewiſe AFB is a right Angle 4 K 
(© Fer 15. Now becauſe C O is biſeQted in L. and to it iS a 
©) Per C. l 2. O B, it will be thus, 
Ret. CBO2 =L Bq. O 
-—LOq | 
Let there be added on both Sides AL Square, 


then 
Red. C BO equal to LB q. 
e 2 QC AL a. 
(p) Per 47. But chi Savaics of LO, AL are equal (8) to if 1 
4 1. Square of AO, or AF; and "rhe Squares of LB, A 
c By the are equal to the Square of AB h). Therefore, T 7 
j2me, Rect CB O02 <= = A B g. that i 18, () 1 
(i) By the T AF q. 5 
ſame. to B F q. \ F 
| | "oh q. X 


Therefore the common Square, that of A F being A 

ken away, there remains 11 

Rect. C B O equal to the Square of B F. 9. El x 

Fig. 59 or more eaſily and univerſally thus. Draw AB « 
5 B C. Nom becauſe of the Equality of the Angles A, and DIC 
3 te 3: * and for that the Angle D is common to both ; the Trian! 
SE : mY B DC, A D B are cquiangled f. And therefore (by 4.1ib. 6 
Fer 26 l. 1. A D: DB:: BD: DC. Wherefore the aa t AD xD 
is equal to rhe Reflangle P QE. D.) 


Carts 


50 
Þ El 
les 
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Covollaries. 


enter 


Aa righ $ | 


ed ing | 


many cutting Lines BC as you will, be drawn, all 


) that ; bo 


She Rettangles CB O are equal amongſt themſelves. For 
Each of them is equal to the Square of the Tangent 


81 


F from the ſame Point B without the Circle, as Eg. ;2. 


2. The right Lines, which from the ſame Point touch 
(. e Circle are equal. For each of their Squares is equal 
being the ſame Rectangle. 
3. 1t is alſo clear, that from the ſame Point B taken with- 
the Circle, there can only two Lines BF, BY be drawn, 
Cent iel ſball touch the Circle. For if a third be ſaid to touch 
and! 8 it muſt be equal to B F, or BQ, and therefore the ſame 
retor Wh one of them. | 
gle (. 7 every right- angled Triangle B FA, that is not alſo an Fig. 4. 


> 
A 


is ada oſceles, the Rectangle ariſing from the Sum of the Hypotenaſe, 


d one Side drawn into the Difference betwixt them, is equal 


A, -|AFor AC, BC. And their Difference is B A 


are, u AF BA AO YO. And the other Side of the Tri- 


Bo the Square of the other Side. For the Sum of the Hypotenuſe 


B, 4 


eng t 


E 


AB 0 
id DB 
Triang! 
„ ib. 6. 
Dx 
„ D. 


WW 


? F the Rectangle under C B and OB be equal to F. 2. 


From B let there be drawn the Tangent B Q, and the 
ght Lines EQ, EF being drawn from the Center E, 


> 
£ 
"yy 

** 


Into the Points Q and E, let B E be joined: Becauſe 


le is B F. But the Rectangle C BO is equal to the Square 
BF. Therefore, &c.] | | 


PROP. XXXVII. T heorem. 


the Square of B F, this muſt touch the Circle 


dy the Suppoſition the Square of BF is equal to the 
dectangle CB O, as is alſo the Square of BQ, by 36. 
f this Book, the Squares of BQ, BF {hall be equal 
etwixt themſelves, and conſequently the right Lines 


BQ, BF are equal. Therefore the Triangles FEB, 
BEQ are equilateral each to other. Therefore the An- 


Carts 


les Q, F are equal (a). But Q is a right Angle (per (a) Per 8. 
888 | . 5 l 


— 
* 


92 


| 4b) Per 15, 


| . 


fa) By the 
foregoinp 
(b) Per Axﬀ's 
$s 

(c) By this 
Propoſition. 


Face of the Water which is contain d in it, will continnall | 


B F toucheth the Circle (5). 


BY are equal. their Squares are alſo equal. But Bg 


Courſe than his Feet; Likewiſe he that is on Horſeback, uWſ 
| permoſt Part of the Maſt runs over more Way than the | 
of the Earth, the Way gone over by his Head would exit 


that which was gone over by his Feet, by the Different 


_ Semidiameter is the Man's own Stature. | 


_ although nothing run over, yer it will ceaſe to be ful; nam! 


2 1 N 4 1 
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18.1 3.) Therefore F alſo is a right Angle. Therefq | 


Corollaries 1. Hence the Angle E BF is equal to jt 
Angle E BA (per. 8.1.1.) „ * 

(2.) If two equal right Lines B F, B Q fall from ſome bu 
B upon the convex Circumference, and B F one of them touch i". 
the Circle, the other B & muſt touch it alſo. For ſeeing 31 


foro B Q alſo toucheth the Circle (c). 5 . 


Scholium II.] Seeing all Planes paſſing through the C 
of the Earth, which all ſtand perpendicular upon the Hori 
do produce great and equal Circles upon the Earth's Surface, if 
ſhall here bring in ſome elegant Conſt Bavie from thence, ou 
our Author in his Aſtronomy ; which from the Nature Cini 
may very eaſily be underſtood. * 7 1 
(1.) If in any Part the Surface of the Earth were peru 
Plain, Men could no more fand upright upon it, than upon 
Side of an Hill, ſaving in the Point of Contact ly Ws 2 
(2 ) The Head + a Traveller performs a longer Wo 


goes the ſame way as a Footman, meaſures a greater or ln 
Space than he that is on Foot. As likewiſe in a Ship, theo, 


Parts of it. 3 : : 
(3.) 1f any one ſhould travel over the whole Cireumfeu 


of Circumferences; or by the Circumference of a Circle, wi 
(4) If a Veſſel full of Water be elevated perpendiculai 
the Water will continually be running over, and yet it wil 
main full; namely, becauſe the Surface of the Water is ye 
tinually compreſſed into the Surface of a greater Sphere. I. 
if a Veſſel be elavated continually higher and higher, the Su 


ſcend and come nearer unto a Plaue; unto which yet it wp 
never actually come. oh 12 855 | 


(5.) Fe Velfel full of Water be carried diveftly downwat 


becauſe the Surface of the Water ſwells continually into a Pi 


of a leſſer Sphere, From whence it folowr, 


(6.) 7 


N 


„ 17 Tib. 11. EUCLID's Elements, 83 
„(.) That one and the ſame Veſſel contains more Water at 

he Foot of # Mountain than at the Top ; as likewiſe more in 4 

J bterraneous Cellar, than in a Chamber, To which Things 


Ja, | Mt: 1 oF 
0.) That two Strings on which two iron Balls hang perpen- 
Wcular, [and conſequently the Walls of Buildings erected per- 
| raicularly] are not Parallel one to another, but Parts of Ra- 
Nas meeting together in the Center of the Earth. | | | 
scholium [2] 7 :hink it not amiſs to inſert in this Place Fg. 60. 
. folowing Problem alſo, which was communicated to me by 
Es Friend, as demonſtrated by me ſomewhat more briefly. 
= Through the two Points (B) and (C) in 8 given Circle 
%o draw the Circumference of a Circle which ſball bi- 
le Circumference of the other given Circle. 
= Through the Center & and one of the given Points B let 
rw be drawn the infinite right Line BAM E. Unto which 
* the Center let there be erected the Perpendicular A P, 
id let B D be drawn. Let the Line DE, be made perpendicu- 
1b, cutting the infinite Line BAME in the Point E. 
h. let 4 Circle be drawn (a) through the three Points, (a) Per g. l 4. 
C, E. TI ſay the Thing is done. For, . | 
Let the Chord of Boe Circle be drawn through either of 
_ we 7nterſeFions of the Circles, as G, and through 4 the Center 
"BY tbe firſt Circle, to wit, GAF; Let alſo the Diameter of the 
circle GAF be drawn. Then in the firſt Circle (by Coro]. 
Prop. 8.1. 6. and by Prop. 17. 1.6.) ABXAE= AD 2. 
3 ir, (becauſe of the Equality of the Semidiameters, AD, 
BG, AF)J=AGxAF. And in the ſecond Circle there will 
(5) 4ABXAE=AGx Af. Therefore AF=Af, and the (b) per 35. 
r, F, of coincide, and the Arch FDG is equal to the Arch l. 3. 
us. Q. E. F. 
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5.) Till 


There is very great Uſe of it in Building Fortification; | 


excellent Tables of Sines, Tangents, and Secants, to te 


ef the Stars, as the Quartile, Sextile, &c.; they wholly dep 


wholly owing this Book ] 


2 1 Figure is ſaid to be inſerib'd in a Cir 


, n PIER metry ng 


> ut? 
D s — L | | 
A SSR h'C 


"IR 


HIS Book, which is wholly Problematicſ&* 
teacheth by what Artifice, Figures, thoſe whit... 
are ordinate or regular eſpecially, may be i 
ſcribed in, and circumſcribed about, CirclM: 


and from it as a Fountain have been derived thoſe motif 


very great Benefit of the Mathematicks. # 

[This Book is moſt nſeful for Trigonometry : For by it 
ſcribing Polygons in @ Circle, we learn to frame Tabl: Mp 
Chords, Tangents, and Secants: By the Help of which we len 
to meaſure the Magnitudes of Figures and Bodies. Nein 
without it can we duly diſtinguiſh the Aſpects, as they call then # 


ding upon the Inſcriptions of Polygons in a Circle Neither ca 
we otherwiſe collect the Area (which is a certain Quadra: an 
of a Circle,) than from the Area's or Squares of innum«r!M 
Polygons inſcrib'd in, aud circumſcrib'd about, a Circle. Ani 
in like manner we know the duplicate Proportion of Cir 
amongſt themſelves, from the duplicate Proportion of Polyzin 
inferibed in, or circumſerib d about, Circles. And as for ni. 
litary Architecture, it makes ſo much Uſe of Polygons inſcrib i 
in Circles, that more than all other Sciences it may ſeem to li 


cle, or to have a Circle circumſcrib'd about it, 
when the Tops of all the Angles thereof are in the Cir: 


cumference of the Circle, 


| ſi. I EUC L I D's Elements. 2 5 


12. A rectilineal Figure i is ſaid to be circumſerib d a- 
ut 3 Circle, or to have a Circle inſcrib'd in it, when 
2 4 h one of its Sides toucheth the Circle. | 

3. An ordinate or regular Figure is that Wen 18 sequi- 
ſera and equiangular. 


Jen OPOSITION I. Problem. 
F 0 inſcribe a right Line (4) which is not ig. 1. l. 4. 
greater than the Diameter into à Circle 


r 
: 4 D) * « * 


naticiſ vp 
which 
be un fake in the Circumference any point B. From the 
Nircle nter B with the Interval of the given Line A de- 


Hibe an Arch, cutting the Circle in C. Draw the right 


= L ne B C. 1 ſay the thing is done. 


to th 
4 P R O P. II. Problem. 
r by in 
Cable: (Ws 
pe lem 5 
Nei 
2 r ie M, : 
y det Let the Line E F touch the Circle in D. Let ED G 
ther en made (a) equal to the Angle C, and FD H equal to (a) Pe- 23. 
«dra: and join G H. I ſay the Thing i is done. For (65) 1. . 
mera DG is equal to H. H conſequently is equal to the (b) Fer 32. 
. Aut bole C (c). And FDH is equal (d) to G; and % VI OLED 
Circle Wſequently & to B. Therefore G D H (e) is equal to C nſtru Kion 


O inſcribe in a Circle a Trial having equal Fig. 2; 
Angles with a given one (X). 


Polz Angle A. T herefore what was required is done. (q) Pe 32. 
for ni. . 3. 
% PROP. II. Problem. a 


0 circumſcribe about a Circle a Triangle, Fige 3. 
baving equal Angles with a given one 
LK). 


Let the Line I K be drawn forth on both Sides, ſo as 

| make the external Angles O and N. Make at the 

nter A, the Angles GAB, B A F equal to O, N 

peRively, which is done by 23. 1.1. Then i eie the 
oints 


1 a Cir. 
out it, 


he Cir- 


2.A 
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Point G, F, B, let three right Lines touch the Cir, 

meeting together in C, E, D. The Triangle C E 08 
circumſcrib'd about the Circle, and is equi-angled toi 
given-one 1-LE:.: For, 2 ous. 6 

In the Quadrilateral C GA B, the Angles G and 

(0) Per 18. Are (F) both of them right ones. Therefore the rem 
1. 3 ing ones G AB, and C taken together do (g) make tu 
(g) Per Te. right ones, and conſequently are equal to the two u 
1. Schel. pr. gether, O, I. Therefore the two G A B and O, w hid 
32.1. 1. are equal by the Conſtruction, being taken away, the 
remains C equal to 1. In the ſame manner E will jo 

proved equal to the Angle K. Therefore D and L 

hh Per Corel. ( likewiſe equal. That therefore is done which wil 
9. Prop. 32. demanded. | | . Is 


J. 1. For that the Tangents do concur is thus ſhew'd, Th 7 
(a) Per 31. Angles O, I, and K,N are (a) equal to four right one 
tz. and J. K are leſs than two right ones (5). Therefore 


(b) Per 32. N, (that is by the Conſtruction G AB, and BAF) 
ue, roy, greater than two right ones. Therefore G A F (:) WW 
3. f. 13. l. 1. leſs than two right ones. Therefore G F falls betwa 
A and D. Therefore ſeeing AG D, and AFD, 
right Angles, D GF, and D F & are leſs chan two ig 
(d) Per Schol, ones. Therefore CGD and EF D (a) meet togetꝭi 
br. 31. l. 1. towards D. In the ſame manner it may be demon ſir 
that the reſt concur. 5 5 


PROP. IV. Problem. 


Fig: „ 1 inſcribe a Circle in a Triangle. | As 


Biſe& the two Angles C and E with the Lines (eu 
E A, meeting together in A. From A draw the Pere ®! 
diculars, AB, AG, AF. A Circle deſcribed from ii 
Center A through B, will paſs alſo through G and 
and touch the three Sides of the Triangle. 
For in the Triangles C A G, CAB, becauſe the A 
gles A GC, ABC, and likewiſe thoſe G C A, and BC. | 
are equal by the Conſtruction, and the Side AC is col 
(e ber 26 l. 1. Mon, the Sides A G, A BYe) muſt be likewiſe equal. | 
like manner AB, A F may be ſhewn to be equal. Th | 
fore the Circle deſcrib'd from the Center A, po 2 
| through B, G, F. And becauſe the Angles at tho . o — 
| + 
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77 x ints are equal, it toucheth (f ) all the Sides of the (f) Pw 16. 
q 2 iangle. T hat therefore is done which was required 13. 


Wa rence the Sides of à Triangle being known, the Segments 
hem which are made from the Contacts of an inſcribed 
ie will be known Let DC be 12. DE 18. CE if, DC 
ck will be 28. from which ſubſtra® 18 = E 
og BE, there remains 1o = C G-FF CB. Therefore C G 
"Wc B = 5- * E BorEF= 11. Wherefore F D 


wa o PROP. V. Problem. 

j. Mo deſcribe a Circle about a Triangle, or through kit. «. 
it ono three given Points B, C, D, not lying in a 

5 5 Wht Line, to deſcribe a Circle. 


F (e) connect the given Points with two right Lines B C. 


_—y ED, which bile with the Perpendiculars EA, OA, 

. ecting together in A. This will be the Center of a 
hs ſi cle which paſſeth through B, C. DP). 
o Lethe right Lines A C, A D, AB be drawn, By the 
00S nſtru&ion the Sides DO, OA are equal to theſe CO, 

OA; and the Angles at O are right ones. Therefore 
D is equal to A C (3). In the ſame manner A B may p , r. 
prov d equal to A C. Therefore AD, A B (5) are e- 6) Pe 48. 
il. Therefore a Circle deſcribed from the Center A x, 
rough B, will paſs alſo through C and D. Which 
ks the Thing required. 
As for the Practice, it is ſufficient to deſcribe from 
C, D chree equal Circles, interſecting each other; and 
rough the Interſections to draw right Lines, theſe meet - 


nes 0 7 one another will give the Center ſought. 


e Perpe 
from tl 


G i p R OP. VI, VII. Problem. 


the At 1 3 f 

nd BC! | O inſcribe a Square in, and Circumſcribe one gt. s. 
0 jo OOTY a ER ER N 

0 Tie Let the Diameters B D, C Ebe drawn, cutting each 

3 chu her perpendicularly. The right Lines which join the 


erms of theſe, inſcribe a Square in a Circle. Th 


EUcLI D' Elements, Lib. NI 
The Demonſtration is manifeſt from 4 1. 1. and 1; 
I. 3. Then let four Tangents be drawn touching tit 
Circle in B, C, D, E, meeting together in I, F, G, 
The Figure IFG H is a Square, circumſcriv'd aba 
2 Giclee | | | 
The Demonſtration is ' manifeſt from 18. 1.3, wii; 
Coroll, 2. Prop. 36. I. 3. and 28, and 34. I. 1. # 


Scholium. 


Fig. 5. A Square deſcrib'd about a Circle is double to that 

ſcrib'd. For becauſe the Angle B CD in the Sem 
100 Fe 1 circle (e) is a right one, the Square of B D (that is FI 
J. * Square) ſhall be (a4 equal to BC CD ꝗ and then 
(d) Per 37. fore double to the Square of C D, 1. e. to CDE B. 


1. 1 
PROP. VIII, IX. Problems. | 


Fig. 6; O inſcribe a Circle in, and circumſcribe ui 


1 about a Square, (as BCFE). 


Let there be drawn the Diameters of the Square, cu 
ting each other in O. From the Center O deſcribe WM 
Circle through B; this will alſo paſs through E, F, (. 
Then from the Center O, draw O O perpendicular i 
BC; a Circle deſcrib'd from the Center O through) 

will touch all the Sides of the Square. | 
Part I. Becauſe by the Hypotheſis the Lines C B, EI 
(o) Per 5.1 x, Are equal; the Angles B CE, BEC will be equal (% 
(d) Per Coral, But C BE is a right Angle by the Hypotheſis. BCE 
11. Prep. 32. therefore and B E C are half right ones (d). In tt 
. 1. ſame manner CB F will be ſhew'd to be an half right 
Angle, as likewiſe the reſt of the Angles; and fo the 
are equalamongſt themſelves. Therefore in the Trian 
gleB AC, ſeeing there are two equal Angles CB 0 
(c) Per 6. l. 1. BCO, the right Lines O Band OC (e) are equal. | 
= the like manner the right Lines O B, OE, QF may b. 
ſhew'd to be equal. Therefore a Circle deſcribed fro 
the Center O through B, paſs through E, F, c. 
Part 2. From O let there be alſo drawn the Perpendi 
culars OG, OH, OI. Becauſe in the Triangles 5 1 


Lib. V. EUcrip' Elements. 89 
DB O, the Angles at Dand G, as likwiſe thoſe at B 

e equal, and the Side O B is common, the Sides O D, 

ID G muſt be equal (a). In the ſame manner OG, OH, (a) Per25; 
d abo 1 may be ſhew'd to be equal Therefore a Circle de- * *: 
&rib'd from the Center O, which paſſeth through D, 

Fill alſo paſs through G, H, I, and touch all the Sides 


of the Square (5). Becauſe the Angles at D, G, H, I (6) Per 15. 


e right ones. Therefore we have done what was re. 3: 
quired. , EE a | 


PROP. X. Problem. 


. o make an I/eſceles Triangle BAC, in whichthe EI. 7 
d then 1 Angle at the Baſe (ABC, or ACB) ſhall be 
B. „ 


5 to that which is at the Top (A). 


Let any right Line, what you will, as AB, be taken, | 
Which ſo cur in D (c) that the Rectangle AB D ſhall be (0 err l. 
Dual to A D Square. Then from the Center A thro' 
deſcribe a Circle; in which inſcribe (4) B C equal to (d) Per x. K 
A D, and join AC. BAC ſhall be the Triangle 
OS 3 3 

For let the right Line D C be drawn, and through 


ibe 6 


re, cu, D, C deſcribe (e) a Circle. Becauſe the Rectangle (e) Per g. 4. 
\criv: z D is equal to the Square A D, (that is, BC) it is ma- 

F, C eit, that B C (V toucheth that Circle DO which ( Per 37. 
cular 8D cuts. Therefore the Angle B CD (g) is equal to .. 


ſe Angle A in the oppoſite Segment; and ſo the com- 2 Por 32 


ouch) 
on Angle DC A being added, BC A muſt be equal to & 


> B, EFF DCA. But becauſe the Sides AB, AC are equal, 

ual (WB C (3) is equal to the Angle AC B. Therefore the () Pw 5.! r. 
B CHagle ABC is alſo equal to AD CA. But the ex- 
In tima! Angle alſo B D C is equal to the two internal ones 

If rig A -D CA. Therefore ABC, and BDC are equal. (i) Per 22. 

| ſo the herefore the Line D C is (&) equal to BC, (that is, * 7: 


the Conſtruction to D A). Therefore the Angles A ( Ter ©: Ur. 


quirecd. 


CBM C A ( are equal. Wherefore the Angle A B C, (1) Per F. l. 1. 
ual. lich hath been ſhew'd equal to thoſe two, ſhall be 
may "Wuble to one A. Thar is done therefore which was 


sG BOY | Coroll 
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| Corollary. 


E of the Angles at the Baſe B and C in the 4% 


four fifths of one right one, and the remaining one 


is one fifth of two right ones, or two fifth of one rig 
one. As is manifeſt out of this Propoſition taken top 


ther with that 3 2. 1. 1. 
PRO P. XI. Problem. 


Fig. 7, 8. "To inſcribe a regular Pentagon in a Circle, 


0 By the Let there be deſcribed (e) the Triangle B A C, hui 


foregoing. the Angles at the Baſe double to that at the Top. | 
(b) Fer a. l.. ſeribe a Triangle C A Dequiangled to this in a Circle 

| Biſedt the Anglesat the Baſe AC D, ADC, with the ii 
Lines CE, D B, cutting the Circle in E and B. I 

Points A, B, C, D, E, join'd by right Lines, will; 
an ordinate Pentagon inſcrib'd in a Circle. 


les now framed, is two fifths of two right ones, 


vx 
a 


For from the Conſtruction it appears that the Any L. 


I, N, Q, S8, O are equal. Wherefore the Arches ſubt: 
(c) Per 28. l. 3. ded to them A E, E D, C D, C B, B A are alſo (c) eq 
Therefore the right Lines ſubtended to thoſe Arches 
(d) per 27.1.3, alſo (4) be equal The Pentagon therefore is equilate 
(e) Per 29.1.3, But it is alſo (e) equiangular, becauſe its Angles B\ 
AED, &c. ſtand on equal Arches B CDE, ABC 

&c, That therefore is done which was required. 


Corollary. 


Eg. £3 ; * E Angle ofa regular Pentagon make ſix fifth 
7 done right Angle, or three fifths of two. Fort 
three Angles at A ſeeing they are equal, as ſtandi 


upon equal ' Arches, BC, CD, DE, and the midi 


moſt of them by the Corollary foregoing is two fifth 

one right Angle; the three together, that is, the A 

| of the Pentagon it ſelf muſt make ſix fifths of one ii 
One. | 7, | 

[$6 


b. I) 


he % 
Ones, | 
Z One 
Ne rig 
LCN tog 
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8 [Scholium. 7his holds univerſally, that Figures of an odd Fig. 8, 


Wumber of Sides are inſcribed in a Circle, by means of an I- 
ſceles Triangle, whoſe equa! Angles at the Baſe are mul- 
le of thoſe at the Top. But Figures of an even Number of 


I, are inſcribed by the means of Iſoſceles Triengles, whoſe 


ples at the Baſe are each of them multiple ſeſquialteral of 
t whichis at the Top. 5 
Ain the Iſoſceles 40 D, if the Angle Cor D be three- 
dof A, the Side C D will be the Side of an Heptagon ; If 
brfold, it will be the Side of an Enneagon, &c. But if Cor 
ball be 15 of A, C D will be the Side f a Square; and if C 
bl be 25 of the Angle A, CD will ſubtend a ſixth Part of the 
reumference: In like manner, if C or D foal be 33 of the 
ele 4, C D ſhall be the Side of an Octagon, &c. 


Scholium. 


EF Uclid's Inſcription of a Pentagon 1s ingenious, bur 
that of Prolemy, which he delivers in the firſt Book 
his Almageſt, is much more expeditious : And it is 


F 

Let the Diameters ED, B F be drawn, cutting one 
jother perpendicularly in A. Biſect the Radius AD 
c. From the Center C through B deſcribe an Arch, 

eting.the Diameter E D in G. The right Line & B 

he Side of a Pentagon, and A G of a Decagon. 

The Demonſtration cannot be given here, for it de- 
nds upon the 13th Book of Euclid. See it in Clavia, 

his Scholium, after Prop. 10. L. 13. 


Fig. 13. 


Problem. 


gular Pentagon. | | | 
Cut AB ſo in C (a) that the ReQangle ABC may (0 Per : 
equal to the Square of AD. From AB protratted on 
th Sides take away AD, B E equal to the greater Seg- 
ent AC. From the Centers A and D with the Inter- 
LAB deſcribe two Arches, cutting each other in F. 
ewiſe from the Centers B and E deſcribe, wich. the 
8 ame 


91 


PON a given right Line (A B) to deſcribe a re- EH. 


1.4.2. 


92 


4) Per 1 3. 
L 1. 
c) Per Corol. 


pr. 11. l. 4. 


Fig. 10. 


2:>. $6: 3. 


(d) Per 8. 
1. 1. 


Ys 


Conſtruction GH, HI. 


_ EvcLiD's Elements. 


Lib. vt; 


| Game interval, two Arches cutting each ther. in G. 1, 


again, from the Centers G and P, with the ſame Inn 


val, deſcribe two others, cutting each other in I. 1, 
Points A, F, I, G, B, being join d, will give a regu 


Polygon upon the right Line A B. 


That it Is equilateral, is manifeſt from the Conſtru 
on; that it is equi-angled, will be thus demonſt ru 
Let DE, be drawn. It is manifeſt by the Conſtrutiuh 


that ADF is an Jſoſceles. And the Baſe AD is the grey 


AD equal to AC). Therefore the Angle D A P isn 
fifths of two right ones; by Corol. Prop. 10. JI. 4. The 
fore the remaining Angle FAB is three fifchs of ty 
right ones, or fix fifths of one right one (5) ; and ther 
fore is an Angle of a regular Pentagon (c) In the ſi 


manner may it be ſhewn, that the Angle G B A is tha 


8 
. 
2 


Segment of the Side D F, ſo divided, that the Re 
gle of the whole and the leſſer Side, is equal to 
Square of the greater. (For DF is equal to AB, uM 
cy I 
E. 
Fregu 
be 


Ded; 


fifths of two right ones, and ſo equal to FAB. F cri 


whence it is neceſſary, that the reſt E, G, I, ſhouldh 
equal to theſe, as appears from their being equilateral iſ 
theſe, if the right Line F G be conceiv'd to be ſubrendeii 


PROP. XII Problem. 


O circumſcribe an ordinate Pentagon about | 


Circle. 


Let there, by the foregoing, be inſcrib'd the regul 


Pentagon G HIK M, and let there be drawn 'T angen 


in the Points G, H, I, K, M, which may concur inB,\ 


D, E, F. I ſay the thing is done. | 


For from the Center draw the right Lines, A G, A! 
Here becauſe from the ſame Point! 
(a) Per Corel. B G, and BH touch the Circle, they (a) are equ 

Therefore theTriangles G AB, BA H are equilateralt 
each other. Therefore (5) the Angles O, P, as likewi 
And therefore the whole Ang 
B is double to P, and the whole G A H double to 
For the ſame Reaſon the Angles C and H A I are do 
| ble to T and N reſpe&ively. But G AH and HA 
(c) Per 29 are equal (c), becauſe they ſtand upon equal Arches,! 


Therefore their halves 4 1 


A H, A C, Al. 


thoſe Q. 8, are equal. 


= 


Bic 
ght 


Lib. V. EvcL1D's Elements. 
„tee elſo equal. Becauſe therefore in the Triangles 
AE, HAC, the two Angles S and N are equal, and 


4 28 


Whoſe at H are both right Angles (4), and likewiſe the (d)Per 18.1.3, 


, f de A H is common; therefore the Sides (e) B H, CH, 07. 20.1. 


& likewiſe the Angles P, T, are equal. In the ſame 
aaner I might ſhe w B G, FG to be equal. Therefore 
true, CB which are double to the equais B G, B H, are 
deco equal. In the fame manner it may be ſhew'd that 
Je reſt of the Sides of the circumſcribed Pentagon are 
aal. Ir is therefore equilateral ; but it is alſo equian- 
ed; for ſeeing it hath been ſhew'd that the Angles B 
Care each of them double to the Equals P, and T, 
ic ney muſt alſo be equal betwixt themſelves. And in the 
me manner of the reſt, We have therefore deſcribed 
eegular Pentagon about a Circle: Which was the thing 
be done. LR | | | 
In the ſame way any ordinate Figure whatſoever is 
ſcrib'd about a Circle, that is, if a like Figure be firſt 


2 ſccib'd in the Circle. 


PROP. XIII, XIV. Problems. 


O inſcribe a Circle in a regular Pentagon, and 
circumſcribe one about it. 


Ziſect the two Angles of the Pentagon B, C, with the 
ght Lines B N, C , cutting each other in A. From 
draw the Perpendicular A L. 3 
A Circle deſcrib'd from the Point A with the Inter- 
AL touches all the Sides of the Pentagon; and a 
cle deſcrib'd from the ſame Point A, with the Inter- 
AB, paſſes alſo through the Points E, E, DC 
Part I. In the Triangles D CA, B C A, becauſe the 
des D C, C A, are equal to B C, CA, by the Hypo- 
eſis, and the Angles P and O are equal by the Con- 
ruttion, thoſe alſo G and I will be equal by 4.1. 1. 


re equi 


Jaterall 

_—_ ow the whole alſo B and D are equal by the Hypo- 
le Ang elis. Wherefore ſeeing the Angle G is half of B by 
Able to! e Conſtruction, F alſo will be half of D. Therefore 
are doll is biſefted by the right Line D M. For the ſame 
id HAR: the reſt of the Angles of the Pentagon E, E, are 
rches, | ſected, and conſequently all the half Anglesare equal 


ves $0 


twixt themſelves, Now oy the Perpendiculars be 
N | 


drawn, 


94 


(0 Pe 26. 


41 


2 1 
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drawn, A M, AS, AN, AR. For becauſe in the Tru Pe- 
gles LB A, MBA, the Angles G and B L A are equi 

to the Anglts Q and B M A, by the Conſtruction, is 
the Side B A is common, A L and A M muſt be ng 
equal (a). In like manner I might ſhew that the reſti e 
the Perpendiculars, AM, AN, AS, AR, ate equi m 
A Circle therefore from the Center A paſſing throus C 
L, will likewiſe paſs through M, S, N, R, and becau ic 
the Angles at L, M, S, N, R, are right ones by the (Nui 


per. 16. l. 3. ſtruction, * it will touch the five Sides of the Penta. F 


(b) Per 6,11. 


(c) Per 1. l. 1. 


Then becauſe the Angles C AB, E A F, each of tit 6D 


d) Per Corol. 
1. 7. 1 Is 


IN a given Circle to deſcribe a regular Hot 


J. 1.) and therefore do make both together two this 


qual to the Sides B A, A C. Therefore the 2 


Which was the firſt Part. W he: 
Part 2. In the Triangle CA B becauſe the Angles irc! 
and G have already been ſhewn to be equal, rhe Sides: 
AC, AB muſt be equal (6), and in the fame man 
AB, AF, AE, AD, may be prov'd equal, and til 


fore a Circle from the Center A paſting through B mit 


pats alſo through C, D, E, F. Therefore we have bh 
inſcrib'd a Circle in a Pentagon, and circumſcribd 
about a Pentagon. QE D. q 
[In the ſame way, in any regular Figure what ſoeven if 
Circle may be inſcrib d, and circumſcrib d avout it.] 


PROP. XV. Problem. aa 


gon. 


Let the Diameter EA B be drawn. From the nter 


ter B through A deſcribe a Circle, cutting the given the 
in C and D. Likewiſe from the Center F thro A a ed 


cle cutting the given one in E and G. The. ſix Poi erib 


B, C, E, F, G, D, conneQed by right Lines will . V 

the Hexagon required. . F 
From the Center A let fall the right Lines AE, AC, A 

A D. It is manifeſt that the Triangles II, I, M, L. 

equilateral, both in themſelves, and with one another Hougl 


make one third of two right Angles (per Corol. 12. P Nang 


two right Angles; it remains (a4) that E AC is o 
third of two right Angles; therefore the Angles E“ 
C:AB are equal. But the Sides alſo E A, A C, arr 


vi : ib. IV. EUCLID's Elements, 95 
5 er 4. J. 1.) is equal to the Baſe B C, that is, to the Radi. 
Ws A C by the Conſtruftion. Wherefore the Triangle 


Flat 


bn L is alſo equilateral. And in the fame manner the Tri. 
a Wngle K may be ſhewn to be ſo. Becauſe therefore all 
eſti : e fix Triangles, H, I, K, L, M, N are equilateral ; it 
qu manifeſt that all the Sides, C B, BP, D G, G F, FE, 


og Co are equal one to another, and to the Radius A C. 
cu he Hexagon is therefore equilateral. But it is alſo 
Cal duiangular, ſeeing each one of its Angles E, C, B, D, 
race E, conſiſts of two Angles of an equilateral Triangle. 
Therefore we have inſcribed a regular Hexagon in the 
oles | Wircle, 3 f 5 
Jes 18 

1ann:Wl 
| thei 
B ml 
ve bol 


b do 


Corollaries. 


ET HE Side of an Hexagon inſcrib'd in a Circle, 
1 {ora Chord of 6o Degrees] is equal to the Radius 
Ind conſequently the Sine of 30 Degrees is equal to 
Ulf the Radius (per Corol. 2. p 3, I. 3) 
2. An Angle of a regular Hexagon is four thirds of 
he right Angle; as conſiſting of two Angles of an equi- 
Feral Triangle, each of which makes two thirds of a 
wht Angle. | | | | | 
. If there be drawn the Diameter PS, perpendicu- Fg. 14; 
to the other FB; and with the Interval of the Radi- 
IP A, from the Center P, and S, there be made Secti- 
sin O and Q, in Rand T, and in like manner from the 


oe ver,! 


1 Her 


he Centers F and B make the Sections in G and E, in D and 
given 00 the Points, P, E, O, F, R, G, 8, DT, B, Q, C con- 
ed with right Lines will give a Figure of 12 Sides, 
x Pein erib'd in a Circle with one Aperture of the Compal. 
will zg Which Thing is of great Service in Dialing. 


From what has been demonſtrated we may eaſily Fx. 14. 


AC, AMWicribe an equilateral Triangle in a Circle. The 
M. L neter FB being drawn, from the Center B 
another! ough A deſcribe the Arch CAD. The Points 
h of th, D, connected with right Lines, will give the 


. 12.) Niangle ſought. | 5 

& thirds + The Side CX D of the equilateral Triangle, cuts 

A C ö tom the Diameter B F perpendicular to it, a fourth | 

les EU thereof B X. For the Angles ACX, B CX. 

a C, ar: Wding upon equal Arches GD, DB are equal (per 29. 

6 Baſe ) and the Sides A C, £ X, are equal to the $iges | 
4 Cr 


* 
ty 
wad 
CSR 
- 
ID 
36A 
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(a) Per 4g. BC, CX. Therefore A X, BX are equal 's). Ther 
. 1. fore B X is the fourth Part of the Diameter BF. 4 
Scholium 1. Problem. 
Fig 13: VO U may raiſe a regular Hex gon upon a right Ly 4 
erl. t.. 1 BC thus. Make an equilateral Triangle, CA 


upon the given Line. C B. From the Center A throu 
B and C deſcribe a Circle. This will contain an He 

gon upon the given right Line C B. The Thing ism . 
nifeſt from the Propoſition, and Corel. I. 1 


Theorem. 


8s Square of a Side of an equilateral Tria 
is treble to the Square of the Semidiameter of W& 
Circle in which it is inſcrib'd, and is to the Square oe 
the whole Diameter, as 3 to 4- LE 
Fig- 14. Let there be drawn the Semidiameter A D. Ti 
Square of ED is equal to EF Aq+D A q-r the Rh 
angle 7 twice taken (per 12. J. 2.) But the R 
angle FAX twice taken is equal to the Square of 
(b) Per Corel. Semidiameter FA or DA : (For becauſe A X, XI 
bs foregoing, are equal, the eg: FAX twice taken, is equalt 
the two Rectangles which are under FA, AX, andi 
der FA and X B, that is, equal to the Rectangle FA. 
(c Per 1. I. 2. (c) 5 that is, equal to F A q.) Therefore the F Dqi 
I treble to FA ꝗ or DA qꝗ the Square of the Semid 
meter. 
Now becauſe the Square of the whole Diameter is qu 
d) Per Coroll, dtuple of the Square of F A the Semidiameter (4), it 
pO manifeſt that the Square of FD: is to the Square of ti 
2 Diameter, as 3 to 4 5 
Hence it follows that a Side of an equilateral TriagM, 
is to the Diameter, as the ſquare Root of 3 is to 2, i 
ſquare Root of 4 ; and therefore that thoſe Lines arei 


commenſurable. 


e 
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PROP. XVI. Problem. 

11 O inſcribe a regular Quindecagon in a Circle. Ft. ij. | 
1 W Inſcribe in the Circle A C the Side of a Pentagon (a), (a) Per 11. | 
; He? Bind A D the Side of an equilateral Triangle, (per Corol. l. 4. if 


7.15. J. 4.) biſect the Arch CD in E. CE is the 
| We of the Quindecagon, or fifreen-angled Figure 
Fought. 

Por if the whole Circumference be ſuppos'd to be 15, 
he Arch AC will be 3, and the Arch AD zg, and 
therefore the Arch C D a, and conſequently CE I. 


« _— 
Triage 
er of 
uaret 


Corollary, 


D DV this Method innummerable regular Figures may be Eg. 1. 


). I inſerib'd ina Circle. For if AC, A D, the Sides 
e NH f two regular Figures be inſcrib'd in a Circle, the Diffe- 
gel ence of the Arches C D will contain ſo many Sides of 
> of new regular Figure, as are the Units whereby the De- 
XB cminators of the former differ one from another. But 
equilii be Denomin ator of the new Figure is had, if the Deno« 


and u ninators of the former be multiplied one by the other. 


e FA AS if AD be the Side of a Square, and A C of a 
F DoifP:cagon,the Difference of the Denominators is 6. There- 
emdiWore the Arch CD contains 6 Sides of a new Figure. 


ot the new Figure is of 40 Sides. For the Denomina- 
is quif]Wors 4 and 10 multiplied one by the other make 40. 
1), itt + | | 

of ü 


Scholtum. 


ria 33 Ws | 
— [LI hath riot yet been found out the Art by which 
sei I. regular Figures of, 9, 11,13, 17, Ce. Sides may 


be inſcribed in a Circle, by a Pair of Compaſſes and a 
ERule only; foraſmuch as that Inſcription of Figures 
depends upon the Diviſion of the Circumference into 
my given Parts, which thing is lacking: But if the Cir- 
eumference of a Circle be divided into 366 Parts, you 
may in a mechanical way inſcribe any regular Figures 


Of 


Pra- 


Pg. Wa. 


Fig. rs. 


. 15: 


will find it be as 7 to lo, an 
vide the Quadrant therefore into ſeven equal Arches, io 


EUCLID's Elements, Lib. ly, 


Problem Ti 


tvide 360 Deg rees (ehat is, the whole Circun6 , 

| # rence) by the Denominator of the Polygon to- 

inſcrib'd (e. g. a Nonangle.) Make at the Center the A 

gle AG K of ſo many Degrees as are the Units of H, 

Quotient in the ſaid Diviſion. A K ſhall be the Side 

the nine-angled Figure, which 1 is required to be inſcribe” 
in the Circle, | 


Problem a. 


B v T upon a a given tight Line you may deſcribe an | | 
regular Figure whatſoever, by the Help of the i 


| lowing Table. 


A W Angle is to the Angle of the Figure, 


. Pifference. 

In a Pentagon as 5 to 6—1 

In an Hexagon as 3 to 4-1 

In an Hepragon as 7 to 103 

In an Octagon ass 2 to 3—1 

In a Nonagon as 9 to 14—5 
In a Decagon as 5 to 8—3 
Inan Undecagonas 11 to 18—7 

" In a Duedecagon as 3 to 5—2 


Let a regular Heptagon be to be b d upon tit 
given right Line X B. From the Center X with the li. 
terval X B deſcribe a Circle, from which cut off the 
Quadrant B O. See in the Table what is the Pro portion 
of a right Angle to the An oo of an Heptagon : You 

the Difference is 3. Dr 


RG I RED ay RS 


many of which add to it from O to N as the. Difference 
From Units. Through the three Points B, X, N, deſcrib: 
(per 5.1. 4.) a Circle. This contains an Heptagon of 


a given right Line X B. 


The Table was made by means of Theorem 2. in the 
Se bol. upon p. 32. J. 1. by which is found the Number ot 
right Angles, which the Angles of any right-lin'd Figure 
make; which Number TAL: divided rt ay Denomi. 


s CY : * $0; 


1 B:. Cn =» 5p CR _ * 3 E r bs 9 L þ IT: _—_ — . _— 8. . oY 
Fw — — 2 a ooo: At. SS ? * — 8 fy n 4 2 7 þ mw ——_— - . * « 
” | pa ha 2D 3 re * i — > Rs * nn . J . * — 
© * co b . — 1 I LR, 9 gr - x7 A f N ſu — 9 fee 5 „ > * p=x wo Soto, BEE b- 4 % N a = * - 
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EEE CY 9 — þ = hg 
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ib. V. EUCLID's Elements. 


r of the Figure, gives the Denominator of the Pro- 


Fyrtion of the Angle of the Figure to a right one. 
Now becauſe hitherto many Things have been pro- 


Punded concerning regular Figures, let the following 


Imous Theorem of PrAl:z cloſe this Book. 


| Theorem. 


NLY three regular Figures, to wit, 6 equilateral 
& / Triangles, 4 Squares, and 3 Hexagons, can fill a 
pace; that is, can conſtitute one continued Superſicies. 
Which is thus demonſtrated. T hat ſome regular Figure 
ften repeated ſhould be able to fill a Space; it is requi- 
ed that the Angles of many Figures of that kind being 
Wſpoſed about one Point, ſhould make juſt four right 
nes; for juſt ſo many right Angles may be placed about 
Be Point, as appears from C rol. 3. Prop. 13.7. 1. As for 
Example, that equilateral Triangles ſhould fill a Space, 
it is requir'd that ſo many Angles of ſuch Triangles N, 
M. L, K, I, H, being diſpos'd about the Point A, ſhould 


hake juſt four right ones. But ſix Angles of an equila- 


95 


ner 


n 


8 


* 


&ral Triangle do make four right ones; (for one makes 
vo thirds of one right one “, and therefore ſix of them ol. 12. 
Make 12 thirds of one right one, that is, 4 right ones: ) p. 32. l. 1. 
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Fig. 13. 


Likewiſe the four Angles of a Square make four right 


nes, as is manifeſt ; likewiſe three Angles of an Hexa- 
on; for one maketh four thirds of one right Angle 
ber Coro). 2. p. 15. 1. 4.); and therefore three of them 


o make twelve thirds of one right Angle, that is, four 


ight ones. Therefore, &c. | 


| But that no other Figure beſides theſe can do this, 


vill manifeſtly appear, if its Angle being found as above, 
jou ſhall multiply the ſame by any Number whatſoe- 


fer; for the Angles will always either fall ſhort of, or 


bxceed four right ones, 
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The Elements of E v cr 10 


BOOK. Il. 


| ably K 
ls fifth Book of Elements is altogether ne. #4 l 
. ceſſary for demonſtrating the Propoſitions oftair 
the Sixth Book. The Doctrine which it co whe: 
taineth is almoſt in continual Uſe. The Wi 
of Reaſoning from Geometrical Proportion is moſt ſubiꝭ ite /; 
ſolid and brief. This Method of Reaſoning, as a kinddl 
Mathematical Logick, Geometry, Arithmetick, Muſick 
Aſtronomy, Staticks, and all the other Parts of the My 
thematicks, make eſpecial Uſe of: Foraſmuch as thy 
almoſt wholly depend upon Proportions connected to. 
er one with another; and are wont to borrow their 
/ays of Reaſoning concerning Proportionals from thi 
Fifth Book. Practical Geometry, which conſiſts in the 
meaſuring of Lines, Figures, and Solids, is for the mol 
part derived from the Doctrine of Proportions, There 
is not a Rule in Atithmetick but what may be demon: 
ſtrated from the Propoſitions of this fifth Book, without 
the Help of the 7th, 8th, and gth Books, which treat 
profeſſedly of Numbers. We may fitly call the Muſick of 
the Ancients Geometrical Proportions apply'd to tunefil 
Sounds; which ſame Thing you may well nigh ſay con- 
cerning Staticks,which are converſant about the Weights 
of Bodies.. To comprehend the whole Matrer in fev 
Words; If you take away the Doctrine of Proportion 
from the Mathematicks, you will leave almoſt notlling 
Which is excellent or greatly to be accounted of. 


Scholium. 5 
There is no Mat hematician who is ignorant of how great In- 

| portance in Geometry the - Knowledge of Proportions is; for 
it ts the very Marrow, as it were, of the Mathematical Sci 
ences: and the various Ways of Reaſoning concerning Propo A 

| F „ 


Lb. V. EUCLID's Elements, 
i bout them mode one Step. 

Bat thend rec kom that this Doctrine is congenite in Men's 
ud with common Reaſon it ſelf; and that the various 
es of Reaſoning concerning Proportionals, which Euclid, by 


ww: /o much need Demonſtration, properly ſo call d, as Illuftra- 
thu and Examples. And I am altogether of Opinion that 
% who rake in Hand to deliver thu moſt eaſy Doctrine by ts 
hg Circuit of Propoſitions, do involve a Thing in it ſelf moſt 
Weber, in a certain Cloud, and render it far more difficult. The 
—— $$: of the Matter I will open in a few Words. It is a thing 
Bly known, that four Quantities are then proportional, or 
er n.. Nat the Analogizs are then alike, when the firſt Quantity 
Stains the ſecond, as often as the third contains the fourth; 


it com when the firſt is as often contain d by the ſecond, as the third 
> Wy Wy the fourth. So 16:8::4: 2. And 3: 9:1 4:12. Here 
ſubtle e lile or the ſame Proportions ; becauſe in the former Ex- 
1nd u le the Conſequents 8 and 2 are contain d twice in their re- 


tive Antecedents; and ſo the Proportion of the Antece- 


1e M., to the Conſequents is double. And in the other Example 
is they Proportions are alſo alike ; becauſe the Conſequents 9 and 
ted to. do contain their reſpective Antecedents three times; and ſo 
their Proportion of the Antecedents to the Conſequents is ſub- 


ple, (Nor is there any Proportion of commenſurable Quant i- 


in the: which may not be expreſs'd by certain Numbers ; nor in- 
1e moſs of Incommenſurables, which may not be expreſſed by Num- 

There: infinitely approaching nearer and nearer unto the true one.) 
lemon ber more from what hath been ſaid it appears, that like 


vithoueertiont, whatſoever they are, may be expreſs'd not only by 


h treat er, Numbers, but alſo by the ſame. Thus 2 to 1 deſigns 
aſick of well the Proportion of 16 to 8, as of 4 to 2. 1 70 3 10 
runefulM7 expreſſeth that of 4 to 12, than that of 3 tog, as is moſt 
ay con- fe. Suppoſing therefore four Quantities to be proportio- 
eight, 4: B:: 42:6; it is enquir'd in this Book after how 
in few N like Manners the Terms of theſe like Proportions may be 
portion {eonged, and ordered amongſt themſelves. So that the emer- 


jothting Wy F 
f vered, that it may be done after all the ways and manners 


b are alike, both of them may be expreſs'd by the ſame 
mbers after this manner, A: B:: 9:3, and 3 ::: 9:3. 
d conſequently all the” Proportions emerging on both Sides, 
br by. Alternating he Terms, or by Inverting them, or by 


reat In- 
is ; fi 
ical Sis 
y Propote 

ine 


, nals, are both moſt uſeful, and moſt certain ; neither can r 


ech winding and going abont, delivers in this whole Book, do 


g Proportion on both Sides may be ftill alike. Aud it may be 


fble.z for ſeeing the Proportion of A to B, and that of a 


Com: 


1 oo 
Bs. 
j 


14 _ 
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3 
| Let it be 
T Thenitwil 


Ex æ quo 
perturbatè. 
Or thus, 


5 poſitions of the Fifth-Baok. Only two of them, which yet 


Compounding, er Dividing, or Converting, or Mixing 
t bem, may be expreſs'd by the very ſame Numbers; and cn. 


Therefore let Beginners obſerwe this one Thing, that Propurii 


EUCLID's Elements. Lib. V ib. 


ſequently the ſame Proportion will always be kept on both S4 

Hs for Example ſake. A B B. 2 bib, berauſe 9 
32, expreſſeth the ſame Proportion; which is Compoſitia 8 
The ſame is to be ſaid of all the ways of changing the Term | A 
ons which are on both Sides the ſame, be ever changed and He ot 
dered inthe wery ſame manncr., And then there will be t is 
Room to queſtion, whether the Proportions which ariſe on bot! | The 
Sides be alike or no. It it indeed a Thing to be wonder d Aogt 
that no one of thoſe who have hitherto compiled Elements Maſu 
Geometry, have made nſe of this moſt eaſy Method of ſtatin Wt of 
the Equality of Proportions, for the Illuſtrating of this Fiſt | 


Dook about the Doctrine of Proportions. Take therefore Mice 
trimary Ways which Geometry makes "ſe of, in reaſonin 2. ( 
concerning like Proportions, as they are digeſted into this nen 
Table. IR bn A 
St 

4 2 8 2 26 9 3 >. Þ 
It we 

5 $9 WY 8 The 
A 22a : B: 6 5: 9:9::3:3 ich 
. : _ > OH 29 Wi, c 
AB: 3 :: #48446: 32 9-43 (12): ert 
AB nB : a—bi 6 : 9—3 (6): 3; Wh 
„„ . „ ern 11 ca 
A 2 ＋E— 8 4 :a—b6:: 99 —3 (6) I, ! 

| AB:: rn 235 42 — 557: 93 9—3 R 
4: B.: 42 b, &'B Ce, them 4A: C:: „uu 
9 2 2 9 22375 823 I 25 32 1, then 9 83 29 1. 1 
A: B : aib, B: C: ia, then 41 C *. ant] 
$5 3:38: 3, 1 12: 2 8, then 6:12 ©: 2:3. ay 
8 3 2:16.46, 3: 2 24:16, then 8: 2 24 6. lor 
A * b :: 7a -|-b@&*b:e-.ar| big} ethens: te ich 
4 E bien BY i VO ART IN | ible 
He therefore that is expert in theſe Ways of Reaſoning «nf 1 
cerning Proportionale, and knows hom to bring them into ) 


upon Occaſion, will ſeldom ſtand in necd of the'particular Pr 


almoſt Axioms, may not improperly be inſerted and illuſtra 
by Examplee, in way of Appendix, beceuſe of the Frequent 
of their Uſe in all the Parts of the Mathematicks ; wh 


DI 


: herefgre ſhall be done after the Definitions. 


n 
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Mixing 


5 en 


7 erw, 
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1 N Mliquet Part of Magnitude, is that which being 


us the leſſer ſo many rimespreciſely. 


103 
DEF I NITI ON 8. 


ſo many times more or Jefs repeated, doth mea- 
Fe or is juſt equal ro the Magnitude. An Aliquant 
It is that which doth not meaſure it. 
he Length of one Foot is an Aliguot Part of the 
Ength of 10 Feet, becauſe being ten times repeated it 
afuresit. But the Length of four Feet is an Aliquant 
t of a Line of io Feet, becauſe being ſo many times 
cated, to wit, twice, it falls ſhort of it, but being 
ice repeated it exceeds it. | 
>. One Magnitude is ſaid to be a Multiple of another, 
en the leſſer meaſures the greater, and conſequently 
n Aliquot Part thereof; or when the greater con- 


. Proportion is the mutual Reſpett, as to Quantity, 
two Magnitudes of the ſame Kind. 
Therefore there are in all Proportions two Terms, of 
dich that is called the Antecedent which is firſt na- 
d, or which is nam'd in the Nominative Cafe ; the 
er the Conſequent. 
When the Antecedent and the Conſequent are equal MRS. 
called Proportion of Equality ; when they are une- | 
|, Proportion of Inequality, _ 
Rational Proportion is that which is berwixt com- 
ſurable Magnitudes, and may be expreſſed in Num- 8 
Irrat ional Proportion, that which is betwixt 
iti incommenſurable, and cannot be explicated 
any Numbers. . - 
oreover; Commenſurable Quataitics are thoſe 
ich ſome common Meaſure meaſureth ; Incommen+ 
ible, thoſe which cannot be meaſured by any com- 
n Nieaſure. om 7 85 
Two Proportions ( chat of Ato B, and that of C Fix 1. J. 5 
) are alike, equal or the ſame ; when the Antece. „ 
t of one (A) doth equally or in the ſame Manner ; „ 
t is, neither more nor leſs, contain its Conſequent 55 


as the Antecedent of che other (C) contains ar 


ſequent (F.) 73 


7 when the Antecedent of the one (A) is ſo often cone . 


d in its Conſequent (B), as (C) the Antecedent of . 
other is in its . (D. ) _. Two © 


Hg. 3. 


5 


Fig. 6. | 


TM 


Oc. of its Whole. 


always underſtood to be diſcretely fo.  - 


EUCLID's Elements, Lib. y. 
6. Two Proportions are unlike, or one is greater than 
the other, when the Antecedent of one (I) doth myp 
contain its Conſequent (L), than the Antecedent of th 
other (O) doth contain its Conſequent (Q); or whenth 
Antecedent of one is leſs contain d in its Conſequey 
than the Antecedent of the other inits Conſequent. | 
7. Like or fmilar Parts are thoſe which are equally 
in the ſame Manner contain'd in their Wholes ; ſo th 
what ſort of Part one is of its Whole, ſuch a Part th 
other is of its Whole. Which 2 indeed is nothin 
elſe, but that the Parts bear the ſame Proportion i 
their Wholes. £ 
_ Aliquor Parts are like, which do equally meaſure the 
Wholes, as if each of them be one Third or one Tent 


8. Magnitudes (A, B, C, D) are ſaid to be continu] "99 
Proportional when the middle Terms (B, C) are tile an 
twice; that is, when they are each of them a Con”; 

quent in reſpe& of the foregoing, and an Antecedent ii us 
_ refpe& of the following. MR F 5 9 vent 
| We thus pronounce continual Proportions. Ah Hd 
B, as E to C; and B is to C, as C is to D. And i 
"Os - © x „ | F 4 > 5 

9. Magnitudes are diſcretely proportional when 1 bs 3 

Term is twice taken. e dick 
DiſcreteP roportions we thus pronounce: A is to , 21 


C to F. When they are more than three proportion 
Magnitudes, if they be ſaid to be proportional, they u 


10. When the Magnitudes (A, B, C, D) are conti 
ally proportional, the firſt (A) is ſaid to have to the ti 
(C) a duplicate Proportion of that which it hath to XI. 
ſecond (B): And the firſt (A) is ſaid to have to fo! 
fourth (D) a triplicate Proportion of that which If 
fame firſt hath to the ſecond (B): And fo forwards. 
[if one triplicate Proportion be equal to another dupliti 
Proportion, the latter ſimple Proportion ſhall be ſeſquiplich 
or one and a half of tht former ſimple Proportion. Les 4, 


C, D, ber; and a, b, e, ; and let 4 the firſt in 


former Analogy be ante D #he fourth; as (a) the ff in 
ſecond Analogy is to (i) the fourth ; 1 ſay that (a) 11 
in a Proportion which is one and a half of chat which A 
10 B. For let F be à middle Proportional betwixt B and 


o, which is the ſame zhink; betwine A and P. hne, 


of 


ib V. EvucLid's Elements. 
ul the middle Proportions on bot h Sides F and (6); It wil 


{ of the entire Proportion of A to B, and of the Proportion of 
he ſame B to C halved ; and conſequently the Proportion of 
Lu) to (b), which is equal to that 74 to F, contains the en- 
re Proportion of A to B, and alſo the ſame hal d, to wit, 


vallyq he Proportion of B to F. But the whole Proportion with its 

Gu tl 5 « ſuſquiplicate or ſeſquialteral Proportion, or thas 

os A. hich is one and a balf of the other. (a) Therefore is to (5) 
I 


s Proportion ſeſquiplicate of that of A to B. So in Aſtro- 
my, ſince the Cubes of the Diſtances of the Planets from the 
un bear that Proportion one to another, which the Squares of 
heir periodical Times bear; ſo that the triplicated Proportion 
the Diſtances, is the ſame with the Duplicate one of the 
; iodicat Times ;, It 1s wont to be ſaid, that the periadical 
man e, are in 4 ſeſquiplicate or ſeſquialteral Proportion of their 
iſtances from the Sun.] | 


edent U 


2 d B, E, are homologous Quantities. | | 

u If a Ser of Pairs of Quantities contain every one 
e ſame Proportion, that is the very Proportion alſa 
lich the Sum of all the Antecedeats bears to the Sum 
all the Conſequents. < | 


yhen n 


s to h. 
jort)on 
they al 


20 ＋ 6-84-18 + 14 = 66 
, TE. 


XIX. If Parts be as Wholes, the Remainders will be 
lo in the very ſame Proportion. 


conti 
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h A it : | | 
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7 Equality of the Proportions of A to D, and (a) to e). 


4 F: : 41. But the Proportion of 4 to F is comp⁰eu 


11. Antecedent Magnitudes are ſaid to be Homolo- 
bus or like to Antecedent, and Conſequent to Conſe- 
vent Magnitudes. As if A is to B, as C to F; A, C, fg. v 


If 30 be to 20, as 3 to 2; 27 will be to 18 alſo as 30 


165 


The Elements of E vc.uff 


1 


BOOK Vr. 


9 IS _ 2 


1... 


HE Doctrine of Proportions, which was ge 
nerally ſet forth in the Fifth Book, is appliel 
in the Sixth, to plain Figures. And tho 
Things which are delivered in this Book an 

ſo neceſſary to be known, that without them no Mu me 
can penetrate into the Secrets of Geometry, and ren 


2 EN 

the ſweet Fruits of the Mathematicks. Each Propoſt 2. 
on deſerves to have an Encomium annexed ; fo greatiMonſ 
the Utility of all. I, ides 

This Sixth Book, as hath been ſaid, begins to apply thi 

excellent Doctrine concerning Geometrical Proportion, wiicd be 
was juſt before delivered, to divers, and thoſe certainly. nile 

_ notable Uſes ; and beginning with Triangles, the moſt [in one 
of Figures, ſearches out their Sides and Ares, as they N 


ſwer to one another in à certain Proportion. Then it deft 
proportional Lines, and the proportional Augmentations or Di 
 minutions of Figures ; and ſhews in what manner we may eitie 
Increaſe or dimiuiſb them according to any Proportion give, 
It opens likewiſe the Golden Rule, or Rule of Proportion, irt 
very chief of all Arithmetic ; and demonſtrates that in 
rectangle Triangle, not only the Square, but alſo the Pentagon 
Hexagon, and in general, every regular Polygon, which i at 
ſeribed by the Hypotenuſe, u equal to the Squares, Pent agmi 
 Hexagons, or any regular Polygons whatſoever, that are dt 
ſerib'd by the two Sides. It alſo propounds moſt eaſy and cr: 
tain Principles for meaſuring as well Solids, as Lines and SW 
faces, hich are of very great Uſe in all Parts of the Matti 
 matichs. 4 „ 
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DEeFiNiTIoONS. 


ET Ike or ſimilar Figures, are thoſe which both have 
L all the Angles equal, each to each other reſpe&ive- 


10 „and the Sides which are oppoſed to the equal An- Bb 
Wes or which are berwixt them, or which are about the i 


ual Angles, (for they come all to one) Proportio- 

J al. | ; | FO ; 

As the Triangles X, Z, will be ſaid to be like, or ſimi- ER. 9. 1. 6. 

kr, if the Angle A be equal to the Angle E, and the 

ngle B equal to the Angle I, and conſequently the An- 

je C equal to the Angle L: And moreover if AB be 

EI. as B Cto LI; and BCisto LI, as C A is to 

F; and CA to LF as AB to FEI; by comparing al- 

hays the Sides oppoſite to the equal Angles. In the 

me manner the Likeneſs of all right-lin'd Figures may 

> explained. D . 

2. Reciprocal Figures are when the Antecedent and g. 29. 

( e Terms of the Proportions appear on both | 
on 


r 
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As in the Parallelograms X, Z, 

If AC be to C B, 
e ACRHROCLK:. . 
he Antecedents here are A C, and F C, of which there 
one in both Figures; and the Conſequents are CB, 
d CL; of which likewiſe there is one in each Figure. 
nd therefore the Parallelogram X, Z are call'd recipro- 


ply the 
1, which 
ly, mf 
ſt ſin 
hey an 
t deut 


s or Di. Underſtanding the ſame of other Figures. 

a) eite . The Altitude of a Figure is the Perpendicular let 
u given Will from the Top to the Baſe. This is with Euclid the 
ton, thWurth Lefinition bs 


at in As the Altitude of the Triangle ABC is the perpen- Eg. I. 
>entagonMicular A Q which falls from the Top upon the Baſe 

ch i, C, either within the Triangle or without, upon the 

ent agmiiſe protraded. Now the Bate and Top are aſſumed art 
are d leaſure. | | | 

and ce. Like Arches of Circles are thoſe which have the 
and Sue Proportion unto their whole Circumferences. 

e Mathe AS if each of them be a third or fourth Part, &c. of 

lat Circumference. %%% — 


)EFl PROP- 
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pROPOSITTO N I. Theorem, 


N | 
Fg, 2. TRIANGLES (ABC, DE F and Pad 
| 1 eligram, (AO PC, DORF) which wifi 
betwixt the ſame Parallels, or have the ſame AM 
tude, have the fame Proportion betwixt vhemſehi 
| as their Baſes, (AC, D F.) | — 9 
f 


Upon this Theorem the whole Sixth Book depenh 

yea, whatſoever any where is demonſtrated about 
gures by Proportipns, whecher Plain or Solid. 

Let there be taken any Aliquot Part of the Baſe DW 

e.g. D G one Third, and let the right Line GE 
drawn: The Triangle DE G will likewiſe be one thi 
Part of the Triangle DE E, as is gathered from 38. 
Wherefore D G and the Triangle D GE are like {4 
* Per defin, quot Parts of their Conſequents . Then let ther! 
7. l. 5. taken away D G from the Baſe A C as often as it a 
as ſuppoſe ſix times, and let the right Lines H B, II 
K B, L B, MB, NB, be drawn. Becauſe the Lines Cl 
| HI, &. are each of them equal to D G, the fix Tri 
(40 Per 38 l. 1. gles CB H, H BI, &c. are each of them (a) equal tot 
| Triangle DEG. Therefore as often as D G is contin 


jn the Antecedent A C, ſo often is the Triangle DEQ F 
contain'd in the Triangle ABC. By the ſame Reiſo 
ing it may be ſhew'd, that the like Aliquot Parts ub, 


ever of the Conſequents (the Baſe D F, and the Trun 
gle DEF) are in an equal Number contain'd in the A (1 
tecedents (the Baſe AC, and the Triangle AB 4 
Therefore as the Baſe A C, is to the Baſe UE; ſo isth A) 
Triangle ABC, to the Triangle DEF. Q. E. D. 4 
(b!P:r4.)1, But now becauſe the Parallelograms AP, DR are 
double to the Triangles ABC, DE F, they alſo will p. 
SL ME 


Corol/ary. De. 


Fig. 3. 6 8 E Triangles (AB C, FIL) and the Parallelogran 
1 which have equal Baſes (AC, FL) or the ſamggsto 
have that Proportion one to another, which their ARE 

tudes (B O, 1 Q) have. ; If 


* 
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For let QS, OR, be made equal to the equal Baſes 

&L, AC); QS, OR will then be equal. Draw SI, 

RB. If in the Triangles O B R, QIS, you take B O, 

0 for the Baſes, OR, QS, will be their Altitudes; 

Which ſeeing they are equal, the Triangles OBR, QIS 
vin be betwixt themſelves, as their Baſes BO, IQ. (0) Per 1. 
jut becauſe by the Conſtruction O R is equal to A C 1 80 

d Qs equal to F L, the Triangles OB R, QIS, are 
equal to the Triangles ABC, FIL. Therefore the (d) Per 38. 
Triangles ABC, FIL, are alſo as BO is to QI. l. r. 
Coroll. (2.) Hence a Trapezium AB C D, whoſe Sides AD Fig. 50. 
hd BC are parallel, may be divided into any equal Parts 

hatſoever. For let CE be made equal to AD. Becauſe of 
be Equality of the Angles vertically oppoſite (e) AFD, (e) Per. 15. 
rc, and of the alternate Angles (f) D AF, F Ec, and 5 * 
WDF, EC F, and the Equality of the Baſes AD, CE, by 1 8 
onftrution, the Triangles A DF, Fc E (gh, are equal; and (g) Per 26. 


38. TD -refore the Triangle AB E is equal to the Trapezium ABCD. 1. 1. 


ke il berefore the Baſe BE being divided into any equal Parts 
here hatſoever ; as for Inſtance, three, BG, GR, RE, the Tri- 
it E's 43G, 4 GR, ARE, ſhall each of them be one third 
TN of the Trapexium. Q. E. I. 

res Cl | 

Tin 


PROP. II. Theorem: 


F to one Side of a Triangle (as B C) there be fu... 
drawn (FL) a Parallel, this cuts the Sides pro- 


ona, that is, (A F) will be to (FB) as (AL) 

A B OW Aud if the right Line (EL) cuts the Sides (B A, 

HY 4A) proportionally, it will be parallel to the other 

Rare (B C). „ 

; wil part 1. Let BL, CF be drawn. Becauſe F L is ſup- 
oſed parallel to B C, the Triangles F BC, LCF hav- ts 
hg the ſame Baſe are (a) equal. Therefore the Trian- () Per 37. 
le X, hath the ſame Proportion to both; now the Tri- l. 1. 
ngle X is to the Triangle FB L, as the ſame Triangle 

Fa is to that LCF. But the Triangle X is to the Tri- 

eJograWnole EBL ( b), as AF is to FB; and the Triangle X (b) fiy che 


the 13 Wito that LC F as AL (e) is to LC. Therefore alſo foregoing. 
heir A is te F B, as AL to LC. NE. Bb. 5 


- 
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Part 2. As AF is to FB, ſo is the (4) Triangle x 
to the Triangle FB L: And as AL is to L C, fois h. 
ſame Triangle X to the Triangle LCF. Now AFM 
ſuppos d to be to FB, asAListo LC. Therefore th 
Triangle X is to the Triangle FB L, as the fame Xu? 
toLCF. Therefore the "Triangles FB L, LCF are e 
qual. Therefore ſeeing they have a common Baſe FLW 
the Lines FL, BC, are (s) parallel. Q. E. D. 4 


Corollary. 


_— I unto (BC) one ſide of a Triangle there be dra 
| more Parallels (IO, FL) all the Segments of h 
Sides will be proportional. F 

Let FO be drawn parallel to A C. The right Lin 

(f) Per 34. FS, 8 N de equal (f) to LO, OC. Bur BI is 


4.1. FI, as to S F (a). Therefore BI is alſo to I VH 
* Ft O. | : E 


PROP. III. Theorem. 


Fg. 6s, IF axrigbt Line (BF) which biſects an Angi 
a Triangle, doth alſo cut the Baſe. (A C), WM 

Segments of the Baſe (A F, FC) will have the ſan 
Proportion betwixt themſelves as the Sides (A B, BC 


have. | EE 
And if the Parts of the Baſe (AF, F C) hun 

the ſame Proportion betwixt themſelves, as the «ti 
Sides (AB, CB) the Line (B F) which cuts il 
Baſe, biſects the oppofite Angle (A BC). 


Part 1. Draw forth CB until B L be equal to BA 

and join AL. Becauſe in the Triangle Z the Sides L. 

(b) Fer 3. AB, are equal, the Angles alſo (% Land O are equi 
„ Becauſe therefore the external Angle AB C is equal ll 
(o) rer 32. the two internal ones (c) L., O, the Angle I, which bl 
. the Hypotheſis is half ABC, will be equal to tl 
(4d) Per 20. Angle L. Therefore AL, F B (4) are parallel. Thert 
t 1. fore in the Triangle ACL, AF istoFC (e) as L 
(nber 2+ (that is, A B) is to B C. NE. D. 1 
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part 2. Protralt CB again until BL be equal to 

B A. Becauſe A F is ſuppos d to be to FC, as AB 
chat is, LB) is to BC; AL, EB (a) are parallel. (a) Per > 16. 
berefore the external Angle I is equal to the internal 

one L (Y); and the alternate Q equal to the alternate b) Per 27, 
. But becauſe LB, AB, are equal, the Angles L and “ 1. 


 FLC (e) are equal. Therefore I and Q are alſo equal. 1.1. 
Therefore A B C is biſected. QE. . 


« 


PROP. IV. IT heorem. 
_ | Riangles which are equiangular to one another 

1 are like or fimilar, that is, have their Sides 
Lia % (a) that are oppoſite to the equal Angles propor- (a) per ag. 
RL 7771 1 
In the Triangles X, Z, let the Angle A be equal to Fs: 7: 
the Angle F, and the Angle C to the Angle L, and the 
Angle B to the Angle I; I ſay, that AB is to FI, as AC 
to FL; and A C is to FL, as CB is to LI; and CB 
to LI, as BA is to FI. 


ma | Demonſ#. If the Angle F be laid upon its equal A, the Fg. 7, 8. 

C), Mies FI, FL will fall upon the Sides AB, AC. And 

be ſankrauſe the external Angle AI L is by the Hypotheſis 

2 BORE! to the internal B (4), therefore (e) IL, BC, are (i) Eg. g, 
9 


kallel. Therefore BI is to I A (f) as CL to L A. wore. 
here fore by compounding, B A is to I E, as C A to LF. (c) Fer 29. 
id if the Angle L be laid upon the Angle C, it will 45 
t ſhew'd in the ſame manner, that AC is to FL, r 
C is to IL; and if the Angle I be laid upon the 
ngle B, it will be ſhew'd in the ſame manner, that 
Cis 0 IL as AB to FI. The Propoſition therefore 
prov'd. 5 85 e 8 


Corollaries. 


| I in a Triangle a Line LI be drawn parallel to one rig: 8: 

1 Side B C, the Triangle L FI will be like to the 

* 5 K F; and conſequently C F will be to L E, as 

LE: e R 

For becauſe LI, B C, are parallel, the external An- 

les FIL. FL I will (per 2. J. 1.) be equal to the inter- 

| ones B and C: But F is common to both Triangles. 
. H 3 There- 


112 
(f) By the 
feregoing. 


Fg. 9. 


Fg. 51. 


dow, to Z B the Heighth of the Tower, And becauſe the in 


Frg. 53» 


® Per 21. 


CF, LF oppoſite to the equal Angles B and FIL. / 


N 
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Therefore they are equiangular. Therefore the Sid 


are proportional to the Sides B C, L I, which are oppoi MG: 
to the common Angle F. f 

2. If in a Triangle a right Line B F drawn from th 
oppoſite Angle B, doth cut the Parallels AC, LO, ji 
cuts them proportionally. 4 

For by Coroll. 1. AF is to LI, as F B is to IB a 
F C alſo is to 1 O, as FEB is to IB. Therefore AF is 
LI, as EC to 1 O. Therefore by changing, A F is i 
F C, as LI to IO. 3 


LI. From Coroll. 1. We learn to find the Heighth of a Tir 
or any elevated Point, by only the Shadow of a Staff. i 
the Staff FL perpendicularly upon the Ground in that Pl 
where the Ray of the Sun X B A, that terminates the Shain 
of the Tower B Z, may alſo paſs through L. There will h 
the Triangle AZ B the Line FL parallel to the Height) We 
the Tower Z B. Whence as A F the Diſtance of the Staff fu 
the Point of the Shadow, is to FL the Length of the $f 
fo is A2 the Diſtance of the Tower fron the Point of the 


Ferſt Terms are eaſily had by meaſuring, the fourth alſo, i 1 
the Beighth of the Tower is had alſo. Q. E. I. Pe 
4. From this alſo incomparably uſeful Propoſition, we HA 
deduce that Famous Theorem of Ptolomy; to wit, That WS 
every Quadrilateral inſcrib'd in a Circle, the Rectangle j 0 J 
Diagonal: ACXBD z equal to the two Refangles it IF 
oppoſite Sides, ABXCD and ADXBC. For let the ty 
B A E be made equal to the Angle CAD. Becaufe the! * 
gles BA E, CAD, are equal by Conſtruction, the Anj\ Be 
ABE. Ac D, ſtanding upon the ſame Arch A D, are equi th F 
therefore the Triangles BAE, C AD, are alike. And 4 6 


. Fs 
+Per16, l. C. 


Extremes AC x BE is equal to the Rectangle of the Mt 


CD :: AB: BE; and conſequently t the Rectangle . 


CDx AB. In like manner, becauſe the Angle E AD if 
qual ta BAC by Corſtruction, and the Angles ADE, Ad 


4 ſtanding upon the ſame Arch AB, are equal: The Tris 
gles ADE. ACB, will be like; and AD:DE:: 400 


And therefore the ReFaugle of the Extremes ADxXCB' 
qual to the Rectangle of the Means DEX AC. But 4 
Refangles AC x BE, and ACxDF, are equal to the Ri pc 


angle A Cx D. Therefore the Rectangles AB» DC, 


AD x8 


, Which are made by the oppoſite Sides, are equal to 
| be Rectangle AC x E P, which is made by the Diagonals. 


TED EV Theorem. | 


I each to each, they ſhall alſo be mutually equiau- 


That is, If AB be to RF, as ACroRQ,; and as 
„ A is to RQ, fois CB to QF; and as CB is to Q 
5 F, ſo is AB to RF; I ſay, that the Angles oppoſite to 
at del the Antecedents, are equal to the Angles oppoſite to the 
gan Conſequents; to wit, Cro I, and B to F, and A to O. 


ill be. 


i Ang. Antec. Conſeq. Ang. 
wr 1 AB RE of 
he 5:48 B AC — 2 * 
" the g : A : 45 B | | QF h - O. ; 
55 x Make X and Z equal to A and C; and let the Sides 


5 we 4 


" Tha angular, AB (by the foregoing) will be to RN, as A 


(to RQ. But by the Hypotheſis, A B is to RE, as AC 
oRQ. Therefore A B is to R F, as the ſame AB is to 
RN. Therefore RN, R F are equal. In the like man- 
ner I might ſhew that Q N and QF are equal. There - 
fore the Triangles T, S, are equilateral to each other. 
[Therefore the Angles I, F, O, are equal (per 8. 7. 1.) to 
the Angles Z, N, X, that is, by the Conſtruction to the 
Angles C, B, A. &. E. D. 955 PT 


equal to one Angle (O); and the Sides (AB, 
AC, RF, R which contain the equal Angles 2 
portional ; the Triangles will be like. 


Rs Let 
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4 


EY F two Triangles have all their Sides proportional eg. 10. 


F two Triangles (P, H have one Aug e (A) Rg 


/ 


meet in N. The Angles B and N will (a) be alſo e- (a re c. 
qual. Becauſe therefore the Triangles P, T, are equi- 9 32. 3+ 
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Let X and Z be made equal to the Angles A C, u Fo 

the Sides meet together in N. Therefore the Angles} 0 

+ Per cer l. 9. and N will () be alſo equal. Then it may be ſhew'; 
5. 32.1.1, as in the foregoing, that RF, RN, are equal bu It? 
RQ is common to both Triangles 8, T. The Ange 2. 

alſo O and X are equal, becauſe they are equal to the ſan; Mike. 

As, the one X by the Conſtruction, and O by the Hypo. 

(c) Per 4. theſis. Therefore (c I and F are likewiſe equal to) 
. Is and N. Therefore the Triangle S is equiangular to te 
Triangle T; that is, by the Conſtruction, to the TH. I 

angle P. Therefore 8, P, are like (per 4.1. 6.) N E. D. {Wrulc 


a PR O P. VII. 

1 S ſcarce of any Uſe. 
PROP. VIII. Theorem. 

Fig 11. N a Ref angle Triangle, the Perpendicular (BC) ft 
I let down from the right Angle to the Baſe, cu 


the Triangle into Parts like to the whole, and betwix 
themſelves. 


In the Triangles AB F and L, the Angle F is com- 
mon, but the Angles ABF and X are by the Hypo- 
theſis right ones, and conſequently equal. Theretore 

e) Per cl. the other n O are (e) alſo equal. There- 
9 5. 42. l. 1. fore (f) the Triangles A B F and L are like. In the 
(f) Per 4. 1.6, fame manner the Triangles A B F and R may be ſhew! 
to be equal, and the Angle I equal to the Angle F. 
From which it is now manifeſt, that Rand L alſo are 

like, ſeeing the Angles I and F; O and A; U and X 


. are equal. Q E. D. 


Corollaries. 


* IRFT BC 1s 2 mean Proportional betwixt A c 


For 
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For ſeeing there be in the Triangle R and L, 
equal Ang. I. F ] equal Ang. A. Ty 


ew 1 Sides oppoſ. AC Sid. oppoſ. CB. CF. | 
bu It is manifeſt (a) that A C: C B:: CB: CPF. (a) Per 4.1.6, 
Ange 2. BF is a mean Proportional berwixt A F, and C F. 
e ſam J ikewiſe A B a mean bet wixt FA and CA. 
Hypo For in the Triangle ABF and L. 


to! ; equal Ang. AB F. X equ. Ang. : O 
to the N Sides o 1 AF. BF] Sid. 13 25 B K. CF 


| : 3. Hence we learn to 1 an inacceſſible Line, one Term Fig. 11. 
Lip hereof 7s acceſſible. Let the inacceſſible Line be C F. Let 
lere be raisd from the Point C the Perpendicular C B: And 
to any Point of this Perpendicular as B, let there be applied a 
Pquare or any right Angle AB F; ſo that in looking along the 
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7 B F the Paint F, and along the Side B A the Point A may 
[he obſerved. Let the acceſſible Line AC be meaſured, and f 
( B 0 ; from the following Analogy the inacceſſible C F will be made " 
Emwn. AC:CB::CB: CF. Let the Square then of the Ky. , 
e C B be divided by the Line AC, and the Quotient le) vi Per Cord, 38 


* the ſought Line C F. Q. E B. 1. 17.4.6, 


P R 0 P. IX. Problem, 


com 
Iypo. 

a T O divide a given Line (A B) according to a Fig: 12. 
ben given Proportion (FIwl L) 

| the 

ew Let the infinite Line A Z be amen. From which 


le F. take AQ, QR, equal to FEI, IL. From R draw R B. 
az WW Parallel to this draw QC from Q I ſay * thang 6 is 
ad X done. 

It is manifeſt from Prop. 2. I. 6. 


Yo Fo. — 4 PROP. 
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| | - Agi 
P R O P. XK. . me t 

3 | LA raw. 

Kg. 13. o divide a given Line as (AB) in like m 
; ner as another given one (A) hath been wer 


vided (in P, C). 


Let the right Line IB join the Extremities of h 
two Lines. Draw Parallels to this from the Points J,. 
which may meet the right Line, that is to be cut, A Bj 

L and Q. I ſay the Thing is done. 
This is manifeſt from the Corollary of Prop. 2. 1.6. 
Fig. 53. [Or thus. if the cut Line I A be greater than that whit 
| Is to be cnt BY, let three Circles touching one another be . 
ſerib'd with the Diameters IF. IC, IA; and let the Subta WK 
B © be fitted from the Point I to the Circumference of th 
greateſt Circle: The two leſſer Circles will cut the Line 39 
per cool. 4. in the Points L, P, in the Proportion * of the Sections of th 
p. 31. l. 3. Diameter L A, If the Line I A be cut into four Parts, ſw 
Circles are to be drawn; if into five, then five Circles; aud 


infinitely.]I | 
Scholium. * 
Fig. 13, ROM this Propoſition we learn to cut a right lin eg 
given into any equal Parts whatſoever. Let an inf: N p: 


nite right Line make any Angle with the right Line tobe Het i 
cut AB; from which take with a Pair of Compaſſes ſo Wor 
many equal Parts AC, CF, FI, as you would divide WB C 
A B into. Draw the right Line I B, and the Paralleh the 
| to it FL, CQ. I fay the Thing is done. TOs 
Fig. 14. We may do the ſame Thing otherwiſe, and more ei- 
. ſily after Maurolycus, in the manner following. Let AB 
be to be triſected or divided into three equal Parts. Draw 
the infinite Line IX parallel to A B, above or below it. E 9 
From I X, if it be below A B, take with a Pair of Com- . F 
paſſes three equal Parts IQ, QR, RS, which together {Which 
may be greater than AB; bur leſſer if IX is above. :: 
Through I and A, as likewiſe through 8 and B draw 
right Lines which may meet together in C. From C to 
| Q and R draw right Lines: Theſe will triſect the given 
Tine AB, The Demonſtration appears from Corolla. A. 
V FFF Again, 
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Again, With Maurolycus, we may otherwiſe obtain the Fg 15. 
me thing, to wit, thus: Let A B be to be quadriſected. 

Draw the infinite Line AX and BZ alſo an infinite 

Gne parallel to it. From theſe take with the Compaſſes 

ual Parts AL, LO, OQ, and BV, VS, SR, in each 

wer Parts by one than are required in AB ; then let 

Gere be drawn the right Lines, LR, OS, QV, Theſe 

Wl quadriſec the given AB. g 

For becauſe by Conſtruction, the Lines LO, RS, pa- 


fe ved. 
5 1 2 Riel and equal, are joind by LR and OS, theſe alſo 
Aue will be parallel. In the like manner O S and QV (a) Per 33. 


t parallel. Therefore ſeeing AQ is cut into three “ 1. | 
ual Parts, AI will alſo (6) be cut into fo many equal (b) Per corol. 


whiz Wcts. Likewiſe BC will be cur into three equal Parts. r. 2. l. 6. 
be 4, (erefore the whole AB will be cut into four equal 
7 Theſe two Ways of Practice are eaſier than Euclid s, 
„ - cauſe fewer Parallels are to be drawn. 

"1 . | 
s, fe PRO P. XI. Problem. 


O find a third Proportional to two right Lines Big. ic. 
given (AB, BC). . 


Draw the right Line AC. From B A produced take 

F equal to B C. Through F draw the infinite Line 

parallel to AC, which infinite let B C produc'd 

et in L. I ſay that AB is to B C, as BC to CL. 

For AB: AF (a):: BC: CL. But AF (b) is equal (a) Per 2.1.6: 
BC. Therefore AB: B C:: BC; CL; and ſo CL; ®) Ey the 
the third Proportional ſought, | | Conſtruction. 


it Line 
in inf. 
e tobe 
ſſes {0 
livide 
rallels 


re ei- 8 
et A | Otherwiſe, 
Drove. ff: . 3 
ow it ET AB and BC be ſet at a right Angle. Join AC. Eg. 17. 
Com · From C draw CX perpendicular to A C infinite ; 
gethet Mich CX let AB produc'd meet in L. I ſay AB: 
__ : BC: B L. It is manifeſt from Corol. I. pr. 8. 

raw 3; e 
1C to 
given 


— Sobo- 


gain, 
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Scholium. 
\ 

„ Proportion may not only be continued j 
three, but alſo in infinite Terms, and the why, 

Sum of the infinite proportional Terms be exhibyy 
Gregory of St. Vincent hath very handſomely proſecuy 
this Matter, and the whole Buſineſs of Geometrical Py 
greſſion in the whole ſecond Book of his Work, 


tor the Sake of the Studious, will here preſent ſuceini , & 

ly the Conſtruction and Demonſtrations of the TU L 

_ propoſed. | wich d 

| . * 

Problem. Wo 

Wo | insfe 

| Fig. 19. ET a Proportion of the greater Inequality be gin J E 
. . as AB ro BC. It is requir d to continue this Mays 
| infinite Terms, and to preſent the Sum of them all, Ned 
q | | þ th; 
| Let the Perpendiculars AL, BO, be erected, and por 
ken equal to the given Lines AB, BC, and througi in A 


O, let a right Line be drawn, meeting with AB CH 

duc'd in Z. I fay, 1. If from C you ere the Pema 

dicular CQ; C ſhall be a third Proportional. Tr 

fer QC into CE, and from E ere&@ ER; this fhalll 

a fourth Proportional. Transfer E R into EF, u 

erect FS; this ſhall be a fifth Proportional; and fot 
Proportion of A B to B C, that is, of AL to B O, 

be continued through the Terms, AL, BO, C. 

FS, &. or AB, BC, CE, EF, &c. infinitely, | 

cauſe every Term (as FES) may be taken away from 
remaining one F Z; for ſeeing L A (that is, AV 
(a) re: Carol, leſs than AZ; E s alſo () muſt ever be leſs than 
I. Prep. 3. | | 
1.6. I fay, (2.) A Z is equal to the whole Sum of the i 


" 


nite Proportionals. 


Pat . being ſup 'd as before, AZ: BY 
AB BC; it will be by alternating AZ: AB:: BZ: 5 
And by dividing, A TAB: AB: BZ—BC:BC;" 

is, BZ: AB:: CZ: BC. Therefore by inverting A B: 
:3 BC:CZ. Andby compounding 4 B- BZ: BZ. 


— 
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2: CZ; tbat is, AZ: BZ: : BZ 021 But a8 AZ 
Ito B Z, ſo is LA to OB; and as B Z is to C Z, ſo is 
B to QC. Therefore alſo LA is to OB, as OB is 
IQ C. In the ſame manner I might ſhew that OB is 
QC, as QC to RE; and ſo forwards infinitely. _ 
part 2. The whole Sum of the infinite Terms is nei- 
c leſs than A Z, nor greater; therefore it is equal. 
is not greater, becauſe ſeeing we have ſhew'd above, 
QC is lefſer than CZ, andRE than E Z, and SF 
| n F Z, and ſo on infinitely, all the Terms QC, RE, 
uceini , Cc. may be infinitely ſet one by another in the 
t Line AZ; ſo that the Point Z ſhall never be 
Sch'd. Again, the ſaid Sum will not be leſs, becauſe I 
be above thew'd, AZ, BZ, CZ, to be continually 
portional; and in the ſame manner the ſame Thing 
Mew'd of the ret EZ, F Z, & c. Seeing therefore by 
insferring the Proportionals QC, E R, ES, &c. into 
EF, FI, the Remainders E Z, F Z, IZ, &c. are 
hays contiually proportional, as we have already 
wed; we ſhall at the laſt come unto a Remainder 
than any given one; and therefore the Sum of the 


and portionals ſhall exceed every Quantity that is leſs 

rout Mn A Z; from whence it ſelf cannot be leſs than AZ. 

B CoiWing therefore it is neither greater nor leſs than A Z, 

ö all be equal to it. Q E. D. 

g P, 1 Theorem. . 

nd ſot 1 ü . | 5 

2 0, HE Difference of the firſt Terms, the firſt Term, 

. End the whole Sum of the infinite Proportionals, 

tely, Wcontinually proportional. pores 

from the upper Figure let OX be drawn parallel to AZ. xg; 19. 
A B)|refore L X ſhall be the Difference of the firſt Term 

chan FW or AB, and of. the ſecond BO, or B C. Becauſe 


) is parallel to AZ; LX ſhall be to XO, as (a) (4) pe- ci. 
is to A Z. But XO is AB, and XA likewiſe is 1. prop. 4 
. - Therefore the Difference L X is to the firſt Term. 6. 
„ as A B the firſt Term is to A Z the whole Sum. 


F the in 


2 By 


BZ : e ſame Thing may be demonſtrated univerſally and Fg 20. 
B C; 0 briefly in every kind of Quantity, thus; Let there 
AB: ny (continual Proportionals whatſoever (as well 


BZ::6 


— 


abers, as other Quantities) A Z, B Z, C Z, &. and 


— 
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Fig. 21, 


Ft. 22. 


let them all be transferred upon the firſt A Z. Ther 


if Proportionals be continued infinitely, the laſt Quy 


is to B Z, the ſecond Quantity, and ſo forwards. They 
fore as AB, the firſt Difference, is to A Z the firſt Quy 


ties, that is, to the whole Sum of the infinite Quanta 


Rees right Lines being given (AB, BC, 4 


from Prop. 2. of this Book. Therefore F L is the fout 


6 Countryman Bertin in his T reaſury of Math 


1. 3. and 14. of this, which depends not upon the pre 


the third B D be join'd right to one another, ſo # 
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fore AB, BC, CE, EF, &c. will be the Diffen 
ces of the Proportionals; which together with the l 
Quantity F Z are equal to the firſt A Z. Now becuſ 


tity vaniſheth away, it is manifeſt that the Different 
of the infinite Proportionals are equal to the firſt 4) 
Then becauſe A Z is to B Z, as B Z is to CZ, and i 
on. By dividing, AB will be to B Z, as B C to CI. 
and by converting, as A B, the firſt Difference, i; 
A Z, the firſt Quantity; ſo B C, the ſecond Differeng 


tity. So all the Differences, (that is, as I have alrey 
me wd, the firſt Quantity A Z) are to all the Quay 


KI. 5. 
PROP. XII. Problem. 


to find a fourth Proportional. 


Let the two right Lines be diſpoſed, as the Fig 
ſhews, and draw the right Line BF, to which let! 
infinite Line C Z be made parallel. Let A F produc 
to L meet CZ. . | 0 

Ifay, AB is to BC, as AF to FL, as is manik 


Proportional ſought. 
Scholium. 

matical Philoſophy, doth handſomely from 
Propoſition, find out a fourth Proportional, three bel 
given, and a third two being given, after this mann? 


If three right Lines be given, let the ſecond CB, i 
make one right Line, and let the firſt B A touch ti 
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the Point B in what Angle you will. Through the 

dints C, A, D, deſcribe a Circle (a), which let A B (a) Per 5. l. 4; 
e firſt Line meet in the Point Z. B Z is a fourth Pro- 

ertional. E, | | 

For ſeeing the Rectangles A B Z, CB D, are (4) equal, (b) Per 35. 
B will be to BC, as B D to B Z, by the 14th of this 

bok, which, as was ſaid, depends not upon this. 

If there be given two right Lines AB, BC; let BD Ff. 23. 
qual to B C be join'd to B C, ſo as to make one ſtrait 


12 Wine Then let the firſt AB touch B C in B in any 
s. The asle. Then the reſt is as before, and B Z will be the 
ft Qua ird Proportional ſought. | 

Ee bd The Demonſtration 1s the ſame ; for ſeeing the ReQ- 
Cum sles A BZ, CBD, are equal, AB will be to B C, as 


Uantite ; D (that is, B C) is to B 4 


PROP. XIII. Problem. 


Wo right Lines g1ven | (AC, C B) 0 find A Fig. 24: 
mean Proportional. — 


* 
"H 


Ec A! ; | Pp 
Let the whole compound Line AB be biſeQed in O, 

nd from the Center O a Circle be deſcribed through A 

dB ; from C ereQ& a Perpendicular C E, meeting the 
ircumference in KE. | 
Ifay, A C is to C F, as CF is to CB. | 

For let A F, B F be drawn; the Triangle (c AFB is(&)Per314.3 
ght - angled, and from the right Angle there is drawn 

e Perpendicular F C to the Baſe. Therefore A C is 


CF as (a) C Fis to CB. (d) Per cool. 
| | 1. P. 8.1.6. 


> Fig 


Corollary. 


Ence it is manifeſt, that if from any Point of the 
Circumference (as F) there be drawn a Perpendi- 
ular(F C) to the Diameter, this Perpendicular isa mean 

roportional betwixt the Segments of the Diameter 


e preſ 
ee bel 


THE 
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T* IS Place requires, that we ſhould ſay ſomethy 


Fig. 27. 


our Claudius Richards hath it; for Plato himſelf madei 
| of one Square only, but which had inſerted into its i 


Fee Fg. 26, 


| ſay) be taken, and the Angle D of one Square bei 


EUCLID's Elements, Lib. 
Seholium. 


briefly concerning the finding out of two g 
Proportionals betwixt the two given Lines. All the c 
metricians of Greece, at Plato's Suggeſtion, ſet them: if 
with all their Might to the Solution of this Proble 
Divers moſt ſubtle Ways of Practice are recited by 
cius in his Commentary on Archimedes; as thoſe of pj, 
Architas the Tarentine, Menæchmus, Eratofthenes, Philo 
tius, Hero, Apollonius of Perga, Nicomedes, Diocler, Syn 
Pappus ; to whom the later Times have added 7» 
Gregory of St. Vincent, Renatus, Carteſius. Out of all toe f 
we ſhall ſelect Three more eaſy than the reſt, 4 


Plato's Method. 


JT isrequir'd to find out two Means betwixt the gꝗ 1 


Lines AB, BC. | | 
Let A B, B C be ſet in a right Angle, and be produ ſar 
infinitely towards X and Z. Then let two Square (| 


DE a Rule moveable along DE, let two Square, 


plied to the right Line B X, in ſuch certain wiſe, th 
one Side may alſo paſs through A; and to the Point The 


in Which the other Side cuts the right Line B Z, let N iou 


ſecond Square be applied, which will paſs through N of 
I ſay, that B D, BE, are two Means betwixt the gu 2! 


Lines AB, BC; that is, as AB is to BD, ſo is BI 


to BE, and B E to B C. | 


The Demonſtration is manifeſt from Coroll. r. Pro. 
1.6. for ADE is a right-angled Triangle, and fromtit 


right Angle to the Baſe there falls the Perpendicular DE“ 


underſtood, 


Therefore by the ſaid Corollary, as AB is to B D, ſo ti 
B D to BE; and for the ſame Cauſe, as BD to Bere 
ſoisBE to B C. Therefore betwixt the given rig be. 
Lines AB, BC, there are found two mean Proportionalluc 
BD, BE. Which was the Thing to be done. TiM Y 
manner of ſolving the Problem is the eaſieſt of all to ua 


= 
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' The Method of Phylo the Byzantine. 


meth,_WE T the two given right Lines AB, BC, be ſet to- Eg. 25. 
o nM gether at a right Angle; then let the Rectangle A 

the b be perfected, and let DA, DC be produce d in- 

emſehl tely, and let the Diameters B D, A C be drawn, cut- 

robe g each other in E. From the Center E through B 

by i Circle be drawn, which becauſe ABC is a right 

of Male (a) will paſs through A and C. Then let a Rule(a) per 31. 
h pplied to the Point B fo, that the intercepted right. 8s. 
1, $ es BG, OF, may be equal. I ſay, that AF, GC, 

| 7 two mean Proportionals betwixt the given AB, B C; 


all tit is, as AB is to AF, ſo is AF to GC, and G C to 

Penonſt. Becauſe G B, OF (3) are equal, O G, B F, (b) By the 

Il be alſo equal. Therefore the Rectangles O GB, Conſtruction 
F O, that is (e) the Rectangles D G C, D FA, are e- og 4 pc 
Wl Therefore as G D is to DF, ſo (a) reciprocally . 
is to GC, but G D is to DF (e) as B A to A F. 46. 


he gi 
gerefore as B A is to A F, ſo AF is to GC. Again, (e) Per Corel. 


proluauſe I have already ſhew'd that AF is to GC, as * b. 4.0. L. 
ares is to AF; and ſince B A is to AF, as GD is to 
madei - that is, as GC is to CB, A F will alſo be to 
its Yi as & C is to CB. Therefore all four B A, AF, 
uares, L, C B, are continually proportional; and therefore 
e be Nwixt the given Lines AB, BC two Means have been 


ſe, thi 
Point! 
Z, let 
rough ( 
Ce gie 
is BL 


F | 

Theſe two Methods of Solution, although they be in- 
ious and eaſy enough; yet becauſe a due Applica- 
n of a Square and Kule 1s not made but by trying, 
y are not Geometrical. | 1 


Prop. 
rom the 
lar D U 


The Method of Cartes. 


ET an Inftrument of ſuch ſort be provided; that EA 53; 


D, fo two Rules may be open'd and ſhut about V. Let 
to 3 ere be inſerted into theſe divers Squares connected to- 
n rig ber betwixt themſelves in the Points B, C, D, E, F. G, 
rtio ni ſuch ſort that in the mean while that the Rules Y X 


„ II 


LY Z are open'd, the Square B C may impel the 
all to be 


ure CD in the Rule V Z, and the Square C D may 
„ ; impe] 


I 


* — * — 4 
: XS. * , 2 - _— 
3 N. "XZ 
- * * Se... <5 a * 
5 . 323 . 
MN — * . - 
: "I , * 
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"My" .-impel the Square D E in the Rule Y X, and the Squy b 
DE may impel F E, and E F impel or force foryy F 15 
3 FG and fo on: But fo that while the Rules x wy $ 
e and V Z are ſhur, all the Points B, C, D, E, E, G, e 55 
to fall upon one and the ſame Point A. By this Inf _ 
ment not only two, but alſo four and ſix, yea, as my 
Means as you will, betwixt two given right Lines m 
be found. Which thing can be obtain'd neither by 
Sections of a Cone, nor by any Methods found out 
the aboveſaid Authors. 25 
For two Means three Squares are requir'd; for fy 

Means five Squares, and ſo on. 

Let the leſſer of the given right Lines be transfer 
upon the Rule Y X, and let it be VB; the greater y 
on the Rule V Z, and let it be Y E. Let the firſt Sqy 
be applied to the Point B, and be fixed there, and leti 
Rules be open' d, until the Side of the third Square 

ſeth through E. I ſay, that X C, Y D, are two Men 
betwixt the given I B, VE; that is, that Y B is toll 
as Y C is to M D, and V D to MY E. 

The Demonſtration appears out of Coroll. 2. pr. 8.14 

For from the Nature of the Inſtrument, in the Triay 
VCD, the Angle at C is a right one, and from it 
falls perpendicular upon the Baſe Y D. Therefore | 
the ſaid Corollary, as VB is to YC, ſo is YC to VI 
Again, becauſe in the Triangle Y DE, the Angle it 
is a righr one, and from it there falls the Perpendicu 
DC upon the Baſe YE, as X C is to YD, ſo is YD 
Y E. ThereforeYB,YC,YD,YE are four contin 
al Proportionals. Berwixt the given Line therett 
Y B, Y E, there have been found rwo mean Proport 
nals V, 1 0. E. 1. 
If bet wixt the given ones Y B, V G, there be requir 
four Means, open the Rules, until the Side of theff 
Rule FG paileth through G. There will be Y C,! 
VE, XF, four Means betwixt Y B, V G. The Demo 
ſtration is manifeſt from the ſaid Corollary. | 
This way, although the Inſtrument is more oper 
than Plato's, is in very Deed an excellent one; both! 
cauſe it doth nothing by bare Tryal, and becauſe it“ 
tends it ſelf unto four and fix, and as many Means 
you will. * TR ks 
The Deliacal Problem, to wit, the Duplication of: 
Cube, is performed by two Means, and alltheBodies wh 
ſoever are increas'd or diminiſh'd in a given Proporti 
. : ; ; N . LE : 9 1 


- *"* : 
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Ul) by the ſame; like as the ſame Thing is perform d in (a) See fell. 
Plain Figures (6b) by one Mean. Hippocrates firſt open d %, 35:4 12, 


his way, which as the ſingular and only one, all Geo- ©) ol. 3. 
metricians that have follow'd him have embrac'd, 


pr. 20: 1,6, 


PROP. XIV. Theorem. 


Oual Parallelograms (&, Z) which have one ig. 29. 30: 
Angle (C) equal to one (O) ; have their Sides 
blſo, which are about the equal Angles, reciprocal ; 
that is, A C is to CB, as FO ö to OIL). 
t Su And if they have the Sides thus reciprocal, the 


ü paralelograms are equal. 
are f 


5 Men 


3 to part I. Let I L and SB being produced meet together 


n Q. The Parallelogram X is to the Parallelogram R, 
A C is to C B (c); and Z is to R (a), as FO to O L. (0 Per 1. . 6. 
ut becauſe by the Hypotheſis X and Z are equal, X (d) By the 
sto Ras Z is to R. Therefore alſo A C is to CB as me. 
% 
Part II. As A C is to CB, fo X is to R (e): And as (e) By the 
en O is to O L, ſo is Z to R. But already by the Hy- ſame. 
Sh otheſis ACis to CB, as FO ro OL. Therefore X 
vole KR, as Z is to R. Therefore X and R are equal. 
7 NS TI = fo | 
|Coroll. On this depends the Demonſtration of the inverſe 
ule of Proportion. For in it there is always ſome Rectangle 
ven as X; and one Side of another equal Rectangle, as C B; 
a 1 the other Side is ſought. A AC the firſt Side of 
ef e given Rectangle is to C B, the given Side of the other Re- 
C angle ; ſo reciprocally F C the ſought Side is to C L the ſecond 
0 Dem ide of the given Rectangle. The Rectangle therefore CBF C 
: equ"l to the Rectangle AC CL: And the latter Rectangle 
oper ven being divided by the given Side of the former C B, the 
pochen. wil give che ſought Side FC. Q. E. I. 
Meant PROP. XV. Theorem. 
ies whi | Qual Triangles (ACL, FC B) which have one Fit 31, 32. 
roporti Angle (C] equal to one (O) have alſo their 
WoL 3 I Sides 


r. 8.1 
T riang 
n it ( 
fore | 
to I 


contin 
therefc 
ropor 
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Sides about the equal Angles reciprocal (that is, 40 

z to CB, as FO to O L). 
And if they have their Sides thus reciprocal, tle 
Triangles are equal. | 


Let the right Line LB be drawn; the reſt of the De. 
monſtration is the ſame as that of the foregoing. 


Corollary. 


F «bi well Parallelograms as Triangles, which have their 
Baſes and Altitudes reciprocal, are equal: And ſo 
converſly. 1 

It is manifeſt from the two foregoing Propoſitions, 


PR 0 P. XVI. Theorem. 


Fg. 33. 


J. four right Lines (AB, FI; IL, BC) be r- 
J portional, (that is, if AB be to FI, as ILi; 
to BC) the Rectangle (M under the Extremes (A] 
B C) is equal to the Rectangle (Z) under the Mean 
„„ 

Aud if a Rectangle under the Extremes be eq 
20 a Reflangle under the Means, thoſe four 1 
Lines will be proportional. | 


Part I. In the Rectangles X and Z, about the right 
and therefore equal Angles BI, by the Hypotheſis AB 
is to F I, asreciprocally I L tro CB. Therefore X an 

(a) Per 14. 2 (a) are equal. Q. E. D. | 3 

1. 6. Part I. Becauſe X and Z are now ſuppos'd equal 

(b) By the therefore (5) about the equal Angles B and I, A B is to 
ſame, FI as reciprocally IL to B C. QE D. 

[Coroll. (1.) Hence it is eaſy to apply the given ReFang! 

(c) Per 12, £ (e) to the given right Line A B; to wit, by making AB 

4.8 FI: : IL: BC. For BC is the Rectangle Z applied to ti 

2Z.iven rigbt Line AB.] 55 | 

[ Coroll. (2.) Upon this Propoſition depends the Dem 

ſtratiun of the direff Rule of Proportion. For in it there "| 

always given ſome Rectangle, as CL: And another like RY 

Fangle is ſought, one Side whereof is alſo given. It will tht 

9 orl 


\ | 
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( [fore fe, ar B C the firſt Side of the Rectangle given, is to E O 
ehe Side of the Rectangle ſought ; ; fo directiy C E, the ſecond 
Side of the Rectangle given, is to O A the other ſought Side. 
* Therefore the Rectangle C EE O is equal to the Rectangle 
BCXO A. And the Rectangle C Ex E O being divided by 


De. C the LE will give O A the ot her Side whie was 
| ache 


PROP: XVIL Theorem, 


thei F the right Lines (A B, FI, BC) be propor- F 5+ 
nd {0 tional, the Rectangle under the Extremes (AB, 
# oo be equal ro the Square of the Mean 
FL 
And if the Kia under the Extremes be ol 
po the Squares of the Mean, thoſe three right Lines 
pre pre proportional. 


| Part I. Let O be taken equal to the Mean E L. Pe- 
tauſe therefore by the Hypotheſis AB is to F L, as FL 
oBC, and O is equal to FL; AB will alſo be to FL, 
O is to B C. Therefore a) the Rectangle under the (a) By the 
xtremes A B, B C, is equal to the Rectangle under the foregoing. 
EL and 0, that is, is equal to the Square of 

Part IT. This is demonſtrated in like r manner from 
be ſecond Part of the foregoing. 


NS, 


N 
ILy 
(4] 
Mean 


eu 
V ig 


7 4 8 » 
17 


: * 
15 dg Corollary. 


equal Rom this, taken together with the 13th, it is mani- 6. 245 
is o. feſt, that if in a Circle F C be perpendicular to the 
Viameter, the Rectangle ACP is equal to the Square 


f F. C. 
63. if 4x8 be equal to the Square of C; then A: C 
0 B. 
[G)F £:c: 0 B and Cqbe aide by A, the Azo- 
ent ( b) wil be B 8 | ; (b) Per Corel, . 


2.5. Its 48. 


1 2 _ PROP. 
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PROP. XVII. Problem. 1 
EE WW of oy to! 
| FM Fig. 35; Po a given right Line (RS) to deſcribe a P- 55 
N | Iygon - like, and in like manner poſited to 4 ole 
given one (BO). . (wt 
a PE rec! 

5 Reſolve the given Polygon B Q into Triangles Upon 
8 5 "the given right Line RS make the Angles (a) R, O, e. 5 
qual to the Angles B, A. The Sides then will meet to 9. 
gether in x. Upon XS make the Angles V, I, equal t **q 
the Angles T, C, The Sides will then meet together ,;, 
in Z. I ſay the Thing is done. - Wks 
For becauſe the Angles R, O, are equal to the Angle ;,, 
; B, A, the Angles E, K, muſt alſo be equal (per Corol. 9 , 
| pr. 3 2. J. I.); and becauſe alſo by the Conſtruction, Vie 751 
þ equal to T, the whole EV muſt be equal to the whole 874 
| K T. In like manner becauſe O, I, are equal to A, ( „ 
reſpectively, the whole Angles OI, A C, muſt be equal thy 


And becauſe V andI alſo are equal to T and C by th 
Conſtruction, Z and Qlikewiſe muſt be equal (per Corol 
| pr. 3 2. J. I.) to T and C. Therefore the Polygons RZ 50 

E are mutually equiangular. It remains, that we ſhew that 
1 „er 4 1.5, their Sides alſo are Proportional. RS is to B F a8 SN 

(o) Ey the fo FL; and again, S X is to FI. (), as SZ to F 
fame. Therefore eu cquoRSistoSZ, as BF to FQ, &c. 
1 Coroll. Hence is derived the Method of making Mat 
Charts, whether Geographical, or Chorographical, or thi 
which Surveyors of Land make ; and of framing [chnigrs 
phical Delineations of Fields, Buildings, Countries : Fir the 
are nothing elſe but the Reduction of great Figures unto lik 
Figures which are of a ſmall Compaſs, which is performed b 

the Means of this Propoſit ion. | 


] 

all 

PROP. XIX. Theorem, qu 

i Res AE G 

EE. ; HE Proportion of like Triangles (&, Z) i: 
Fig. 36, 37. ; p . | B: 
duplicate of the Proportion of t' eir Sides (AC I 

FI) which are ſubtended to the equal Angles. lk 

per 11. l. 6 That is, if it be made as AC is to FI, ſo is FI t aa 


a third AQ; the Triangle X is to Triangle Z, as a 


r Fane ax. VIE annoy oa OY eto — 


Equal to 
ogether 


Angles 
Coroll. g, 


e whole 


0 A, . Area's are as 9 to 1; to wit, in a duplicate Proportion of 
2 | thoſe Sides. | | 


e equal, 


Coral g 
R7 50 
ew that 
as SN 
to F ( 
Me 
Maps « 
or tho 
chnogrs 
For the 
unto lik 
med b 


Lib. VI. 
the firſt to the third Proportional A Q. See Defin. 


10 5 
Becauſe the Triangles X, Z are like, B A will be 
to LI (/ 


that their Sides are. 
j but alſo Squares, Pentagons, Hexagons, &C. yea, and Cir- 
cles alſo, the Sides or Diameters be betwixt themſelves as 2 


on, Vis 75 1, the Figures or Area's themſelves are as 4 to 1: If the 


EUCLID Elements Tag 


as AC is to IF. But by the Conſtruction, (c)Per 4. l. 6, 
2s A C is to I F, fois IF to AQ. Therefore alſo B A „ 
is to LI, (a) as IF to AQ. Therefore in the Trian- (4) Per 15. 
gles QB A and Z, the Sides about the Angles A, I,“ 
(which by the Definition of like Triangles are equal) are 

reciprocal. Therefore QB A and Z are equal (e). But (e Per 1.1.6, 
the Triangle X is to QB A, as the Baſe AC to the 


WBaſe AQ (F). Therefore X is to Z, as ACro AQ. (f) Per, 1.1.6; 
E. D 


Coroll. Hence is their Error to be corrected, who think 
that like Figures are in the ſame Proportion ta one another, 
For if of two, not only like Triangles, 


Sides be betwixt themſelves as; to 1, the Figures themſelves 


PROP. XX. Theorem. 


IK E Polygons (ABCDE, FGHIK) are bg. 38. 
divided, (I.) into like Triangles (P, S, and 
O; T, and R, V) in Number equal : (2.) And 


proportional to the Vholes : And (3.) the Proporti- 


in of the Polygons is duplicate to that of the Sides, 
(AB, FG) which are betwixt the equal Angles 
(B, &, and, BAE, THE). 6 


Part I. Becauſe the Polygons are alike, they are mutu- 
ally (per Daſs. 1.1.6.) equiangular, and their Angles e- 
qual B AE to GF K, and B to G, and BCD to 
G HI, and CDE to HI K, and E to K. Becauſe there. | 
fore ABistoBC (a) as FG to GH, and the Angles (2) By the 
B and Gare equal, the Triangles P. S, (6) are like. In fame. 
like manner it will be demonſtrated that R and V are (b) Per6. 1.6. 
like. Then becauſe the Wholes BCD, GHI, and the 
ſubducted ones BCA, G HF, are equal, the remaining 
ones alſo, ACD, F HI, are equal. In the ſame manner 
+ I 3 I might 


* 
= ; 


le) Per 4 l. 6. 
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I might ſhew that ADC, FI H, are equal. Therefore Prop 
(per Corol. 9. pr. 32.1. 1.) the third CAD is equal to the 12897 
third HE 1. Where alſo (e) the Triangles Q and T are] the g 
alike. The firſt Part thereof is manifeſt, Fo 
Part II. Becauſe P and S are alike, the Proportion of 11ke * 
P to S is duplicate to that of (F) CA to HT. But fot onal. 
the ſame Cauſe alſo the Proportion of Q to T is dupli- iſh M 
cate to the Proportion of C A to HF. Therefore P ih lic 
toSasQto T. In the ſame manner I will ſhew that I He 
asQistoT, ſo R is to V. Therefore as one Antece. Cite 
dent P is to one Conſequent 8, ſo all the Antecedents 8 
P, Q, R, taken together, are to all the Conſequents 
S, T, V, taken together, that is, ſo is Polygon to Po. 
Iygon. Which was the other Part. 
Part III. The Proportion of P to S is duplicate ( 
to that of AB to FG. But the Proportion of Polygon 
to Polygon is the ſame with the Proportion of P to S, 
as I have already ſhew'd. Therefore alſo the Proporti- 
on of Polygon to Polygon is duplicate to the Proportion 
of AB to GF. Which was third Part. | 1 


Corollaries. 


I. A LL ordinate or regular Figures, as Squares, e- 
VI quilateral Triangles, Pentagons, Cc. are be- 
twixt themſelves in the duplicate Proportion of the 
Sides. For all regular Figures are like, as is manifeſt 
from Deyn. 1-6. | 5 

2. If any like Figures whatſoever, the Sides AB, 
F G, which are placed betwixt equal Angles, be known, 
the Proportion of the Figures is alſo known. As for Ex- 
ample, Let A B be of two Feet, and F G. of fix beer; b. 
and as 2 is to 6, ſo let 6 be to ſome other Number; to 
wit, 18. The leſſer Figure is to the greater, as 2 is to 
18, or as 1 is to 9. Now a third proportional Number is ¶ pe 
found, if (per Corol. 3. pr. 15.1. 6.) the ſecond of the gi- pl 
ven ones be multiplied by it ſelf, and the Product divi- 15 
ded by the firſt. | | 


3. From the ſame Propoſition is drawn the excellent F 
Method of increaſing or diminiſhing any rectilineal Fi- 

gure in a given Proportion. As if I would make a Pen- 

tagon, Whoſe Side is A B fivefold of another. Find a f 


Mean proportional B X (i) betwixt the Terms en 
| OT 192 


. VI, 


ere fore 
to the 
T are 


tion of 
But for 
dupli- 
re P j; 
W that 
ntece. 
:edents 
quents 
to Po. 


te (b) 
lygon 
0 8, 
porti. 
ortion 
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Proportion given, AB, BC; upon this frame (a) a Pen- (a) Per 18. 


tagon like to the given one. This ſhall be quintuple of 


the given ce. 


For by the 20. the Pentagon AB is to B X, which is 
like to it, as A B the firſt is to B C the third Proporti- 
onal. | le £ 

Moreover, ſeeing the Proportion of Circles alſo is du- 
plicate to the Proportion of their Diameters, as will be 


| ſhew'd, p. 2. 1.12. This Frattice belongs likewiſe to 


Circles. - 
[ Schol. Seeing the Proportion of the Squares E, K, is 


duplicate of the Proportion of their Sides O R, S; from 
| chence the duplicate Proportion of the Sides OR, S Vis wont 
| commonly to be expreſs d by the Proportion of O N to 
879. : 


PROP. XXI. Theorem. 


Eures (A, B) which are like to the fame (C) 
are alſo like betwixt themſelves. 


PROP. XXII. Theorem: 
F four or more right Lines (FL L Q, and O R, 


ST,) be proportional; like Figures, and in like 


Hrt deſcribed by them (A, B, and E, K,) muſt alſo 


be proportional. 


And Converſiy. 


The Demonſtration of the firſt Part is manifeſt. For 
becauſe the Proportions of A to B and E to K are du- 


plicate to the Proportions of FI to LQ, and OR to 


SV, which are by Hypotheſis equal; themſelves alſo 
muſt be equal. 3 e 
The ſecond Part is manifeſt alſo. „ 
Coroll. F the right Line A B be cut in any manner in 
C; the Rectangle contain d under the Parts A C, CB, is a 
Mean prrportional betwixt their Squares. Likewiſe the Re- 
. 14 Fangle 
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bp 6. 


Fig. 1. 


Eg. 40. 


This is manifeſt from Deyn. I. I. 6. and from Axiom 
: I, l. I, | | | | RD 


Fig. 40, 41. 


Fig. 24» 
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Fer 17. l. 6. 


+ Per 17. f. E. 


(a) Per 1.1 E. 


(b) By the 
lame. 


Fig. 42. 


grams whatſoever, have betwixt themſelves the Propor- 
tion which is compounded of the Proportions of the 


in the fame manner we reaſon about Triangles. 
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angle contain'd ; under the Whole A B, and one Part AC z. H 


C Bis a Mean proportional betwixt the Square of the whole A B, Wogram: 
and the Square of the ſaid Part AC or C B. Yor (per Co. Naralle: 
roll. 1. p. 8 1.6.) it is manifeſt that 4 C: CF: : CF C;. Wether 
Therefore A C Square: CF Square: © CF Square C B Square L, is 
That is, © A C Square: Rectangle A CB : Rectangle A CB: O. 
C B Square. Q. E. D. 
Moreover, (per Coroll: 2. p. 8.1.4.) B 4: AF:: A: 
AC. Therefore BA: AFq:: AY ACq. That is, 
TBA: BA Refangle:: BAC Rectangle: A Cg. In 
the ſame manner AB ABC: ABC: BC g. Q. E. D] 


"PROP. XXIII. Theorem. 
F Ouiangled Parallelograms (X, Z) have betwixt 
I themſelves a Proportion that is compounded 
of the Proportions of their Sides (AC to CB, aud 
LC to CH. 


That is, if you make C B to be to O, 28 L C to CE 
X is to Z, as AC is to O. 


Let IL, S B, meet together in Q. The Parallelo V 


gram X (a) is to the Farallelogram R, as AC is to n 
CB; and R is (50 to Z, as LC is to CE; that is, as CB A 
is to O. Therefore ex æquo X is to Z, as A C is to 0. 


Corollaries. 


; "DEM hence, and from 34 1. 1. it is manifeſt, | 
1. Thar Triangles which have one Angle (at C) equal, 
have that Proportion betwixt themſelves, which is com- 
pounded of the Praportions of the right Lines AC ta 
C 15 and LC to CF. Which Lines contain the equal 
Angle. | | 255 

2. That Rectangles, and conſequently all Parallelo- 


Baſe to the Baſe, and the Height to the Height. And 0 
; 


3. Hene 


Nb. VI. EUCLID's Elements. 


„! Hence the Proportion of Triangles and Paralle- Fg. 42. 


1B, grams may be readily learned. Let X and Z be the 


Co. @:rallelograms, and their Baſes A C, CB, and CL, CF 
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CB. MW their Heighths. Let it be made (c) as the Altitude (c per 12. 
are I, is to the Altitude C E fo is one of the Baſes CB, 1. 6, 


OB: O. The Parallelogram X is to the Parallelogram Z, 
A C to O. | 9 = 


P R O P. XXIV. Theorem. 


gans which are about the Diameter (A B), to 
bit, (CL, OI) are both like to the whole Paralle- 
ram, and to each other. 
By 27. 1. the Angles C, S, and L, F, are equal. By 
and We fame E is equal to I, that is, by the ſame, equal to 
itſelf; but B is common both to the whole S F, and 
| e Part CL. Therefore the whole S E, and the Part 
CE, L, are equiangular. It remains to be ſhew'd that they 


1 


_ Becauſe in the Triangles BCE, B S A, C E is parallel 
0 SA,BC (by Corol. 1. pr. 4. I. 6.) will be to CE, as 
to O. to S A: And CE will be to E B (by the ſame Co- 


.) as S A to A B. But becauſe in the Triangles EL B, 
FB alſo, EL is parallel to AF, EB (by the ſame 
11.) will be to EL, as A B to AF. Therefore ex æquo 
E is to EL, as S A to AF. Therefore (by Defn. 1. 
.) CL and the whole C F are like. In the ſame man- 
r, I might ſhew OI to be like to the whole S F. 


equal, Wixt themſelves. Q. E D. 

LS COM» | 

AC « | | 

. PROP. XXV. Problem. 

rallelo- 1 5 
Propor OE 3 

i f ch , change a given Polygon (A) into another 
„ "And like to a given one (B). 


Hens te to another given one (B). 


Upon 


jerefore (per 21.4.6.) CL and O are alſo like be- 


Or to make a Polygon equal to a given one (A) 


| N every Parallelogram (as & F) the Parallelo- yg. 43. 


ve the Sides oppoſite to the equal Angles proportio- 


Fig. 46, 
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(a), Per 13. 
"iy 


Fig. 44: 


js required, (by 45. I. 1.) make a Rectangle Q equal to 


Iygon like to the given one B, this muſt alſo be eq 


is EA to AN, ſeeing BD, E N are like by the HyP 


EUCLI D's Elements. Lib. V 
Upon CF the Side of the Polygon B alike one to whi 


Then upon FI (by the ſame Prop.) make a ReQangle| 
equal to A. It is manifeſt that CF and FI. do ng 
one right Line. Betwixt C F and FI find a mean Pr 
portional FL (a). Upon this, (p. 18. J. 6.) make a}; 
to the given one A. | 2 

For ſeeing by the Conſtruction, CF, FL, FI, u 
three Proportionals, the Polygon B is to the Polyg 
like to it which is made upon FL, as CF is to FI 0 
20. J. 6. and Defn. 10. J. 5); that is, (per 1. J. 6.) ag( 
is to R. Therefore alſo by changing, as the Polygon 
is to Q, ſo is the Polygon FL to R. But by the Co 
ſtruction the Polygon B is equal to Q. Therefore al 
the Polygon upon F L, which is like to B, is equal 
R; that is, by the Conſtruction to the given A. Thi 
therefore is done which was required. 


PROP. XXVI. Theorem. 


IR E Parallelograms (BD, FN) havin 
common Angle (A) are about the ſame Di 
meter. Ln | | | 
Draw the right Lines AE, CE. If you deny that Al 
is a common Diameter to the Parallelograms BD al 
FN; let another right Line AG C which cuts F E| 
G, be the Diameter of B D, and draw the Parellel Gl 
The Parallelograms FH, BD will be therefore abo 
the common Diameter A G C, and conſequent]y (by ? 
J. 6) will be like. Therefore (per defin. 1.1.6.) as Þ 
to AD, ſo is FA to AH. But alſo, as BA to A, 


theſis. Therefore FA is to AH, as the ſame VA 1M, 
AN. Which is abſurd. 8 | 
PROP. XXVII, XXVIIL XXIX 


_ | th 
"TT Heſe cauſe Trouble to, and perplex Beginne te 
and are ſcarce of any Lſe. 
ng wv Jearer of 809 _ 
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0 Whit | 
al to] | . 

angle! PROP. XXX. Problem. 

O mat . 

N 5 O cut a given right Line (AB) fo that the Fe-45- 
e eq whole (4 B) ſhall be to one Segment (A C) as 

1 ſame Segment is to the Remainder (C B). 

> 1 rhat is, as Geometricians ſpeak, to cut a Line in ex- 

17 am and mean Proportion. - 

5 by By 11 J. 2. ſo cut AB in C, that the Rectangle under 


5, CB may be equal to the Square of AC. I ſay 
> Thing is done. | 

For by the 17th of this Book, as AB is to AC, ſo is 
Cro CB. | 1 8 

The Force of this Section of a Line is admirable in the 
cribing and comparing regular Bodies. 


ygon 
he Co 
fore all 
equal 


. Thi: 


P R OP. XXVXI. Theorem. 


F from the Sides of a rectangular Triangle (A C B) EA. 47: 
like Figures whatſoever be deſcrib'd, that which 

pos d to the right Angle, will be equal to the tuo 

2s (L, R) taken together. | = 


ing 
me Di 


hat Al 
BD at 
FE 
el Gl 


Here prop. 47.1 1. is made univerſal. 
rom the right Angle C let the Perpendicular CO be 
down. Becauſe (per Coroll. 2. p. 8. J. 6.) AB, B C, BO 


10 three Proportionals, F ſhall be to the Figure R, 
45 & ich is like to it, as AB the firſt, to B O the third Pro- 
AD| tional, (ro wit, by 20 J. 6. and Defin. 10. J. 5.) Again, 

b Hy! uſe (by the aforeſaid Corollary) BA, AC, AO are 

FA il te Proportionals, the Figure F ſhall (by the foreſaid - 


and Defin.) be to L. which is like to it, as BA the 
t, to A O the third Proportional. Becauſe therefore 
sto Ras AB is to B O; and the ſame F is to L, as AB 
AO; E ſhall alſo be to R and L taken together, as 
Dis to BO, A O taken together. But A B is equal 
tbe two B O, A O. Therefore alſo F ſhall be equal 
lie two Rand L. & E. P. 


N. O! | | Coroll. 


IN. 


eg inne 
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Fg, 54. 


Book. 


meter AC. Thus "therefore the Semicircle B AC 1s equal | 


qual to the Lunet CM A. 2 E. I. 


EUCLID's Elements. Lib.) b. 


Coroll. 


Piven this Hromfelan we can eaſily find one red 
neal Figure, equal and like to any Number of | 
ctilineal Figures whatſoever, by the ſame Meth 


whereby Prop. 1. Schol. pr. 47.1. I. one Square is foul th 
equal to any Number of given Squares whatſoever, Oe C 
Ty in the Demonſtrarion, let 31.7. 6. be cited in fd por 


3 
4 C oroll. (2.) 4 Circle upon the Hypotenuſe Fa Redtan 
Triangle, is equal to two Circles deſcrib'd upon the Sides, f 
all Circles are like amongſt themſelves ; aud are to one ano 
as the Squares of their Diameters, by the ſecond of the 1 


Coroll. (3.) From hence we may derive that Quadra 
of Lunets {or little Moons) which Hippocrates * Chios j 
taught. . 

For let ABC be a rect angle Triangle; - and BA C a il 
circle to the Diameter BC: BN A a Semicircle deſcril'4 
the Diameter AB; AMC a Semicircle deſcrib'd upon the Dj 


the Semicircles BN A, and AMC together. If therefore) 
take away the two Spaces BA, AC, common on both Sits 
there will be left the two Lunets BNA, AMC, bounded 
both Sides with circular Lines equal to the rectilineal Triany 
BAC. And if the Line B A be equal to the Line A C, and) 
let fall a Perpendicular unto the Hypotenuſe B C, the Trian! 
B A O will be equal to the Lunet B N A, and the Triangle C0 


Þ R O P. XXXIL 


HIS is hardly of any Uſe, and | bach nothil 
remaͤr kable 7 in it. 


PRO 
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55 p R OP. XXXII. Theorem. 
le reg] 


„ N the ſame or equal Circles, the Angles whe- Fs. 48. 


Meth, | 

is fog | ther at the Centers (as ABC, FOD); or at 
ver. Oe Circumference (as ARC, FSD) have that 
lead W,oportion betwixt themſelves, which the Arches 


{KC, FGD) on which they ſtand have. Under- 


Ref an 
4 and the Jame Thing of Sectors. 


Sigec, | 
Ne anoth | | 
" the 12 As for the Angles at the Center and the Sectors, it 
fill be demonſtrated altogether in the ſame manner, in 
rhich Prop. 1. of this Book it was demonſtrated, that 
[riangles of the ſame Heighth are as their Baſes : Only 
there Prop. 38.1. 1. is cited there, let Prop. 29. 1. 3. be 
ited here. 5 | 
And becauſe the Angles R and S at the Circumfe- 
nce are Halves of the Angles A BC, FO D, at the Cen- 
r, that which hath been demonſtrated of theſe will be 


tanifeſt alſo of choſe. 


ada 


Chios f 


a Sem 
efcrib'd 
n the Di 
equal | 
refore j 
th Sid 
unded 
Tria 
2, and 
e Trians 
nge C0 


| Corollary. 


Tt E Angle (BAC) at the Center, is to four right Fg. 49. 
Angles, as the Arch B on which it ſtands, is to 
he whole Circumference. 1 
For as BAC is to the right Angle B A, ſo by this 
. the Arch BC is to the Quadrant BF. Therefore 
he Angle BAC is to four right Angles, as the Arch 
C is to four Quadrants, that is, the whole Circum- 
rence. 
2. The Arches IL, BC of unequal Circles, which 
lo ſubtend equal Angles, whether at the Center, as 
405 and B AC, or at the Circumference, are like 
Arches. | | = | 
For the Arch IL is (by Core. 1.) to its Circumfe- 
ence, as the Angle I A L, that is, BAC is to four right 
Angles; and the Arch BC is to its Circumference (by 
be ſame Corollary) as the ſame Angle BA C is to 5 
Es, 5 rgut 


Not hin 


is manifeſt from Coroll. 2. 


EUCLID's Elements. Lib 
right ones. Therefore IL is to its Circumferenc, 
BC is to its. Therefore (by Defin. 4.1.6.) the At 
IL and B C are like. ; 

3. The Semidiameters (AB, AC) do take away u 
concentrical Circumferences like Arches IL, BC. 7: 


P 
2% 
by 

) ” 

| fab 
3 
3 


4. The Segments (BK C, 10 L,) which contain 
Angles (K, O,) are like. | I 
For by Coro. 2. the Arches BC, IL, and conſegqua 
ly the Angles BK C, 10 L are like. N 
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BOOK XL = 


With Us the SEVENTH. 


* 


O the fix firſt Books Euclid ſubjoins the Ele- 
ments of Numbers, comp rehended in the three 
following, the Seventh, Eighth, and Ninth, 
to which he alſo ad joins a Tenth, concerning 

ommenſurable Quantities, We paſs immediately from 

nes to Solids; purpoſing to treat of Numbers ſepa- 
ely : Seeing it will, I ſuppoſe, be more commodious 

Learners, if the Elements of Geometry be not inter- 

pted, by treating of any other Matter, but he had all 

wether. Nevertheleſs. when we ſhall cite the Propoſi- 

"ns of this and the following Book, we ſhall not call 

ele Books the Seventh, and the Eighth, but the Ele- 

ith, and the Twelfth, leſt if we ſhould depart from the 
iy where received Order of Euclid, the Citation of 
opoſitions ſhould thereby be render'd more intricate. 

This Book in a ſort contains two Parts: In the firſt 

laid the Foundation on which the whole Doctrine of 

e Solids ; that is, of Bodies depends. In the other the 

fections of Parallelipipeds are propounde c. 


This Eleventh Book of Elements ſets forth the firſt Princi- 
t of Solids. Nor can indeed the Properties of Bodies be 
vn without it; and if we ſet upon almoſt any Part f the 


a in vain, or be at leaſt at a great Loſs. For the Spheri- 
Doctrine of Theodoſius, Spherical Trigonomctry alſo, a 


end upon it; and what Things occur of any great Difficulty 
| | | 77 
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he Elements of E ucL1D. 


athematicks, without the Knowledge of Solids, we ſhall 


t Part of practical Geometry, Staticks, and Geography, 
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Fig. 1. l. 11. 
Fig. 25 


Fg. 3. 


Fig. 4- 


in the Art of Dialling, in the Conic Sections, Aſtronomy, 


all the right Lines (LQ) which are drawn in one oft 


tion of the Line (OL) to the Plane. 


under plain Angles more than two (B AC, C AO, OA! 


one Point. 


. 
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optricks or Opticks, do all become more eaſy, the Prinijyl, 
Solids being once underſtood. So that thoſe who have delivn 
the Elements of Geometry, leaving out and ſetting aſite ; 
and the following Book, are to be reckon'd to have delivery, 
ſame very imperfectiy. 


12. A 
= | Janes, 
US FTINGTIONS. oY 
LY | Filater 
v; A or Body is that which hath Length, Bread 14. 1 
and Thiskneſs. guares 
2. The Extreme of a Solid is a Surface. | 

2. the right Line (AB) is to the Plane (CC) ng 

or perpendicular, when it makes right Angles (54 P R 


BAC) with all the right Lines (CA) in the Pl 
(CC) by which it is touch'd. 5 
4. A Plane is right or perpendicular to a Plane, whe 


Planes perpendicular to the common Section (XN: 
right or perpendicular to the other Plane (A B CO) 
5. If the right Line (O L) ſtands upon a Plane not 
right Angles, and from its higheſt Point (L) there 
drawn to the Plane the Perpendicular (L P) and (0! 
be join d; the Angle (LOP) is ſaid to be the Inclin 


6. If the Plane (RE) doth not ſtand perpendicular 
upon the Plane (L Q) the Inclination of one to the oth 
is the acute Angle (ABC) which is contain'd by tl 
right Lines (AB and B C) which are drawn in bot 
Planes perpendicular to the common Section (OE). 

7. A Plane is ſaid to be alike inclin'd to a Plane, as 
ſome other Plane to another, when the ſaid Angles 
their Inclinations are equal. 3 

8. Parallel Planes, are thoſe which being continue 
every way, are always diſtant from each other by equi 
Intervals. %%% ͤ ds | 1 

9. Like ſolid Rectilineal Figures are thoſe which: 

contain'd under like Planes, in Number equal. 
10. A ſolidright-lin'd Angle is that which is contain 


which are not in the ſame Plane, meeting together 


II. Equi 


ib. XI. | E UCLI D's Elements. | 141 
11. Equal ſolid Angles are thoſe, which being con- 

vd to be put each within the other, do agree or per- 

aly coincide. | | 15 

Like as a plain Angle is a mutual Inclination of Lines, 
a ſolid Angle is an Inelinat ion of Surfaces. Concern- 
g both therefore we muſt reaſon in the ſame man- 


r. OY h 
12. A Priſm is a ſolid Figure, comprehended by Fig. 6, 7.8. 
lanes, amongſt which two oppoſite ones (O E E, AC B) 

e parallel, equal, and like. | 

| 13. A Parallelopiped is a Solid contain'd under qua- fig. 8. 
lateral Planes, of which the Oppoſites are parallel. 

14. If ſix Planes in which the Oppoſites are parallel be 

uares, the Solid contain'd by them will be a Cube. 


readt 


(a PROPOSITION I. Theorem. 
e Ph | | | 


d NE Part (AC) of a right Line cannot be rig. 5; 


oy in a Plane (O E); and another part (C ) 
15 1 of it. 
0) 


1e not 
there | 
d (O! 
Inc lin 


It is clear of it ſelf from the Definition of a plane and 
ight Line. See Defin. 4. and 7. J. 1. 


PROP. II. Theorem: 
licular . 6 
he oth 
[ by tl 
in bot 
E). 
ne, as 
ngles 


Very Triangle is in one Plane: And two right tg. 20. 
Lines cutting each other, are in the ſame 
laue. = 


For if a Plane be applied to one of its Sides, and to 
e Point of meeting of the other two, it will be evi- 


oy Wnt that the whole Triangle is in that Plane. 
hich: PROP. III. Theorem. 
504 | F two Planes (A B, CD) cut each other, (E F Rt it! 


-cher I their common Section is a right Line. 
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Tig. 12 


(e) By the 
fame. 


dicular to the Plane of the right Lines A C, AF. Jo 
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It is manifeſt from the Definition of a Plane. 
But we may demonſtrate it thus. If EF the con T 
mon Section be not a right Line, let there be drawn i 


the Plane CD the right Line EOF, and in the Plan edue 


A B the right Line EQF. The two right Lines the not 
oy EOF,EQF, will incloſe a Square. Which is b her 
ur 0 | | f 


PROP. IV. Theorem: 


* a right Line (B 4) be perpendicular tu tu not 
abt Lines (C A X, FAS) which cut each em 
ther, it will alſo be perpendicular to the Plane whine t 
is drawn through them. 


If you deny it, let another right Line B Qbe perpen 


AQ, and to this in the Plane FAC draw the Perpendi 
cular QO. This being produced, will neceſſarily q 
(as is gathered from Schol. Prop. 31. 1. 1.) one of therigl 


Lines C AX, F AS, or both, whereſoever the Point £* 
mall be. Therefore let it cut C AX in O, and let 3 2 
be join d. Becauſe therefore the Angle B A O is by ti ane. 
Hypotheſis a right one 

Ij)hbhe Square of B O ſhall For, 

be equal to B A Squ. r Pla 

| I C b), ler KU 

r AO Squ. yr 

But becauſe B Q is ſuppos'd perpendicular to tua, F. 

Plane FA C, and conſequently (by Defin. 3. l. 11.) mak fore, 

a right Angle with AQ; | 0 (b 

B A Squ.1s equal to B Q Squ.) MAB; 

| | 75 0 (IR; 


And becauſe the Angle A QO is by the Conſtruct 


a right one; 


AO Squ. is equal to O Q qu. 
15 5 A Q Squ. 2 
Therefore B O Squ. is equal to E 8 * L . 
| ä | qu. — m 1 
AQ Squ: twice 7 
r t mig 


Ther 


\ Lib. XI. EUCLID's Elements. 


3 herefore B O Square is greater than the Squares of 
1 and O Q; and (as is clear from Prop. 47. J. 1.) con- 
* equently B QO is not a right Angle. Therefore B Q 

"Wh: not perpendicular to the Plane (by Pefu. 3. I. 11.) CAB. 


Ele 8 5 
* Therefore the Propoſition is manifeſt. 


® 


Sholiam: 


Rom its being ſuppos'd that B Q is perpendicular to 
the Plane FAC; it is dire&ly demonſtrated that ir 
tu not perpendicular to that Plane; and conſequently 
-h om the denial of the Aſſertion of the Theorem, the 
me Aſſertion is directly proved. This De:nonſtration, 
to the Subſtance of it, is John Cierman 's. 


PROP. V. Theorem. 


F three right Lines (BA, CA, FA) be kg 15; 
perpendicular to the ſame right Line (AR) at 

e ſame Point (A); thoſe three will be in one 
lane. „„ 


For, if it may be, let one of them B A be in ano- 

r Plane (R O) which may cut LQ the Plane of tge 
der two CA, F A, in the tight Line A O. Becauſe by 
Hypotheſis R A ſtands perpendicularly upon the two 

\,F A, it will be perpendicular to the Plane L Q (by 
foregoing). Therefore R A makes a right Angle with 

0 (by Defin. 3. J. 11.) Bur alſo by the Hypotheſis 

AB is a right Angle. Therefore the Angles RAB 

RA O are equal. Which is abſurd. 


>» (6), 


[ (d) 


tru PROP. VI. Theorem. 


y 8D) 1G HT Lines (AB, CD) which are per- Fig. 16; 
1 bendicular to the ſame Plane (C F) are pa- 


y 


el. 


t might be taken for granted as à Thing of it ſelf 
Own ; but we may demonſtrate it thus. 
3 8 


144 


() By the 


n 


(c) By the 
foregoing. 


Eg. 15. 


are equal to BD (a) and B A; and the Angles BDG 
Conſtru tion (50 DB A are right ones. Therefore (per. 4.1. 1.) AD 
(1) Per Def. B G, are equal. Therefore the Triangles AB G, GD} 


the ſame Plane with them. 


_ inclole a Space, Which is abſurd, 


___EvucL1D's Elements. Lib. X[ML ib 
B D being join'd, make in the Plane FE the Line 
D G perpendicular to B D, and equal to B A; andly 
DA, GA, G B, be join'd. The right Lines B D, DG 


are equilateral to each other, and conſequently the An 
gles AB G, ADG are equal. But A B G (by Defy; 
J. 11.) is a right Angle. Wherefore A D G is alſo 
right one, But B DG alſo by the Conſtruction, an; 
CDG by Defn. 3. are right Angles. Therefore GD; 
perpendicular to the three Angles CD, AD, BD. There 
fore C D is (c) in one Plane with AD, and BD. hu 
AB alſo is in one Plane (per 2.1. 11.) with AD, and BD, 
Therefore AB, CD are in one Plane. Therefore ſecin 

the Angles ABD, CDB (by Defn. 3. I. 11.) are righ 
ones, AB, CD will (per 29. J. I. and Defin. 36.1, 1.) b 
parallel Lines. Q. E. O. | 


PROP. VIL Theorem. per! 
A Right Line (EF) cutting right Lines (A 
"A CD) placed in the ſame Plane, is in due ai 


It might be taken for granted. But he that will m 
thus demonſtrate it. 5 
Let another Plane cut the Plane of the right Lines A 
CD, in the Points E, F. If now E F is not int 
Plane of AB, CD, it is not the common Section. 
E GF therefore be ſo. Therefore (per 3. I. 11.) EC 
is a right Line; the two right Lines therefore E F, El 


Þ a 
de) 5 
rallel 

Alt! 


demor 
| | Int 
YO pendic 
Corollary. | | els E 
ore (/ 
ore, | 


K YEnce it follows, that if E E cur the Parallels 4 


CD, it is in the ſame Plane with them. AG, 
(by Defin. 36. J. 1.) any two Parallels are in the ll There 
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2 Lin 

and le | =P 

be PROP. VIII. Theorem. 

A. F of two Parallels (AB, CD) one (AB) be 
he An ] perpendicular to a Plane (E F); the other alſo 
fn. MC D) will be perpendicular to the ſame Plane. 


on, a it might be taken for granted. If the Demonſtration 


GD ij ird, it is as follows. 

Tier requir d, it is as | 

). p D, AD being drawn; in the Plane E F make G D per- 
nd BORG ndicular to B D. It will alſo ( ſee the Demonſtration of 
cri rop. 6. 1. 11.) be perpendicular to AD. Therefore (per 
re rig . I II.) G D will be perpendicular to the Plane ABD, that 7s 


by the foregoing Coroll.) to the Plane C BD A. Wherefore 
per Def. 3.1.11.) CDG # @ right Angle. But the Angle 
DB is alſo a right one; foraſmuch as with 4 D which 
per Defin. 3.1.11.) i a right Angle, it maleth two right 
nes (per 27.1.1.) Therefore (per 4.1.11) C D 7s perpen- 
licular to the Plane G DB or E F. Q. E. D. 


PR OP. IX. Theorem. 


ly DIT HT Lines (AB, EF) which are pa- 
ines I rallel to the ſame right Line (C D) although 
in ie) be not in the ſame Plane with it, are alſo pa- 


alel betwixt themſelves. 


Although it might be taken for granted, yet we will 
demonſtrate it thus. 5 
In the Plane of the Parallels AB, CD, draw G K per- 
pendicular to CD. Likewiſe in the Plane of the Paral- 
lels EF, CD draw HK perpendicular to CD. There- 
ore (a) CK is perpendicular to the Plane GK H. There- 


1s Are, ſeeing AG, E I, be parallel to CK, the ſame 
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Fig. 14. 


Eig. 1 5. 


(a) per 4011. 


m. NAC, EH (6) will be perpendicular to the Plane G K H. (res! ft. 


he {i Therefore A G, E H (e) are parallel. & E. D. 


RC PROP. 


le) Per 6.1. 11. 
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PRO P. X. Theorem. 


Fg. 17. JE two vight Lines (AC, BC) be parallei MR 
two right ones (DF, E F); albeit they be ME" 
in the ſame Plane, they comprehend equal Angle 
(C and HF. | _ 
| by 
Let CA, CB, be made equal to FD, F E, and RA be 
D E, AB, A, FC, E B be drawn. Seeing AC, Dihing 
(a) Per 33. are parallel and equal, AD alſo and CF will (a) be-. 8 
. I. rallel and equal. In like manner I might ſhew B E, CF 
to be parallel and equal. Therefore AD, B E, are lb 
cb) By the parallel (2) and equal (per Axiom 1.) Therefore (% 
foregoing. 33.1.1.) AB, D E, are equal. Seeing therefore N x 
£7 Triangles BAC, E DF are equilateral to each oth: erc 
(c) Per 8. l. 1. the Angles C and F (c) are equal. Q. E. D). pplie 


PROP. XI. Problem. 


Fig. 13, FYFOO draw a Perpendicular to a given Pla 
(AB) jrom a Point given without it (C) 


The Conſtruction. In the Plane AB draw any right 

Line as DF, unto which, from C ere& the Perpendi- 

cular CE. Then in the Plane AB through E draw 

_ AEM perpendicular to the ſame DF. Then to AM 

from C draw the Perpendicular CG. I ſay that CG 6 
perpendicular to the Plane. A | 

Through G let H G be drawn parallel to DF. By the 

Conſtruction DE is perpendicular to C E and E M. There- 

(d) per 4, fore D E is perpendicular to the Plane EM (4), as alſo 

box ts H (e). Therefore (by Defin. 3.1. 11.) CG is perpendicu- 

| 15 Per 3. lar to HG. But C G by the Conſtruction is alſo perpen- 

47 . 4 dicular to EM. Therefore (7) CG is perpendicular to 

. 11 the Plane AB. Which was the Thing propos'd. 
Fig. 20 1:12, [Scholium. In Practice thus. Let there be @ Cord or Riſe 
Faſined to the given Point A: And from the ſame, let there b 


aeſerild by theend of it Bin the Plane given the Circle ; CFL. l 
The Line A K which connects the given Point and the Center HA 


the Circle, will be perpendicular to the. given Plaue. lop 
i perpe? 0786-8 PROP. £ 


b. X 


uiel 5 
be mt 


Angle 


nd Jet 
C,FD 
be pa. 
E, CF 


Ire alſo 
e h 
Ire the 
| ther, 


The 


7 Tight 
pendi. 
draw 
AM 
6 18 


By the 
'here- 
alſo 15 
zdicu- 
2rpen- 
Jar to 


” Rue 
here be 
CFI. 
nter ( 


OP. 
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PROP. XII. Problem. 


Rom à given Point (A) in any Plane (E F) B. 19. 
to erect a Line perpendicular to the ſame Plane. 


| 


From any Point D without the Plane E F make DB 
by the foregoing) perpendicular to the Plane E F. And 
A being join'd, draw A C parallel to D B. I ſay the 
hing is done. The Demonſtration is manifeſt from 

rop. 8. 


Corollary. 
FN practice, from the given Point a Perpendicular is 


erected to the given Plane, if a Square OK N be 
plicd to the given Point [and be turn'd round. ] 


PROP. XIII. Theorem. 


Plane 


INES drawn from the ſame Point cannot pit a0. 
be both perpendicular to the ſame Plane 
4B). „„ 

For if they were, they would (by Prop. 6.) 
Which cannot be. 


PROP. XIV. Theorem. 


be parallel. 


II the ſame right Line (A B) be perpendicular Fit 1. 
Ik to two Planes (FG, L ); the Planes will 
be parallel. 
| Let there be taken in either of the Planes as F G, any 
'oint C, from which let C E be drawn parallel to A B, and 
eeting the Plane LQ in E. Then CE (per. 8.1. 11.) 
ill be perpendicular to both Planes EG, LQ. Where- 
ore if A C, B E, be join'd, the Angles A, B, (by Def. 
3. J. II.) will be right ones. Therefore (per 29.1. 1.) 
AC, B E, are parallel. Therefore ACE B is a Paralle- 


logram; and conſequently CE, which hath been alrea- 
e 1 dy 
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| dy ſhewn to be perpendicular to both Planes, is equi 
(per 34.1.1.) to AB. In the ſame manner I might 


ew that all the Perpendiculars to both Planes are equi 
Therefore (by Defin. 8. J. 11.) the Planes are parallel 


En D- 
| PROP. XV. Theorem. 


Fig. 22. J. two right Lines (B A, CA) touching ea) 
other be parallel to two other right Lines which 

_ alſo touch one another (E D, FD); the Planes li 

wiſe which are drawn through them will be f 
; alle. | ( 


From A let there be drawn A G perpendiculht ewe 
the Plane E F, and let G H, GI, be parallel to DE 
DF. Theſe (per 9.1. 11.) will alſo be parallel to AC, 
190 AB. Seeing therefore the Angles IG A, HG A, b 
(a) Per 29. l. 1. (by Defin. 3.1.11.) right; CA G, B A G, will alfo % 
be right Angles. Therefore G A which is perpendiuM F 
lar to the Plane EF, will alſo be perpendicular tothe 
(b) Fey ,, Plane BC (4). Therefore the Planes B C, EF, uM 1 


4.11, _(by the foregoing) parallel. & E. D. hon, 
PROP. XVI. Theorem. M;. 
| Te Dt 


Big. 23 A Plane (E H F 6) cutting parallel Pl Kk 
n (AB, CD) makes the Sections in them (EH em 
G F parallel. . 


I not, ſeeing they be in the ſame interſecting Plane iso 

they will meet ſomewhere (by Schol. Prop. 21. I. 1.) ache. 

I. Wherefore ſeeing the whole Lines H EI, F Gli 3 
Fre. 1. l. 1. in the Planes A B, CD, produc'd, theſe Planes alſo wil 
5 meet in I. Which is abſurd, and contrary to Defu. 


J. 11. 


PROM] 


J. 


equi 
might 
equi], 
arallel, 
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PROP. XVII. Theorem. 


Dale! Planes cut right Lines (B D and & H fy +6: 
proportionally. 


Let the right Lines B H, G D be drawn in the Planes 
V, TQ; and likewiſe let B G be drawn meeting the 
lane RS in E, and let FC, FI be join'd. The Plane 
f the Triangle B G D cutting parallel Planes, makes the 
ions CF, DG, parallel (by the foregoing). There- 
pre B C is to C D, as BF (e) to FG. Again, the Tri,- (e) Per 2.1. 6. 
Angle BH G cutting parallel Planes makes the Sections 

y the foregoing) B H, FI parallel. Therefore HI is 

IG as (F) BF to EG; that is, (as I have already (t) Per 2. 1.6, 


each 

which 
es like: 
be fu 


ulat ue w d) as BC is to CD. QE. P. 
o DE, 8 | 

0 Af, F 

; A, be PROP. XVIII. Theorem. 


o (4) 29 
_ Fa right Line (F E be perpendicular to a Fig. 25. 
, Plane (A B); all the Planes which are drawn 
oongh it are perpendicular to the ſame Plane 


| Let the Plane GC be drawn through F E, making 
D the common Section with AB; and let the Lines 
K be drawn in the Plane G C, perpendicular to the 
tommon Section CD. Now ſeeing by the Conſtruction 
HK is perpendicular to the ſame common Section to 
which F E is perpendicular by the Hypotheſis, K H and 
FE muſt be parallel (by 29.7. 1.) Therefore HK is 


Plaue 
(EI 


; lar WiC perpendicular to the Plane AB (per 8.7 11.) 
DA | Therefore the Plane G C is perpendicular to the Plane 
10 wil B (per Defin. 4. 1.11.) 7 5 


Deffn. C = 
PROP. XIX. Theorem. 


TE two Planes (MF, GD) cutting each other Eg. 2 
1 be both perpendicular to the ſame Plane (AB); 
5 8 i their 


— 


0 


1 
7 
N 
\ 
0 
4 
a 
7 
7 
- 
l 
= * 
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(a) Per 13. 
. 11. 
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their common Section alſo will be perpendicular 
that Plane (AB). i 


For ſeeing by the Hypotheſis the Plane MF is perpes 
dicular to the Plane AB it is manifeſt by Definitic, | H 


that there may be drawn in the Plane MF from M 


Point L a Perpendicular to the Plane A B. Again, h 

the Hypotheſis G D is perpendicular to that Plane A Let! 
and therefore there may be alſo drawn in the Plane 6, E 
from the Point La Perpendicular to the Plane AB. hui ke u 
from the Point L (a) there can be erected only one Per He Pl; 
pendicular to the ſame Plane AB. Therefore the be rami 
pendicular to the Plane AB, which is drawn from ti e To 
Point L, muſt be found in both the Planes MFA, K. 
GD, and conſequently LK, the common Section of th id A 


two Planes MF and GD, is perpendicular to the Pu C, 


Fig. 27. 


IF ſolid Augle (A) is contain d under im i 


AB. K. . C 
1 5 bird B 
PROP. XX. Theorem. Feate: 


Th 
plain Angles (BAC, CAD, DAB); ay | wh 
tuo of theſe is greater than the third. e all 
If the three Angles be equal, the Aſſertion is manifel a 

at firſt Sight; and it is as certain, if they be unequal 1 


18 Nes #6 f . 


(c) Per 20. 
1. 

(d) Per 28. 
* 


D C be join d. Becauſe (by the Conſtruction) the An 


than BD, the Equal BE, B C, being taken away, thele 


two Angles together BAC, CAD are greater than 


For let B A Dbe the greateſt ; and from B A D cut ol 
B A E equal to BAC, and make the Line A C equi 
to AE. And through E let there be drawn a right 
Line meeting AB and AD in Band D, and let B C. 


gles BAE, BA Care equal, as likewiſe the Sides BA 
AE, equal to the Sides B A, AC, the Baſes alſo B E, BUY 
will be equal (6. And becauſe BC, CD (c) are greate! 


remains CD greater than ED. But the Sides E A, 
AD, are (by the Conſtruction) equal to the Sides C. 
AD. Therefore the Angle (d) C AD is greater than 
the Angle EA D. Seeing therefore the Angle B A C i 
equal by the Conſtruction to the Angle B AE, tholf 


the whole BAD. Q. E. D, 


PROP, 
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'PROP. XXI. Theorem. 


| HE plain Angles conſtituting any ſolid Angle 
L whatſoever, are leſs than four right ones. 


e Allet A bea ſolid Angle; let the right Lines B C, CD, E 
CBC ER. F ©, befubrended to the plain Angles which * 
B. BufW:ke up the ſolid one, fo that thoſe right Lines be all in 

ne Per e Plane, Which being done, there is conſtituted a 

he Perrramid,, whoſe Baſe is the Polygon BCDEF; A is 

"Mm thee Top, and it is contain'd under ſo many Triangles G, 


I, K, L, as there are plain Angles which compoſe the 
lid Angle A. And now becauſe the two Angles A BF, 
BC, are (by the foregoing) greater than the third 
BC; and the two A CB, A CD, are greater than the 
ird B C D, and ſo on: All the Angles of the Triangles 
H, I. K, L, about the Baſe, as taken together, are 
feater than all the Angles of the Baſe B, C, D, E, F, 
en together. But the Angles of the Baſe together 


* thre 


; ay 


Y Theorem 2. Schol. after 32.1. I.) as there are Sides, 
| which is the ſame, as there are Triangles. There- 
re all the Angles of the Triangles about the Baſe, to- 


aniſellber with four right ones, make more than twice ſo 


nequal 
cut o 

equal 
fight 
t B C 
he An 
2s BA, 
E, BC. 
greater 
; there 


gles about the Baſe, together with the Angles that 


a the Angles which compoſe the ſolid Angle A are 
s than four right ones. & E. D. . 


Corollary. 


s E A, Rom this and the foregoing it is obvious to collect, 


s C Achat a ſolid Angle may be compos'd of any three 
er than Angles, which are leſs than four right as if ſo 
A 1 that any two of them be greater than the other. 

x than | : 


Scho- 
J ON, 


Ich four right ones, make twice ſo many right Angles 


ny right Angles as there are Triangles. But the ſame 
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23, 


mpoſe the Solid, make up (a) twice ſo many right ;, 
ples as are the Triangles. Ir is manifeſt hereſive, 2 dad 32, 
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Figures can contain a Body; to wit, equilateral Tria 


there may be conſtituted the ſolid Angle of a Pyramid 


right ones, as is gathered from Coroll. 12. Prop. 32.1.1. 


is gathered from Coroll. Prop 11. 1.4.) are leſs than fon 
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Scholium. 


Rom this Propoſition is demonſtrated that fam 
Theorem, That only three regular and equal ply 


gles, either 4, or 8, or 20; 6 Squares, and 12 Pente 
gons. And conſequently that there are only five regyl; 
Bodies. A Pyramid which is contain'd under 4; an 0 
Qaedrum which is comprehended by 8; and an ledfte 
drum, which is bounded by 20 equilateral Triangles; 4 
Cube which is contain'd under 6 Squares; and the Do 


decaedrum under 12 regular and equal Pentagons. NV ber: 
a Body is called Regular which is comprehended und ures 
regular and equal Planes. 55 penſec 

Demonſt. A ſolid Angle cannot be compos'd of oe fi 


two equilateral Triangles ; three at leaſt are requir d. 
Of three equilateral Triangles meeting in one Point 


of four, the ſolid Angle of an Octaedrum; of five, th 
ſolid Angle of an Icoſiedrum: Foraſmuch as both;, 4 
and 5 Angles of an equilateral Triangle are leſs chan M 


And becauſe three Angles of a regular Pentagon (i 


right ones, three Pentagons meeting in one Point willcon 
ſtitute a ſolid Angle; that of the Dodecaedrum. 

That of three Squares meeting in one Point may be 
compos'd the ſolid Angle of a Cube, is manifeſt of it 
ſelf. And thus there ariſe five regular Bodies. 

But that there are no more than theſe five, is thus 
proved. e 


Six Angles of an equilateral Triangle make juſt fou of 
right ones. For one is two Thirds of one right one WY k 
and therefore ſix ſuch will make (by Coro/. 1 2. Prop. 3: 7 
J. 1.) twelve Thirds of one right one, that is, four right 1 
ones. And therefore of ſix equilateral Triangles a ſolid un 

Angle cannot be compos d; much leſs of more. I 6 
That of four Squares a ſolid Angle cannot be made. 4 
much leſs of more, is manifeſt in it ſelf. | er 

Four Angles of a regular Pentagon are greater that 4 5 


right ones. For (by Coroll. Prop. 11.1. 4.) eachof them makes A} 
ſix Fifths of one right one, Therefore a ſolid Angle 
1 . . | can 
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annot be made of four ſuch Pentagons; much leſs of 
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Nor can a ſolid Angle be compos'd of any other regu- 


* 


gon (by Corel. 2. Prep. 15.1.4.) are equal to four 
jght ones. For one makes four Thirds of one right 
ne; and therefore three make twelve Thirds of one, 
hat is, four entire right ones. 'Therefore of three Hex- 
pons a ſolid Angle cannot be made up; much leſs of 
ore. | 


famoy 
a] Play 
Trian 
Penty 
regull 


; an O But ſeeing three Angles of a regular Hexagon are e- 
n Icofie ual to four right ones, three Angles of any other Fi- 
ples; Mures whatever greater than an Hexagon, as of an Hep- 
the Do. gon, Octagon, &c. will be greater than four right ones. 
. Now herefore it is manifeſt that the reſt of the regular Fi- 


d unde ures are all incapable of compoſing a ſolid Angle; and 
of onh 


e five foregoing. 
vir, 


2 Point FVV 

ramid PROP. XXII, III. 
„„ | HON | 
3.6 I A RE very prolix, and tedious to Beginners, and 
11. ſcarce at any time come into Uſe. . 


gon (a | | TRE 

a PROP. XXIV. Theorem. 
nay be 
of i (1.) Parallelograms. (2.) The oppuſite ones 
are equal. (3.) The Planes are equal, 


Part I. The Plane A F cutting the Planes B D, E H, 


5 thus 


t fou 


One; 


iat Planes A H, BG, which by the ſame Definition are pa- 


soli rallel, (by the ſame) makes the Section AE, B F, pa- 


rallel, Therefore B AE F is a Parallclogram. By the 

nade like Argument the reſt of the Planes of the Parallelopi- 
ped may be prov'd to be Parallelograms. 

han M Part II. Becauſe it is manifeſt from the firſt Part, 


kr Figures whatſoever. Three Angles ofa regular Hex- 


Pnſequently that there can be no regular Bodies beſides | 


HE Planes which contain a Parallelopiped are Fg. 25 


which by Defn. 13. are parallel, makes (a) the Sections (a) Per, 10. 
IB A, F E, parallel. Again, the Plane A F cutting the l =. 


ke that AB, B C, are parallel to EF, EG; the Angles (% pf, - 
— AB C, E F G, mult be (8) equal, : Wherefore ſceing , LO 10 


can the 


_ 2 * 
* r 7 * * 4 
Mn * - 
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the alternate Sides alſo are equal, the oppoſite Parallel 
grams B D, F H, are like or ſimilar. And the ſame 9 


the reſt. be A 
Part III. This is manifeſt from the firſt Part, and 4 denef 
or 8th of the Firſt Book. ADC 


PRO Pp. XXV. Theorem. 


Fig. 30. Fa Parallelopiped (G FD I) or any Priſm What 
ever be cut by a Plane (N P) that is paralll 
the oppoſite Sides; there will be this Proportion, a 
the Baſe (O C Po) is to the Baſe (OPFE) þ 

the ſolid (G P) to the ſolid (N F.) 


This is demonſtrated in the ſame manner as p. 1. l. 


Coroll. 


Aim cut by a Plane parallel to the oppoſite Plane, 57 b 
5 hath a Section like and equal to che oppolte 
anes. | 5 ; 


_-PROR. XXVI, XXVII. 
A RE not neceſſary. 


PROP. XXVIII. Theorem: 


Fix: 25 A Plane paſſing through the Diameters if 07 te 
Planes (AC, EG) cuts the 3 


anto tx equal Prifms 


Oer 26 Becauſe 20 B G, BE, are e Parallelograms ; CG, AE, 
15 ; 5 are equi- diſtant from the ſame B F. Therefore (b) they 
dk are alſo parallel betwjxt themſelves, and conſequent!y 
are in one Plane. Therefore the right Lines A C, E G, 

G rer. J. 11. are (c) in one Plane. But now that a Plane drawn thro 


them doth cut the Parallelopiped into two equal rin, 
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thus ſhew'd. Let the Priſm AE GC D H be under. 

ood to be ſo conſtituted upon its Plane A E CG, that 

be Angles D, H, bend towards the Angles B, F. It is 

feſt chat it will yet be betwixt the parallel Planes 
ADC,FEHG. But then D muſt needs fall upon B, 

d H upon F. For let D fall without B, if it may | 
e, and in N. The Angle B AC (d) 1s equal to the An- (d) Per 27. 
je DCA. But DCA is equal to N A C (for it is one 1 0 | 
d the ſame Angle). Therefore BA C and NA Care 

bual : Which is abſurd. Therefore D falls upon B; 

d for the ſame Cauſe H upon F. Therefore the Priſm 

EGCDH coincides with the Priſm ACGEFB, 

d conſequently they are equal (by Axiom. 7.) 


and 


what 
lel to 


N, 0 
0 7s 


m PROP. XXIX, XXX. Theorems. 


HE Parallelopipeds (FEAGK IMC) and fir r. 
FEB HL OM which have the ſame Baſe 
EFI and the ſame Altitude, and conſequently 

anc t betweem parallel Planes (EFIM) and (GAOL) 

pic e equal. ” 


For they either exiſt betwixt the lateral parallel Planes 
IAOMand FGLI, or not. Let the firſt be ſuppos'd. 
tom the 24th of this, and the Sth of rhe firſt Book, it is 
pnifeſt that the Triangles A EB, CMO; likewiſe 
H, K1L, are equilateral and equiangular to each 
ther. Wherefore, as in the foregoing, I might ſhew 
gat the Priſms CMOLIK, and AEB HF G, being laid 
pon each other will coincide, and conſequently are e- 
bal. Wherefore the common ſolid FE BHK CMI be- 
gadded, the whole Parallelopipeds FE AGKIM C 
poſit d FE BH LO M are equal. Q. E. D. 
piped i Then let the Parallelopiped FX QE MIP R not exiſt 
etw-ixt the ſame lateral parallel Planes with the Para lle- 
| piped FEAGKCMI. Here, becauſe by the Hypo- 
eſis, GR, AC, RP, QX, are in one Plane, which is 
irallel to the Baſe EFIM; let RP, QX, cut & K in 
and H, and AC in O and B; and let EB, MO, FH, 


AE, 
) they 


7 0 L, be join d. It is eaſy now to ſhew that the Planes 


chro Pataining the Solid FEB HIL O MI are Paralle- 
ſms, NPsrams, the oppoſite ones of which are nant, 
15 1 | EN Fo ey | an 
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and conſequently that that Solid is (by Def. 13.1. r1,); 

Parallelopiped. But to this by the firſt Part the Paralle. 
. FXQEMIP R, and FEA GK CMI, are each 
o 


them equal. Therefore they are alſo equal betyi 
themſelves, 


Corollary: 


1 Propoſition is like to the 35th of the firſt Book 
for it affirms concerning Solids, what that doth 
touching Planes. Wherefore the Demonſtration of the 
reſt of the Caſes will be like alſo. 


, PR OP. XXXI. Theorem. 


Fig. 33: D Aralielopipeds upon equal Baſes (4 O and E 
and inthe ſame Altitude (S are equal. 


PFirſt, let the Parallelopipeds have their Sides perpendiſ 
dicular to the Baſes. Unto the fide FG produc'd iſe C 
there be made aParallelogram G MK H equal and like Co, 
to the Parallelogram AO; and the Parallelogram & MiWcauſe 
P R being perfeQed, let the right Lines P M, R G mee peds 
K H in Q and L. And now let Parallelopipeds be uheref 
derſtood to be conſtituted upon G K, GQ, GP, wiopipec 
Sides are perpendicular to the Baſes, and S is tei E. 7 
common Altitude. The Solid EGS is to the Soli 
GPS, as EG (per 25.1. 11.) is to GP; that is, (be 
cauſe EG, A O, are equal by the Hypotheſis), as A\ 
to GP; that is, by the Conſtruction, as G K is to 61 

that is, asGQisto GP (per 35.1.1.) ; that is, as thi H. 
Solid G Qs is to the ſame Solid G S P. (per 25.1. 11. x 
Becauſe therefore the Solids EGS and Gs have th Pe 
ſame Proportion to the Solid G P S, the Solid EGS vi 
be equal to the Solid G QS; that is, to the Solid G Ks 
(per 29. J. 11.) that is, (becauſe the Baſes G K, AV 
are equal and like by the Conſtruction) to the Soli 
A Os, as it appears from 29. J. 11. and even in it ſe 
Which was the thing propos'd. Note, that in this fes 
A Solids are ſuppos'd to be right or perpendie 
{ar Ones, | FE. . 


des | 


Thi 
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Then let the given Para llelopipeds EGS, A OS have 
heir Sides at the Baſes E G, A O, oblique. Let there 
ow be made upon E G, AQ, Parallelopipeds, whoſe 
des are perpendicular to the Baſes in the heighth S8; 
heſe will be equal to the oblique ones by 29th or 3oth. 
here fore ſeeing by the firſt Part, right Parallelopipeds 
Ire equal betwixt themſelves, the oblique ones will be 
qual betwixt themſelves likewiſe, E. D. 


be | i 
13 
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} a, 
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PROP. XXXII. Theorem. 


7 LL Parallelopipeds whatever of equal Heighth, fis. 24: 
L are betwixt themſelves as their Baſes. 


Let GO and A be the Baſes. Upon CO make the 
arallelogram O E equal to A. | 5 
Upon B C, OE, let Parallelopipeds be underſtood to 
r eredted in the Altitude K; theſe therefore will be 
arts of one Parallelopiped BE K. Therefore the Paral- 
WopipedO EK, is to the Parallelopiped B C K, as the 
ſe OE, to the Baſe B C (per 25. I. 11.); that is, by 
ConſtruQtion, as the Baſe A is to the Baſe B C. But 
cauſe the Baſes O E and A, are equal, the Parallelo. 
peds O E K and AK are equal (by the foregoing '. 
erefore alſo the Parallelopiped AK is to the Paralle- 


erpet 
c'd It 
nd like 
nG) 
J me 
be un 


wholWpiped B CK, as the Bale A is to the Baſe B C. 
s thei. x, o. | | 
> Solid 

15, (be 


as AV 
9 GP 


ru AT which hith here been ſhew'd of Parallelopi- 
pedas, will be demonſtrated in the Twelfth Book of 

yramids, Prop. 6 Of all Priſms whatever, in Coro. 1. 
ter Prop. 9. Of Cones and Cylinders, Prop. 11. 


Sholium, 


PROP. XXXII. Theorem. 


IK E Parallelopipeds (HA and CM are in xg, 35. 
Ly a triplicate Proportion of their homologous 
des (AB, BC). 3 . 

Let 
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| Let the Parallelopipeds A H, C M, be like. Ther 


the Solids K B, HA, may be one Parallelopiped, and | 
KB, PO, may make one Parallelopiped, and t 0 


Solid HA is to the Solid K B (per 25.7. 11.) as AE ity 


(by the ſame) as the Baſe BR is to the Baſe PO; 
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fore all their Planes (by Defin. 9. J. 11.) are like; a 
conſequently AE (by Dein. 1. J. 6.) is to B C, as El 
to BO; and as FB is to B G, ſo is EB to B O. My, MW 
over the Angles of the Planes are alſo equal! (by the ſame D 
Therefore let the Solids A H, CM, be ſo plac'd, thy 


the equal Angles CB O, AB E, may be oppoſite, , 

the Sides A B, CB, may lye fo as to make one ſtreigi r 

Line; and then EB, OB will alſo lye ſo as to ma tie 
one ſtreight Line. Now let Solids be imagin'd to be con A C 


ſtituted upon the Planes B Q and E C, in ſuch ſortthy 


C M, may make one Parallelopiped likewiſe, The 


BR; that is, (per 1.1.6.) as AB to BC; that is, ( 
I ſhew'd above by the Hypotheſis) as EB is toB0 
that is, (by the ſame) as E C is to B Q; thats, (1, 
25. J. 11.) as the ſame Solid K B is tothe Solid PO. Ther; 
fore the three Solids H A, K B, PO, continue the ſin 
Proportion. But now the Solid K B is to the Solid 


is, (per 1. I. 6.) as E B is to BO; that is, as FB 


to B G, as it was ſhew'd above by the Hypotheſis; thy E 
is, (by the ſame) as the Plane F C is to the Plane BSW 4 
that is, (per 25.1. 11.) as the ſame Solid P O again is (onal 
the Solid CM. Therefore the four Solids, H A, K! Pcipr 
P O, C M, are continually proportional. Therefore (bil Ay 
Defn. 10. J. 5.) the Proportion of the firſt H A to ti 
fourth C M is triplicate of the Proportion of the fi #7 
H A to the ſecond K B; that is, triplicate to the f 
portion (per 25. I. 11.) of AE to B R; that is, trip Fart 
cate (per 1. I. 6.) to the Proportion of the homologous. 1 
vides, AB to HC. AE. . ual, 
{Coroll. (1.) Hence if there be four right Lines contin If th 
ally proportional; as is the firſt to the fourth, ſo i a Parall if F. 
lopiped deſcrib d upon the firſt, to a Parallelopiped lite, a8 L pe 
in lite manner deſcrib d upon the ſecond. per 25 
('2.) Upon this alſo depends that moſs famory Problem contuhat 15 
ing doubling the Cube; of which afterwards. Schol. p. 18. IU 1 eq 
(3. ) Hence alſo is to be corrected the Error of thoſe. vl by th 
5 uppoſe that the Proportion of like Solids is the ſame as is tif E is 
o] their Sides. For the Cube of a Line which is double 10 "i * 
nol her Line, is not ouly double to the other, but as 8 10 J 5 
| | k 0 
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Arid the Cube of a Line, which is treble to another Line, is p 
wt only treble to the other Cube, but contains it 27 Times. 
fir 1:2:4:8— 2nd 1 3 9: 27 , and the ſame 
Thing is to be ſaid of all like Bodies whatſoever ; as will ap- 
ear afterwards. | RE, 

(4. ) Hence the triplicate Proportion of any Quantities 
whatſoever is the Proportion of the Cubes of the ſame Quanti- 

le. Let there be an two Quantities in the triplicate Pro- 
„ion of the Quantities A B, BC; they ſhall alſo be as 


. 


L4B cube is ro B C Cube. 


t that 
70 Scholium. 
Ti | | 
\ E TH AT which hath here been ſhew'd of Parallelopi- 
is, 1 peds will be demonſtrated Book 12. Of Pyramids 
80 Wr1p. 8. Of all Priſms whatſoever, Coroll. 2. Prop. 9 Of 
is, %% ones and Cylinders, Prop. 12, Of Spheres, Prop. 18. 
e (nd gs | Ce 
id P( PROP. XXXIV. Theorem. 
d ; ths ES | 
FIT F the Parallelopipeds (B M, C K) be equal, Bg. 38 
e heir Baſes and Altitudes are reciprocally propor- 


nal; (that is, the Baſe 4 Mis to the Baſe F K, as 
eciprocally the Heighth F C is to the Heighth 4 B). 
And if they be reciprocally proportional, their Ba- 


un is 
A, Kl 


fore (b 


oh c and Altitudes are equal. 
3 . 8 : 
triple Part I. Firſt let the Sides be perpendicular to the Ba- 


ts. If now the Altitudes of the Solids BM, CK be 

dual, the thing is manifeſt. 

contin If the Altitudes be unequal, from the greater FC cut 

paralft F E equal to B A: and through E draw the Plane 

1;ke, ol L parallel to FK. The Baſe AM is to the Baſe F K, : 
per 25.1. 11.) as the Solid BM is to the Solid EK; 


ologo 


A. &. E. D 


_ 4 Then ler the Sides be oblique to the Baſes. Let righe 
rallelopipeds be erected ** the ſame Baſes in the 
1 oy, Ps: "In $ -. | ſame 


50 Per 1. J. 6. 


(a Per 25. 
J. 11. 


Fig. 37. 


"0, | 


to theſe Wherefore ſeeing theſe by the firſt Part hay. 
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ſame Height. The oblique Parallelopideds will be equi 


their Baſes and Altitudes reciprocal, thoſe alſo will be 
bkewiſe. M.ED. ::- | N 
Then let the Sides be oblique to the Baſes. Let ri 
Parallelopipeds be ere ed upon the ſame Baſes in th. 
{ame Height. The oblique Parallelopipeds will (erz) 
and 30.1.11.) be equaltotheſe: Wherefore ſeeing the: MW 
by the firſt Part have their Baſes and Altitudes recipro.Wp. 
cal, thoſe alſo ſhall be ſo likewiſe. Q. E. D. . 
Part II. Let the Altitudes be unequal, and the Side 
perpendicular to the Baſes; and from the greater Cf 
take E F equal to AB. The Solid B M is to the Seid 
E K, (per 32. J. 11.) as AM is to FK; that is, by tie 
Hypotheſis, as C F is to A B; that 1s, by the Conf. 
&ion, as CF is to E FE; that is, asCG is to (F) EC 
that is, (g) as the Solid C K is to the ſame Solid EK 
Therefore the Solids B M and C K have the ſame P. 
portion to EK: Therefore they are equal. Q. E. DL. 


Corol/aries. 


HAT Affections have been demonſtrated off 
Parallelopipeds, Prop. 29, 30, 31, 32, 33, %% 
alſo agree to triangular Priſms, which are the Halves diy. 
3 As is manifeſt from Prop. 28. Then,. 
ore, 5 N | | 
1. The triangular Priſms, which are of equal Height 
are as their Baſes, A, B. 2, | 

2. If they be like, their Proportion is triplicate to ti 
Proportion of the Sides, oppoſite to the Angles. | 
3. If they be equal, they reciprocate their Baſes , 
Altitudes; and if they reciprocate their Baſes and AW 
titudes, they are equal. 5 $ 


Scholium. 


W HAT hath here in Prop. 34. been ſhew'd of MW 
rallelopipeds, will be demonſtrated in the 1204 
Book of Pyramids, Prop. 9; Of all Priſms whatſoeveſ 
Coroll. 3. after Prop. 9; Of Cones and Cylinders, *rF 


PROF 


b. XI. E u CLID's Elements. 


PR OP. XXXV. 


right; | | 
n ti: Ss very long, and ſubſervient to the following 
/ that | Propofition, which we will demonſtrate without 


* PROF. XX XVI. Theorem. 

: Solid 2 

by X Parallelopiped (D H) made of three pro- 
nit - portional Right Lines (A, B, C,) is equal to 
N Parallelopiped (1 M, which is made of the Mean 
e b.), and is equiangular to the former. 
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Fig. 38, 


_ Let the Baſe F D of the Parallelopiped D H have 
the Side E F equal to A, and the other Side E D equal 
oC; And the Side E G which ſtands upon the Baſe e- 
qualroB, Thus the Parallelopiped D H will be made 
tel o. the three right Lines, A, B, C. Then let the Three 
0p des, LX, IX, X M, (and conſequently all the reſt) 
15 dhe Parallelopiped IN be equal to the middle Line 
Tun? And the ſolid Angle X equal to the ſolid Angle E; 
the Parallelopiped IN will be made of the Mean B, and 
«oh eauiangular to the former. I ſay alſo that it is equal. 
dun For ſeeing by the Hypotheſis and the Conſtruction, as 
to ch k is to LX, fo reciprocally IX is to DE, the Baſes 
| Io*DF, IL will be equal. Now becauſe the ſolid 
es oi ngles at E and X are equal; if they be pur within 
and Al Ine another, F they will coincide ; and becauſe of the t 


quality of the right Lines, EG, X M, the Points M 
ind G, will coincide. Wherefore both the Solids will 
lave one perpendicular Altitude; to wit, the right Line 
hich is let fall from the Points M, G, (now become one) 
nto the Plane of the Baſe. The Solids therefore D H, 
IN * are equal. N. E. D. 1 


Scholium. 
E will further obſerve what is of great Uſe, that of 


three Lines drawn into or multiplied one by ano- 
2 | ther 
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ther after what manner ſoever, a Solid of the ſan, 
Magnitude is produc d. KO 

5 ABC. CA. BCA. 

| J. 2. 3. | 
In the preſent Scheme the two firſt Letters deſignthM 
Baſe ; the third the Altitude. Let us compare the fir} MW 
with the ſecond. : 
TheBaſe AB is to the Baſe CA, per 1. 1.6. as th 
Side B is to the Side C; that is, reciprocally, as the 
Heighth B is to the Heighth C. Therefore by p. 34, 
; ABC, is equal to CAB. | 
In the ſame manner it may be ſhew'd that the firk i; 
equal to the third, and the third to the ſecond. 


PROP. XXXVII Theorem, 


D Arallelopipeds which are like, and deſcrib'd uf Aſo 
K the like manner .by proportional right Lins 
will themſelves alſo be proportional ; aud ar 
ver ſely. LG 

This is manifeſt of it ſelf. For the Proportion: oi =; 
Parallelopipeds, by the 23d of this Book, will be tryl- 
cate to thoſe Proportions which by the Hypotheſis ae 


equal which the Lines have betwixt themſelves. 
The Converſe is manifeſt of it ſelf alſo. N 
The Propoſition is true of all ſorts of like Bod, 
which will appear from Book the 12th to have betwit 
themſelves a Proportion triplicate to that which th 
Sides have. 1 


PR O P. XXXVIII, XXXIX 


"THESE contain nothing remarkable, and ai 
1 ſcarce of any Uſe. OY. 


PROP. XL. 


of IS i of a ſmall Uſe, and indeed no oth 
1 an the 28th Propoſition in another View. , | 


N | ib. XI. E UCLULI D*s Elements. 


ſams 


Sc holium. 


gn th 


ie fir Rom what hath hitherto been demonſtrated we have 


T che Dimenſion of triangular Priſms, and of quadran- 
gular or Parallelopipeds; to wit, if the Altitude be 
nultiplied into the Baſe. As if the Altitude be of 10 
Feet, and the Baſe of a 100 ſquare Feet (now the Baſe 
is meaſured by Schol. p. 36, or 41. J. 1.) multiply 10 by 
Joo, there will ariſe 1000 cubick Feet for the Solidity of 
the given Prim. g | 
The Demonſtration is eaſy. For like as a Rectangle 
zriſeth from the Multiplication of one Side by another, 
Þ a right Parallelopiped is produc'd from the Heighth 
Jrawn into the Baſe. Therefore every Parallelopiped is 
V4 alſo produc'd from the Altitude multiply'dinto the Baſe; 
„ Feing by 31+7. 11. it is equal to a right Parallelopiped, 
Lins, tonſtituted upon the ſame Baſe with the ſame Heighth. 
r Then ſeeing the whole Parallelopiped is produc'd 
from the Heighth into the whole Baſe ; the half of the 
P:rallelopiped (that is, a triangular Priſm by 28. 1. 11.) 
ons of „il be produc'd from the Altitude multiplied by half 
pl de Baſe to wit, the Triangle IL K. 
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BOOK XI. 
With Us the EIGHTH. 


— 


HAT in the e Books we have en. 
deavoured to perform ; namely, To bring 
the Elements of the Mathematicks into a 

3 more eaſy and brief Method, will be to 
be endeavour'd in this twelfth Book eſpecially ; the Do. 
&rine whereof is moſt neceſſary, but the Demonſtcti. 


ons are ſo prolix, that they commonly make Beginner; 


almoſt to deſpair. We have ſo propos'd to our ſelves to 


remedy this Evil, that in the mean while we will not de- 
part from the Rigour of Geometrical Demonſtraticn. 
Which Thing whether or no we have attain'd, the Res- 
der will underſtand, if he ſhall compare this of ours 
with Euclid's Prolixity. 5 


NOW aſter Euclid had in the former Book declared th: 
Elements of Solids, and defined the Meaſures of the moſt eaſy 
Bodies, thoſe, namely, which are terminated with plain Sur- 
faces: In this twelfth Book he conſiders Bodies bounded with 
curve Surfaces ; to wit, Cylinders, Cones, aud Spheres ; com- 
pares them bet wiut themſelves ; and defines their Meaſures. 
This Book is indeed moſt profitable, becauſe it contains thiſ! 
Principles on which the chief Maſters of Geometry, and eſpe- 
cially Archimedes, have built ſo many famous Demonſtrati- 
ous, concerning the Cylinder, Cone, and Sphere, 
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; DarTtNt1T10ON 5. 


1 An is a Solid (Z L) comprehended under x, 1. l. 121 
| the Triangles (ALC, CL F, FL B, BLA) placd 
dom one Plane (Z) to one Point (L). | 

| The Plane Z is call'd the Baſe, and may be either 

[Triangle or Quadrangle, or any other Figure; from 

ich of the Sides whereof there ariſe Triangles meeting 

pgether in the Point I, which is call'd the Vertex or 


op. i 
As the Triangle amongſt reftilineal plane Figures, 

the Pyramid amongſt ſolid ones is the firſt and moſt 

mple. | = 

2. If without the Plane of ſome Circle (C L) there Fg. 2. 3 
hill be taken the Point (A), and from it be drawn the 

pinite right Line (AF) touching the Circle in C; and 


0 a Mis Line (the Point(A) remaining fix'd) be turn'd about 
to e Circumference of the Circle, until it returns thither | 
Do. Nom whence it began to be moved; the Surface deſcri- 
rati- Id by the right Line (A CF) is term'd a conical Sur- 
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ce, and the Body which is contain'd under this Surface, 
d the Circle (C L) is call'd a Cone. : 

The Vertex of the Cone is (A). : 

The Circle (CL) is the Baſe of the Cone. 

The right Line (AB) drawn from the Vertex to the 
enter of the Baſe is the Axis of the Cone. 

The Side of the Cone is the right Line (AC) drawn 
om the Vertex to the Circumference of the Baſe, 
ich that it is wholly in the Surface of the Cone, is 
anifeſt from the Production of the Figure. 
A right * Cone, is, when the Axis (AB) is perpendi- Fr. 
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Sur = 

vic lar to the Baſe. . g 5 . 
ae Aſcalene f or oblique Cone, is, when the Axis (A B) f Fg. 
furs. Net perpendicular to the Baſe. N 
thoſe A right Cone is alſo made by a right-angled Triangle 


* BA) turn'd round about one of the perpendicular 
des (A B). See Fig. 2. 5 5 
3. If an infinite right Line (C OF) be turn'd about Hf: 4.8 
o Circles (CL, O Q) equal and parallel, until it re- 
uns to that Place from whence it began to be mov'd, 
d remains always, whilſt it is mov ' d, parallel to itſelf, 
e Surface deſcrib d by the right Line (C O F) is called 


2 Cy- 
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Fg. 4. 


Fig: 5. 


Fig. 20, 21. 


FZ. 6. 
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a Cylindrical Surface; and the Body which is contain 


under this Surface, and the two Circles, 1s call'd a (y 
linder. LT | 

The Baſes of the Cylinder are the Circles (CL, O0 
the right Line (A B) which conne&s the Centers of thy 
Baſes, is called the Axis. The right Line (OC) in the 
Surface of the Cylinder, touching both the Baſes, | 
called a Side of the Cylinder. 

A right Cylinder, is, when the Axis is perpendiculz 
to the Baſe. 

A Scalene or oblique Cylinder, is, when the Axis j 
not perpendicular to the Baſe. 

Aright Cylinder, is alſo made by a Rectangle (0 ( 
B A) turn'd round about one Side (B A). See Fig. 4. 


their Axes (A K, ZO) and the Baſes of their Diameter 


(BF, QR) proportional. 
5. A Sphere, is a Solid contain'd under one Surfice 


unto which Surface all the right Lines that are dry 


from a certain Point withinthe Figure, are equal amongf 


themſelves. That Point is call'd the Center. TheDi 


meter of the Sphere is a right Line drawn through 


Center unto the Surface on both Sides. 

A Sphere 1s produced if a Semicircle be turn'd abo 
its Diameter (AF) which remains in the mean whil 
unmov'd, 

6. Magnitudes inſcrib'd into or deſcrib'd about ſomt 
Figure, whether they be greater or leſſer than the I 
gure, are then ſaid to end in the Figure, when the) 

will at the laſt differ from it by a Quantity leſs than m 
given one whatſoever, or how ſmall ſoever. 


Therefore if thoſe Magnitudes which are inſcribd in 


to ſome Figure will at laſt fall ſhort of it by a Deficienc 


leſs than any given one whatſoever, the Magnitudes i 
ſcrib'd are f 


Mall be ſaid to end in the Figure. 


3 


4. Like Cones and Cylinders are thoſe, which hag 


aid to end in the Figure; and if thoſe whit 
are circumſcrib'd about ſome Figure, will at laſt excet 
it by an Exceſs leſs than any given one whatſoever, tht! 


jb, 2 
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PROPOSITION I. Theorem. 


"HE Proportion of like Polygons inſcrib'd in a fis. 5,7: 
1 Circle, is duplicate to the Proportion of the 
Diameter, (AF, IC). 


Let AO, BF; IR, LC, be drawn. Becauſe the 
lygons are ſuppos'd to be like, the Angles (OB A, 
LI) will (per Defn. 1.1.6.) be equal; and the Sides 
DB, B A, proportional to the Sides RL, LI. Therefore 

the Triangles OAB,RIL (per 6.1.6.) the Angles 
and R are equal. Therefore alſo the Angles BFA 
nd LC I, which ſtand upon the ſame Arches BA, LI, 
ve (p. 21. J. 3.) equal. But the Angles FB A, CLI, in 
emicircles, are (per 3 1. J. 3.) right ones. Therefore the 
ther Angles (p. Corolb. 9. pr. 32.1.1.) BAF, LIC, are 
qual, Therefore becauſe the Triangles FAB, CIL, 
te equiangular to each other, they are (p. 4. J. 6.) like; 
nd BA will be to LI, as AFtoIC. Now becauſe 
the Hypotheſis the Polygons are like, their Propor- 
dn will be duplicate (p. 20.1. 6.) to the Proportion of 
de Sides BA, LI; that is, as I have already ſhew'd, 
pplicate to the Proportion of the Diameters AP, I C. 
E. D. | v2 | 


Corollary. 


d iH E Circumferences of like Polygons inſcribed in Eg. 5. 7: 
CIENC a Circle are betwixt themſelves as the Diameters. 8 
Jes i Seeing it hath already been ſhew'd, that AB is to 


Il zs AF is to IC ; OB will alſo be to RL, as AF 
DIC: And ſo of the reſt of the Sides. Therefore all 
lie Sides together will be to all the Sides together, 
dat is, one Circumference to another, as AF is to 


A Lemma. 
Olygons inſcrib'd in a Circle end in a Circle. In- Fg. 8. 
ſcribe a Square, as AC B D. Seeing this 1 24: 
e. (ber 
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Fg: 6,7. 


Wherefore if this be taken out of the Circle, there wil 


D A meet in G and F; CF will be a Parallelogram, at 


the fame manner each of the Triangles AK D, DIB, 


the Remainder of the Circle, more than half will be 


1-7 E Proportion of Circles is duplicate to the 


the Diameters. But Polygons (by the foregoing L:ms) 


EUCLID's Elements, Lib. XII 


(per Schol. p. 6, and 7. J. 4.) of the Square which is cir 
cumſcrib'd, it will be greater than half of the Ciccj.M 


be taken out of it more than half, Then each Arch be. 
ing biſe&ed in E, K, I, H, inſcribe an Octagon: And 
let FG touch the Circle in E, which E G let B. 


which ſeeing the Triangle CE A (per 41. J. I.) is half 
this will be more than half of the Segment CEA. In 


ec. is more than half each of the Segments. Therefore 
all the Triangles are more than half all the Segments 
Therefore if you take theſe out of thoſe, that is, out of 


taken away. In the ſame way of arguing, if there be in-. 
ſcrib'd in the Circle, Polygons of Sides always double in 
Number; Ican ſhew that there will always be taken! 
out of the Remainder of the Circle more than bf d S C 
Thereſore the Remainder muſt at laſt be leſs than ye (per 
given one whatſoever ; and conſequently the inſcrib4W B C, 


Polygons will at laſt fall ſhort of a Circle by a Quantity Might 


leſs than any given one whatſoever ; that is, (per Df Wl heret 
6.1.12.) willendin a Circle. 5 = 


PROP. II. Theorem. 


Proportion of their Diameters. 


The Proportion of polygons inſcrib'd in a Circle with 
out End is (per 1. 7. 12) duplicate to the Proportion of 


inſerib'd in a Circle infinitely, ar laſt end in the Circle. 
Therefore the Proportion of Circles is alſo duplicate to 
the Proportion of the Diameters. _ . | 


PROP. III, IV. 
A RE Prolix, and bard for young Beginners, 


4 A and have no other Uſe, than that they ſerve 


XII ib. XII. _ EUCL1D's Elements. 
% Demonſtration of the Fifth, which we ſhall de- 
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28. unſtrate much more eaſily without them. 

he Lemmata, or preparatory Propoſition to Prop. V. 

Go q Lemma J. 

* F two triangular 8 be cut with Planes (OS E, £9. 
DIB. RXV) parallel to the Baſes (ABC, IQV), which 


me Planes divide the Sides (CF, QL) proportionally 
(E and Z) OS E, RX Z) will be betwixt themſelves 
the Baſes (AC B, IQV). N 

{ Becauſe the parallel Planes OSE, ABC, are cut by 
he Planes BFC, AFB, AFC, the common Sections 
JE, BC, and OS, AB, and OE, AC, will be (per 16. 
II.) parallel. Wherefore the Angles OSE, ABC, 


bed S O E, BAC, and O ES, AC B, two and two, 
n any Me (per 10. J. 11.) equal. Wherefore the Sections OS E, 
rb B C, are like (per 4.7.6.) In the ſame manner I 


f the Side B C, to the Side SE; and the Proportion of 
he Section IVQ toRXZ is duplicate to the Propor- 
lon of VQ to X Zz. But the Proportions of BC to 
dE, and of VQ to XZ are the ſame (for BC is to 
E (by Coroll. 1. per 4. 1.6.) as CF to EE; that is, by 
the Hypotheſis, as QL to Z L; that is, (by the ſame 
lire.) as VQto X Z). Therefore the Proportion of 
ABC to OS E is the ſame with the Proportion IV 
oRXZ. QE. P. 8 = ; 


© 


Lemma II. 


128 hath a triangular Baſe, end in the ſame Py. 
amid. 1 0 2» Ed 5 Es 
Let the Side of the Pyramid be divided into a certain 


Number of equal Parts AB, BG, GE, and through B 


and G there being made the Sections GDN and BEP 

| parallel to the Baſe Z AC; let the triangular Priſms 

EFM AO and GDNKBQ be underſtood by la 
5 flerib' 


hight ſhew that the Sections RX Z, IV Q, are like. 
Therefore (per 19. J. 6.) the Proportion of the Section 
B C, to the Section OS E is duplicate to the Proportion 


DRiſms inſcrib'd infinitely in a Pyramid (2 C AF) Sg to, 
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a Fg. 11. | ; 


ſequently the Number of Priſms be infinitely increag't 


the Baſes: ler triangular Priſms, of the ſame Numbe 
and the ſame Heighth, be underſtood to be inſcrib'd! 
both Pyramids. And now becauſe the Priſms, L A, IE me 
are of the ſame Heighth, the Priſm LA will be to the 


mid QA R, is to each inſerib'd into the Pyrami 
e „ 


( 


EUCLID's Elements. Lib, XI 


ſcrib'd in the Pyramid. Theſe then being continy, 
without the Pyramid, let there be underſtood to beg 
ſcrib'd about the Pyramid the Priſms CI B A, PX OI 
NH FG. The Exceſſes of the circumſcrib'd Priſm: 
bove the inſcribed ones are the Solids IM, XK, Hd 
which taken together are equal to the Priſm CI} 4 
For HG (per 25. I. 11.) is equal to DB; and conſe 
quently HG with X K are equal to PX GB, that i 
(by the ſame) to MEB A. Therefore the three Hg 
X K, IM, are equal to the whole CIB A. But if A 
be divided without End into more equal Parts, and co 


Lib. 
52 E 


ore all 
baſe 1s 

Len. 2. 
elyes 3 


AB will become leſs than any given Line. Therefor 
(as it is manifeſt from p. 25. J. II.) the Priſm CIBA e, 
become leſs than any given one. Therefore the Exce | 

of the circumſcrib'd Priſms, (and much more of the PM Let 
ramid Z C A F which is part of the Priſms circumſcrib ; ar 
about it) above the inſcribed Priſms will be lefs than He P 
given Priſm. Therefore the inſcrib'd Priſms (by Doing) 
6. J. x2.) end at laſt in a Pyramid. & E. D. Pyram 


PROP. V. Problem. nid A 


Riangular Pyramids of the ſame Heighth hav 7 
that Proportion betwixt themſelves, whichthi 


Baſes (A OR, ESX) have. 


Let the equal Altitudes of the Pyramids be repreſentec 
by the Side AP, EZ; which on both Sides let be di 
vided into as many equal Parts as you will, but ſo tha 
they be of the ſame Number; and let there be mad 
through the Points of the Diviſions, Sections parallel te 


Priſm I E (by Corol. 1. p. 34. . 11.) as the Baſe LO! 


is to the Baſe IN K; that is, (by Lemma 1.) as the BalYnid } 
QR A is to the Baſe S XE. In the ſame manner I mighWine 
ſhew that each of the Priſms inſcrib'd into the Py!9Mtar i 
rar 
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weg E . as the Baſe QA R is to the Baſe S EX. There. 
ore all of them together are to all of them together, as 


wh aſe is to Baſe. Wherefore ſeeing they at laſt end (per 
un . 2.) in the Pyramids themſelves, the Pyramids them« 
10 elves alſo will be as their Baſes. E. D. 


PRO p. VI. Theorem. 


LL Pyramids whatſoever, which are of equal fir. 12, 13. 


eas d 
1 Heighth have that Proportion betwixt them- 
Avi es which their Baſes (AB, CFO), have. 
Xce | 
he y Let their Baſes be reſolv'd into Triangles A, B, C, E, 


); and the whole Pyramids into triangular Pyramids. 
The Pyramid AX is to the Pyramid O Z (by the fore- 
boing) as A is to O; and the Pyramid BX is to the 
Pyramid O Z, as B is to O (by the ſame). Therefore 
the Pyramids A X, BX, together (that is, the whole 
Fyramid AB X) are to the Pyramid OZ, as A, B to- 
ether are to O. By the ſame Argumentation the Pyra- 
nid AB X is to the Pyramid F Z (by the foregoing) 
bs A, B are to F: And A B X is to CZ, as A, B is 
o C. Therefore ABX is to the three O Z, FE Z, C z 
together ; that is, to the whole Pyramid O E, CZ, as A, 


550 together is to O, F, C together. & E. D. 


hthe 


aſenteC 


PROP. VII. Theorem. 
be di 


ſo tha | Es 3 5 | 
mad L Very Pyramid is the third Part of a Priſm 

my ; which hath the ſame Baſe aud Heighth. 
„ „ „ 

ib dic Firſt, let the triangular Pyramid BG AC have the Fg 14; 
A, IE me Baſe and Heighth with the PriſmBACFEO: 

to het B F, AO, A F. be drawn. The Triangles B F C, 

4 FO are (per 34 J. f.) equal. Therefore the Pyra- 

e Baſ 


id B FEC A, is equal to the Pyramid BO FA. For the 
ime Reaſon O E AF is equal to the Pyramid OB AF; 
tar is, to the Pyramid B OF A, for they are the ſame 
yramads. Therefore B FCA, and OE AF, are alſo 


equal. 


> Pyra 
y camil 


LEN 
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Fig. 15, 


Fig. 16, 


Eg. t7. 


equal. Therefore all three FC A, OE AF, OBaz 
or BO F A, are equal. Therefore the three togeth, 


to the Pyramid B FCA; that is, (per. 5.7.11.) to } 


and Heighth with the Priſm AE F H: the Lines 3 ( 


las appears from Defin. 9. I. 11.) be like. Then let El 
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bn. 9. . 
}R to 
part, d 
plicate 
vortiot 
the Pre 


are triple of one B FC A. But thoſe three conſtitut 
thePriſimBACFEO. ThatPriſm therefore is tripple 


AC. XE. 9. . | | 
Then let any Pyramid whatſoever have the ſame Br, 


BO, BE, and NI, NG, NH, being drawn, reſolye 
the Priſms into triangular Priſms, and the Pyramid inte 
triangular Pyramids. Which being done, the Demon 
ſtration is manifeſt from the firſt Part: For each bart 
of the Priſms will be tripple of each Part of the Pyn 
mids. And conſequently the whole Priſm will be 


5 : porti 
tripple to the whole Pyramid. &. E. D. portio 


PROP. VIII. Theorem. 


| HE Proportion of like Pyramids (0 AC 
K HIN) % triplicate to that which the H 
mologous Sides (AB, H N,) have to each othn. i 


Firſt, Let them be Triangular : The Parallelo gm 
AM and HQ being perfected, ſet upon them the MW 
rallelopipeds AG, HL, in the Heighth of the Py 
mids ; which ſeeing the Pyramids are like, will ao: 


RP, be drawn; and through EF, CB, as likewiſ 
through RP, IN, the Parallelopiped will be cut (þ 
28. J. 11.) into two equal Priſms; each of which wil 
be tripple to the Pyramids O A CB, and K HIN (h 
the foregoing.) Therefore both together, that is, tht 
whole Parallelopipeds A C, H L will be Sixfold of tht 
Pyramids. Therefore the Pyramids are proportional tt 
the Parallelopipeds. But (per 33. J. 11.) the Proportion 
of theſe each to other is triplicate to the Proportion 01 
the Sides A B, HN. Therefore ſo likewiſe is the Pro 
portion of the Pyramids | 
Bur if the like Pyramids ſhall be polyganal, let the 
bs reſolv'd into the triangular ones A R, B R, C R, anW 
OK, E K, FK. You may from 20. and 5. J. 6. and 1 | 
4 


4 


elopi 


Nu Lib. XI. EvucLid's Elements. 
A. 9.1. 11. eaſily ſhew that AR is like to O K, and 
ether; R to EK, and C R to FK. Therefore by the former 


art, the Proportion of the Pyramids A R, O K, is tri- 
plicate to the Proportion of I M to P Z: And the Pro- 


Y ortion of the Pyramids BR and E K is triplicate to 

be Proportion of MX to S 2; that is, again by the 
* BaſefWHyporheſis of IM to P Z; and the Proportion of the 
B yramids CR, FK is triplicate to the Proportion of 


Qto ST; that is, again of IM to PZ. Seeing there» 
ore the Proportion of each to each is triplicate to the 
proportion of IM to P Z, the Proportion alſo of all to 
l (that is, the Proportion of the whole Pyramid A B 
CR to the whole OE F K) will be triplicate to the Pre- 
portion of I M to P Z. E. B. 


PROP. IX. Theorem. 
Qual Pyramids have their Baſes and Altitudes 


pave them ſo, are equal. 


| Part I. Firſt let the Pyramids be triangular BA CO, 
Nan HNL: The Parallelograms B E, H R, being perfected, 
he fe pon theſe ſer the Parallelopipeds, BF, HP. Theſe 


vill be (as was ſhew'd in the foregoing) ſixfold of Py- 
timids which are by the Hypotheſis equal, and conſe» 
Ivently will be equil betwixt rhemſelves. But now the 
Altitudes of theſe Parallelopipeds HK, B A, are the 
ame with thoſe of the Pyramids; and the Baſes B E, 
R, are double to the pyramidal Baſes (per 34.7. 11.) 
CO, HNL, and conſequently proportional to them. 


is, thlWeeing therefore by Reaſon of the Equality of the aral- 
of thWWelopipeds, as BE is to H R. ſo (by the fame) is recl- 
onal t9Wrocally HK, to B A; it will alſo be that as the Baſe 
Portion CO is tothe Baſe HNL, fo reciprocally is the Alti- 
tion 008ude H K to the Altitude BA. Q. EK. D. 


ne To But if the Pyramids have polygonal Baſes, let them be 
| educed into triangular ones, retaining the fame Alti- 
udes ; and theſe will be equal to thoſe by the 6rh. But 


monſtrated, their Baſes and Altitudes reciprocally pro- 
Portionable. Therefore the * polygonal Pyramids 


% 


Fig. 18, 19. 


reciprocally proportionable; and thoſe which | 


he Pyramids thus reduced, have, as we have now de- 


alſo 


Yu. : 
$] * 
ICP 1 
0 INE 


ſixth Parts alſo, to wit, the Pyramids B ACO, HK 


W HAT has been demonſtrated of Pynmid 


are equal. For this is ſhew'd of Pyramids, pr. 9. 


EUCLID's Elements. Lib. X( 


alſo have their Baſes and Altitudes reciprocally Proper 
tional. Q. E. D. 5 
Part II. Becauſe it is now ſuppos'd, that B CO 
to HLN, as HK is to BA; BE will alſo be to H; 
as H K is to B A. Therefore the 1 BI 
IP, are per 34.1. 11.) alſo equal. Therefore the; 


are equal. &. E. D. 


Corollaries. 


in pr. 6, 8, 9, does alſo agree to all Priſm 
whatſoever ; ſeeing theſe are (per 7.1. 12.) treble to h 
ramids which havethe ſame Baſes and Altitudes. There 
fore, | 
1. In Priſms of the ſame Heighth, their Proportion if 
the ſame as that of their Baſes, For this was ſhew'd a 


Pyramids, pr. 6. | F 
2. The Proportion of like Priſms is triplicate to tieelp o. 
Proportion of their homologous Sides. For this Hanes 
ſhew'd concerning Pyramids, pr. 8. 5 pids u 
3. Equal Priſms have their Baſes and Altitudes recti ntin 


procally proportionable ; and thoſe which have them ſ 


It is ſtrange that theſe Things were paſs'd over by I. 
clid, ſeeing they are the chief Things which can be de 
livered concerning rectilineal Solids. 


Scholium. 


L'RO M what has been hitherto demonſtrated is draw 
the Method of meaſuring any Priſms or Pyramid 
whatſoever. | 92 be | _ 
The Solidity of a Priſm is produc'd from the Altitul 
multiplied into the Baſe; and that of a Pyramid fro 
the third Part of the Altitude multiplied by the Baſe. WM 
As if the Altitude of a Priſm be of 5 Feet, but tht 
Baſe contains 25 ſquare Feet; multiply 25 by 5, a" 
phe ariſe 125, cubick Feet for the Solidity of tit 
rim: - 


* 
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For let there be a polygonal Priſm as A H. And let Fg. 18. 16. 
he Triangle B A C be underſtood to be equal to its 

aſe AE, and upon B AC the Priſm B E to be ſet at 

qual Heighth with A H. The Priſms B E, A H, will 

e (by Coroll. 1. foregoing) equal. But the Priſm BE 

by Schol. p. 40. I. 11.) is produc'd from its Altitude 

rawn into the Baſe BAC; that is, into AE, by 
Conſtrution. Therefore the Priſm A H alſo is made of 

ts Baſe A E multiplied by its Heighth, which is ſup- 

0s d to be equal to the Heighth of the Priſm B E. 

From hence and from 7. the Demonſtration of the ſe- 

ond Part is alſo manifeſt. | 

ramd 
Priſm 
o Py 
There 


A Lemma to Prop. 10. 


DVramids and Priſms which are inſcrib'd in Cones and 
Cylinders infinitely, do at laſt end in the Cones and 
bylinders. : 

This is demonſtrated as the Lemma of Prop. 2. with the 
telp of Prop. 6. and of Coro/. 2. after Prop. 9. if as there 
Uanes inſcrib'd in a Circle, ſo here Priſms and Pyra- 
pids which ſtand upon thoſe Planes as their E. ſes, be 
pntinually taken away from the Cones and Cylinders. 


tion i. 
yd of 


to thi 
1S Wag 


25 Tet 


nem { . 
be de | | | 
| Very Cone is a third Part of a Cylinder ha- Eg. 20. 
ving the ſame Baſe and Heighth. 
Let a regular Polygon of as many Sides as you pleaſe 
e underſtood to be inſcrib'd in the Baſe CL, and upon 


draw as the Baſe, for a Cone let a Pyramid, and for a Cy- 
ramid nder a Priſm be inſcrib'd. The Pyramid (per 7. . - 


ill be a third Part of the Priſm. And if again in the 
cle a Polygon of twice as many Sides be inſcrib'd, 
nd upon it be inſcrib'd for a Cone a Pyramid, but for 
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aſe. de Cylinder aPriſm ; the Pyramid will again be a third 
at tht of che Priſm. And thus it will always be. Where- 


re ſeeing Pyramids end in a Cone, and Priſms in a 
ylinder, the Cone alſo will be a third Part of the Cy- 
uder, QE. D. 
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PR OP. XI. Theorem. 


n a7: Cw of equal Height (BAF, QXR) « 
A J as their Baſes (CL, SE). The ſame Thin 
belongs to Cylinders of equal Heighth alſo. 


Pyramids inſcrib'd into Cones of equal Heighth, are; 
their Baſes (per 6. I. 12.) But Pyramids do at lengt 
end in Cones. Therefore Cones alſo are as their iſe 
And ſeeing Cylinders are threefold of Cones, whic 
have the ſame Baſe and Altitude with them, they 4] 
will be as their Baſes. Q E. D. 55 


7 Coroll. 


N the ſame manner it may be demonſtrated that i 
Priſms and Cylinders of equal Heighth are betvi 
themſelves as their Baſes; yea, that all cylindrical! 
dies of the ſame Altitude; that is, which are produc 
from whatſoever Planes multiplied By the ſame Aliud 
are betwixt themſelves as their Baſes. You may reale 
In the ſame manner of Pyramids and Cones of equal? 


titude, and of all conical Bodies whatſoever. De / 


Cut 
AO, 
ore ( 
deein; 
| R, 
e to 
NF ar 


PRO P, XII. Theorem. 


Fig. 20, 21, HE Proportion of like Cones (B A F a 
| QZ R) is triplicate to the Proportion of t 

Diameters (B Fand QR) which are in the B 

ſes. The ſame Thing is to be ſaid of like Cy 


ders. 


In the Baſes of the like Cones let regular Polygons 
inſcrib'd, which Polygons conſequently will be | J 
The Pyramids which are inſcrib d upon theſe Polyg( 11 
will alſo be like; as may be eafily ſhew'd. TW. 
fore their Proportion is triplicate (per 8. /. 12. Col. 

the Proportion of the Sides BL, QE; that is, to mi 
Proportion of the Diameters B E, Q R. Wherefore 


b. XII. EUcLI D's Element:. 177 


the Pyramids end in Cones, the Proportion alſo of 
e Cones is triplicate to the Proportion of the Diame- 
BF, QR. QED. | 

The Theorem is manifeſt of Cylinders, ſeeing they 
e treble to Cones, 15 


' PROP. XIII. Theorem. 


Fa Cylinder (B I) be cut with a Plane (R L Ft 22: 
parallel to the Bafes (B Q, CD; one Part 
BL) ſhall be to the ether Part (R I), as one Seg- 
ent of the Axis (AO) is to the other Segment of 
de Axis (O F.) . 


| This Propoſition is demonſtrated as the firſt of J. 6. 
N Var Theorem is in the ſame manner true of the gu- 
derficies. e 1 


XII 


Y @ 
e Thin 


th, are; 
t lengt 
eir Baſe 
5, Whic 


hey al 


that a 
betun 
rical } 
produce 
Ititudt 
y real 
qual! 


PROP. XIV. Theorem. 


KI GB) are as their Altitudes (LZ, SE.) 
The ſame Thing happens to Cones, 5 


Cut off from the higher Cylinder A R the Cylinder 
oO, whoſe Heighth L E is the ſame with S F. There- 
ore (per 11. J. 12.) the Cylinders AO, CI, are equal. 
deeing therefore the Cylinder A O, is to the Cylinder 
KR, (by the foregoing) as L E is to L Z; CI alſo ſhall 
de to A Ras L E is to L Z; that is, (becauſe LE and 
Fare equal, by Conſtruction) as 8S F to L Z. & E. D. 


Corollary. 


HE Theorem is alſo true of Priſms, and likewiſe 
L of Pyramids, and the Demonſtration alrogether 
1. like. Bur of Priſms the thing is demonſtrated from 

col. 1. p. 9. J. 12, and 25. I. 11. and its Corel. Of Py- 
ore i Emids from this, and from p. 7. I 12. 


Vinders (AR and C I) of equal Baſes (M, Fir. 25, 2% 


bg. 24,25: 


= LT 


- 
* 
3 x 
| Ip 
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: PROP. XV. Theorem: 


Qual Cylinders (A R, D F) have their Ba 
and Altitudes reciprocally proportional; and i 
they have them ſo they are equal. The fame Thin \ 
is trne of Cones. | 


This is demonſtrated as Prop. 34.7. 11. only for ;2, 
and 25.1. 11. there cited, there muſt be cited here Pry, 


41, and 13. J. 12. 


Scholium, 


WV Hereas Euclid hath ſaid nothing of compound 
Proportion in Bodies, we ſhall briefly demo. 
ſtrate it in this Place. | 

1. A Cylinder hath to a Cylinder, and a Priſm to: 
Priſm, a Proportion compounded of the Proportions 
the Baſes and Altitudes. 

Let FD and A R be Cylinders of different Altitudes 
(for in thoſe of equal Altitude the Thing is manifeſt 
From the higher cut off A O of equal Height with FD, 
And let the Proportion be thus; as the Baſe UT isto 
the Baſe MQ, ſo FNto X; and as the Altitude N Dor 
BO is to the Altitude B R, ſo is Xto Z. We mult there. 
fore ſhew, that the Cylinder FD isto the Cylinder AR, 
as FN is to Z. The Cylinder F is to the Cylinder A0 


[per 11.1. 12.) as the Baſe V T is to the Baſe M Q; that 
is, (by Conſtruction) as FN is to X; but the Cylinder 


AO is to the Cylinder A R (per 13. I. 12) as B O to 
BR; that is, (by Conſtruction) as X to Z. Therefore 
by Proportion of Equality the Cylinder F D is to the 


Cylinder AR, as FN to Z. 


The Propoſition may be demonſtrated in the ſame 
manner of Priſms, but from Coro/. I. pr. 9. and Coil. 
#1 2 | . 


r. 1 Ik: 1 
2. A Cone alſo hath to a Cone, and a Pyramid to: 


Pyramid, a Proportion which is compounded of the 
Proportions of Baſe to Baſe, and Altitude to Altitude. 
For (by Prep. 10; and 7.1, 13.) they are third Parts of 


PROP, 


Cylinders and Priſms, 


| ſame 
Corol. 
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PROP. XVI, XVII. 


NT Heſe Propoſitions, the moſt prolix of all other, 
| & Have no other Uſe than to ſerve to the demon- 
ftrating, Prop. 18. which we ſhall demonſtrate in 
another more eaſy Way. | | 


Lemma to Prop. 18. 


ſphere. LetP Z Y be the greateſt Semicircle of 
the Hemiſphere; and let the Radius A Z be perpendi- 
cular to the Diameter P Y. Cut A into a certain 

Number of equal Parts, AM, MN, N Z; and there 
being drawn through the Points of the Diviſions M, N, 
the perpendicular Lines BO, Ge. Let there be in» 
ſcrib'd in the Semicircle the Rectangles OB RK, EDHS; 


| which afterwards being continued without the Semicir- 


cle, let there be underſtood to be deſcrib'd about the Se- 


micirclethe Rectangles ET VP, LVB O, QXD E. They 


will all of them be of the ſame Heighth, and the Ex- 


ceſſes of the circumſcribed ones above thoſe which are 
inſcrib'd will be the Planes F K, LS, X E, VH, T R, 


| which taken together make the Rectangle FT VP. For 
| becauſe X E is equal to DS, thoſe LS VH, X E, to- 
| gether will be equal to the Rectangle LB, that is, O R. 


| Wherefore if you add on both Sides the Planes F K, 


TR, all thoſe FK, LS, X E, VH, TR, taken toge- 
ther will be equal to the Rectangle F TY P. If now 


the Semicircle with the Rectangles be underſtood to be 


| turn'd about the Radius A Z, which is in the mean while 


unmov'd, the inſcribed Circles E H, O R, will produce 


Cylinders inſcrib'd in the Hemiſphere ; and the circum- 
| {crib'd ReQangles will produce Cylinders circumſcrib'd 
about the Hemiſphere, ſtanding one upon another; and 
as the Exceſſes of the circumſcribed ReQangles above 
the inſcribed ones was the Rectangle F; ſo likewiſe 


the Exceſſes of the circumſcribed Cylinders above the 


| Inſcrib'd ones, will be the Cylinder which is produ- 
ced from the Rectangle F * But now the — 
Bs 5 „ this 


Ylindersinſcrib'd in an Hemiſphere end in the Hemi. Eg. 26; 


+" 
WY LE, 


126 


Figs 271 


Cylinders, above the inſcrib'd ones, will at laſt become 


FT* HE Proportion of Spheres is triplicate to tli 


| 


EucLip's Elements. Lib. XII. Ni.! 
this Cylinder will be made leſs than any given Height . 
and conſequently (as is manifeſt from 13. J. 12) it ſq 
will grow to be Jeſs than any given Cylinder, if, the 


Radius being divided into more equal Parts without end, 


E to 
XE is 
inders 
ortion 


the Number of ReQangles, and from thence of Cylin, Ir the; 
ders, be infinitely increas'd. Therefore the Exceſsofthè kc. X 
circumſcrib'd Cylinders, and much more of the Hemi. . 


ſphere it ſelf, whichis only a Part of the circumſerib d 


Jeſs than any given one. Therefore (by Deſin. 6. 1, 12 
Cylinders infinitely inſcrib'd in an Hemiſphere, do 2 


length end in the Hemiſphere it ſelf. & E. D. qul-n 


ort101 
copor 
hanne! 
ed in 

| | I the 
N the ſame manner it will be demonſtrated, that Cy. {W:0p9! 
linders inſcrib'd in a Cone, Conoid, Spheroid, & e Pre 


Corollary. 


do at laſt end in the fame. þ the 

ws MET OR "OI I ITO pre ſe 
| | nd in 
> 1 | here 
PROP. XVII. Theorem. oy 


Proportion of their Diameters (B K, RZ). 


The Radius's A B, Y R, being divided into as many M He 
equal Parts as you will, but of an equal Number, and I k 
there being drawn through the Points of the Diviſions Wowr 
perpendicular, &. Let ReQangles of an equal Num- Wor, 


ber be underſtood to be inſcrib'd! in the greater Semi- one 


circles of the Spheres, which Rectangle being turned Wo, 1: 
about the unmov'd Radius's A B, Y R, will be conceivd Wc lel 
to inſcribe in both the Hemiſpheresa like Number of Cy- 
linders ſtanding one upon another. Now becauſe K C The 
is (per Coroll. p. i3.1.6.}roCF, as CF is to CB; the here 
Proportion of K CroCB (by Defn. 10. J. 5.) will be Whe 
duplicate to that of K C to CF, that is, to the Propor- 
tion of FC to CB. In like manner the Proportion of 

Z E to E R will be duplicate to the Proportion of XE 

to ER. But by the Conſtrudion K C is to C B, a3 

Z E is to ER. Therefore F C alſo is to B C., as XE Wa 5 
to ER. But B C by the Conſtruction is to C 1 2 


* 
ll. 
hth - 
ſelf 
) the 
end, 
Vins 
f the 
emi. 
rib' d 
OMe 
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lo it 


Cy. 
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E to ES. Therefore by Equality F C is to C O, as 


IE is to ES. Therefore (by Defn. 4.1. 12.) the Cy- 
inders FL, X Q, are like, and conſequently their Pro- 


jortion is ( per 12. J. 12.) triplicate to the Proportion 
ff their Diameters, FI, XV, or of the Semidiameters 
C,X E, which are the Baſes. But the Proportion of 
(to X E is the ſame with the Proportion which is be- 


wixt the Diameters of the Spheres B K, RZ; (for as 1 


ave already ſhew'd, F C is to X E, as C O is to ES; 
hat is, as B K is to R Z, which by the Conſtruction are 
qui- multiples of thoſe C O, E S.) Therefore the Pro- 
ortion of the Cylinders FL, X Q is triplicate to the 
coportion of the Diameters B K, RZ. In the ſame 
anner we might demonſtrate that each Cylinder inſcri- 
ed in one Hemiſphere, bears to each Cylinder inſcribed 
q the other Hemiſphere a Proportion triplicate to the 
Proportion of the Diameters B K, RZ. Therefore alſo 
be Proportion of all together to alltogether is triplicate 


Þ the Proportion of the Diameters B K, RZ. Where- 
pre ſeeing the aggregates of the Cylinders do at length 
nd in their Hemiſpheres, the Proportion of the Hemi- 


pheres alſo, and conſequently of the Spheres will be 
iplicate to the Proportion of their Diameters. Q. E. D. 


Corollary. 


ö Herefore the Proportion of the Diameters being 
known, the Proportion of the Spheres becomes 
hown likewiſe. As if the Diameter of the leſſer be one 
bot, that of the greater ten Feet; let the Proportion 
one to ten be continued through four Terms, 1, 10, 


do, 1000; as 1 the firſt is to 1000, the 4th Term, ſo is 


be leſſer Sphere to the greater. 


| The Dimenſion of Cones, Cylinders, and of the 
Phere, will be exhibited in the following Book out of 


Irchemides. 1 
Scholium. 


As like plain Figures are increas'd or diminiſhed in 


like 


any given Proportion by one mean Proportional, ſo 
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like Bodies are increas'd or diminiſh'd by two me; 
Proportionals. | 
Let a Sphere or Cube, or any other Body whatſoeye; 
be given, whoſe Radius or Side is A. Likewiſe let ap 
Proportion whatſoever of A to B be given, as the do 
ble or 2 to 1. A Body is to be diſcover'd both doyh] 
to the given one, and like to it. 
ZBetwixt the Terms of the given Proportion A and! 
let there be found two mean Proportionals X, Z, a8 
cording to what was taught in the Scholium of Prop, 1; 
7.6. A Sphere whoſe Radius is X, or other Body li 
to the given one which is made upon the Side X, yi] 
be double to the given one. | 
For like Bodies whoſe Radius's or Sides are A and! 


have betwixt themſelves a Proportion which is triplicate 
to the Proportion of A to X, (by Corol. prop. 9. andy} 
Prop. 12. and :8.1. 12.) that is, the ſame (per Def, of | 


I. 5% which A hath to B. 


And this is that moſt celebrated Problem which fron 1 
Apollo and Delos is called the Deliacal Problem; becaſg | 


at the time of a moſt grievous Peſtilence, which waſte 
Athens, being conſulted, he gave Anſwer, that the: 
ſtilence would ceaſe, if his Altar, which was of a cul 
cal Form, were doubled. Thus Yalerins Maximus 1.8%. Þ 
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To the REA DER. 

LBE IT there have appear d very many 

4 moſt excellent and admirable Men in the 
Mathematical Sciences; jet the chief Glory 

F all hath always by a certain common Conſent, 

been given to Archimedes of Syracuſe. Tho' in- 


bim; more who admire than underſtand him. The 
Cauſes of which Neglect ſeem to be theſe, the Bulk 


lation, which is diretly made out of the Greek 
| ulty of bis Demonſtrations. I judged therefore that 


it would be for the Profit of ſtudious Learners, if 
after my Illuſtration of the Elements, I ſhould ſub- 


join theſe Theorems which had been ſelected by me 


out of Archimedes, and demonſtrated in a much 
eaſier and brieſer Way. Furthermore, I have ſelect- 


ed thoſe, which bring along with them both more of 


Admiration and of Benefit; and have in my De- 


monſtration took ſuch a Method that, J hope, he ub 


underſtands the Elements will, without any great 
Labour comprehend theſe moſt excellent Inventions of 


the Prince of Geometricians. I have alſo added at 


the End, thirteen Propoſitions, and thereby enlarged 
the Doctrine of Archimedes concerning the Sphere 
and Cylinder : Where amongſt other Things, I de- 
monſtrate, that the ſeſquialteral Proportion is conti- 
nued in the Three Bodies, a Sphere, Cylinder, and 
© equilateral Cone; both the latter being inſcrib'd about 


the 


deed more there are who commend than who read 


and Scarceneſs of Copies, ſome Obſcurity of the Tran- | 


Language, together with the Proxility and Diffh- 


Truths, raiſe up thy Mind, while it is thus alread 


ble Viſion of whom, I truſt we ſhall hereafter be mad 


To the Reader. 

the Sphere. Moreover I have added divers Thing 
here and there, amongſt which the 12th Propoſiti A 
on, and the Corollaries of Prop. 14. are the chief 
and ſeveral Scholiums. Make uſe of theſe Diſco 
veries whereſoever thou be'ſt, that art a Candidat 
of Geometry; and how much thou haſt improve 
in Euclid, make Proof of in Archimedes. An 
when thou perceiveſt thy ſelf to be fix d and rais' 
upwards in the Contemplation of the moſs nobl 


lifted up from theſe Iower Things, yet higher, an 
direct it to that Truth which is Original, Eternal 
Inmenſe, and is no other than GOD ; by the ineffa 


eternally Happy. Fareuel. 


Thing 
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DEFINITIONS; 
Or an Explanation of certain Terms. 


E I there be a Circle BE CG, whoſe Center gg. 23. 
is A, its Diameter B C, which let the right Of the Ta: 
Line EG cut at right Angles, (but not through ble out of 
the Center,) in D. Let there be drawn Archimedes. 
om 71 Center the Radius's AE, A G. This being 
NOTE, (I.) That a Sector of a Sphere is that which is 
roduced from the Sector of the Circle AEC, or 
E BG, turn'd round about the Diameter B C. | 
2. That a Segment or Portion of a Sphere is that Part 
it which is produc'd from the Segment of the Circle 
6 A or E B G turn'd round about the ſame Diameter 


3. The Vertex or Top of the Spherical Portion EB G 
the Extremity B of the unmov'd Diameter; the 
aſis, the Circle deſcrib'd by EG; the Axis, that Part 
t the Diameter B D, which is intercepted betwixt the 
top B, and D the Center of the Baſe . 
4. When I name the Superſicies of a Spherical Porti- 
or of a Body inſcrib'd in it, or of a Cone, I al- 
ays underſtand it without the Baſe; and when I 
ly the Superficies of a Cylinder, I mean likewiſe with- 
pt the Baſes ; unleſs the Word [whole] be adjoin'd 
d [Superficies |; for then the Baſes alſo are to be taken 


E 


A gain, 


* 


Fig. 1; 16. 


Fig. 1. 


kr 16. 


Fig. 17. 


Fig 3. 6 


Fig. 4, 8. 


os 


be leſs than the Superficies of the Sphere. And if 


in a Segment of a Circle (DA F) is leſs than the Ci 


Superficies of a circumſcrib'd Pyramid is greater. 


92 
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Again, when I treat of Cylinders or Cones, I ſpeak o 
no other than right ones. the 4 
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4 | H E Circuits f Polygons circumſcrib'd alien: 
. and inſcribd in a Circle, do at laſt end * 
the Circumference of the Circle. In lile man g c 


Axioms. 


HE Circuit of a Polygon inſcrib'd in a Circle; 
leſs than the Circumference of the Circle. 
2. The Circuit of a Polygon deſcrib'd about a Circl 
is greater than the Circumference of the Circle. 
3. And if a Polygon inſcrib'd in a Circle, be turn 
about the Diameter (A E) together with the Circle, th 
Superficies of the Body produc'd by the Polygon, wi 


Polygon cireumſcrib'd about the Circle, be turn d aboy 
the Diameter, together with the Circle, the Superficie 
of the Body produc'd by the Polygon will be great 
than the Superficiesof the Sphere. | 
4. In like manner the Circuit of a Polygon inſcrib 


cumference of the Segment. And if a Polygon inſcrib 
in the Segment, be together with the Segment (A 
turned round; the Superficies of the Body produc 
by the Polygon will be leſs than the Superficies of tt 
Spherical Portion (D A F.) 1 

5. The Superficies of a Priſm inſcrib'd in a Cylind 
is leſs than the Superficies of the Cylinder; but the $ 
perficiĩes of the Priſm which is circumſcrib'd is greater 
6. And the Superficies of a Pyramid inſcrib'd in 
Cone, is leſs than the Superficies of the Cone; but t 


| ARCHIMEDE 8's Theorems. 
the Polygons themſelves do at laſt end in the 


ircle. 


peak of 


If, to wit, the Arches being biſeQed without end, Fg. r. 
ore and more Sides be circumſcrib'd about and in- - Archie 
crib'd in the Circle. = 12 85 
Part I. Let there be underſtood to be inſcrib'd in and 
leſcrib'd about a Circle, regular Polygons; whether it 
e done ſo as is to ſet down, Pr. 12. 1. 4. or as in the pre- 
ent Figure, the Thing will be the ſame. Ir is manifeſt 
er Coroll. 1.p.4. 1.6.) that FI is to C E (that is, the 


ircle! 
Circl 


turn 
cle, th 


n, wiphole Circuit circumſcrib'd, unto the whole Circuit in- 
nd if trib'd) as I A is to CA. ButIC the Exceſs of the 
d abouſfight Lines I A above CA, becomes at length leſs than 
perficiſy given Line, if more and more Sides be underſtood 


 greatdÞ be infinitely circumſcrib'd and infcrib'd ; therefore 
so the Exceſs of the Circuit circumſcrib'd above that 
nſcribWhich is inſcrib'd, will at length become leſs than any 
the Cifftiven Line. Therefore much more the Exceſs of the. 
inſcribffircuit circumſcrib'd above the Circumference of the 
© (Aircle will be leſs than any given one. In like manner, 
producſikcauſe I have already ſhew'd the DefeQ of the Circuit 
s of tifſhſcrib'd, whereby it falls ſhorg of that which is cir- 
mſcrib'd, to be leſs than any given Line : Therefore 
CylindÞuch more will the Defe& of the Circuit inſcribed, 
the hereby it falls ſhort of the Circumference of that Cir- 
greaterfle, become leſs than any given Line. The Circuits 
b'd in Werefore, as well as that which is inſcrib'd, as that 
but (hich is circumſcrib'd, do at length (Dein. 6. I. 12.) 
er, din the Circumference. Which was the firſt Part. 
odemonſtrate theſe Things further is not worch the 
II bile, ſeeing they are manifeſt enough. _ „ 
; Part II. Becauſe it hath already been ſhew'd that the 
xceſs F I above the Side E C becomes. at length leſs 
han any given Line (for FI is to EC, as IA to C A); 
ere fore alſo the Exceſs of the Square of FI above 
je Square of EC will become at length leſs than any 
ven one. But as the Square of E is to the Square of EC, 
Peer 20.1.6.) is the Polygon circumſcrib'd, to that 
Which isinfcrib'd. Therefore the Exceſs of the Polygon 
>d allWcumſcrib'd above that which is inſcrib'd, will alſo be- 
ft end me at length leſs than any given one. Therefore much 
_—_—_— will the Exceſs of the Polygon circumſerib'd above 
LN | i Circle, become at laſt * than any given one ; 
| an 


(c) Per ef. 3. 


4. 4. 
Fig. 1. 


SE. 
Fig. 2 


(Defin. 6.1. 12.) end in the Circle. Which was the ſe. ing 
cond Part. a, ED 


A Regular (c) Polygon (FIN 7 N) circum- ¶ Baſe 


Heighih the Radius of the Circle. 


Perpendicular (AO) let down into one Side fronſſince 


tac is (per. 18.1, 3.) perpendicular to the Tangent IF 
Wherefore if the right Lines AF, AI, A N, Cc. being 


dius A B will be the common Altitude of all ; and con 
ſequently it is manifeſt that the Triangles are equi 


Altitude, will (as is manifeſt from 1. I. 6.) be equal ik 
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and conſequently, the Defe& alſo of the Polygon in. Po! 
ſcrib'd, whereby it falls ſhort of the Circle, will at Þ are 


length become leſs than any given Defe&. Therefore If cite 


Polygons as well inſcrib'd as circumſcrib'd, do at laſt cle, 


Baſ 
thei 


Pp R O P. IV. Theorem. wa 


( crib'd about a Circle, is equal to a Triangle B 


whoſe Baſe is the Circuit of the Polygon, and it' 
and 
And a regular Polygon inſcrib'd in a Circle is e uit 
qual to a Triangle, which hath for its Baſe the 


Circuit of the Polygon, and for its Heighth tis © 


ude 
In tl 


Part I. The Radius A B drawn to the Point of Coll 


the Center. 


drawn, the Polygon be reſolv'd into Triangles; the R 


Therefore a Triangle which hath its Baſe equal to ti 
Sum of the Sides FI, IN, NT, &. and AB for it 


them all, that is, to the whole Polygon circumſcrib'd. 


Part II. This may be concluded by the ſame reaſonhy, 
ing as the other, „ ö 


PROP. V. Theorem: rc 


A Circle is equal to a Triangle, which hath j 
its Baſethe Circumference, and for its Height 
the Semidiameter of the Circle. 


Regular Polygons circumſcrib'd about a Circle, an | 
Triangles which have for their Baſes the Circuit of 


ARCHIMEDES's Theorems. 


1 in. Polygon, and for their Altitude the Radius of the Circle, | 


ill at J are always (by the foregoing Prop.) equal. But Polygons 


refore I circumſcrib'd infinitely about the Circle, end in the Cir- 


at laſt cle, (by the 2d of this Book); and in like manner Tri- 
ne ſe, angles (as I will ſhew by and by) which have for their 
Baſe the Circuit of the circumſcrib'd Polygon, and for 
their Altitude the Radius A B, at laſt end in a Triangle 
which hath the Circumference for its Baſe, and for its Al- 
titude the Radius A B. Therefore (by the firſt) a Circle 


Baſe, and the Radius for its Altitude are equal. | 
But that Triangles contain'd under the Circuit of the 
Polygon, and the Radius of the Circle, end art Jaſt in a 


ſo is e ruit of the circumſcribed Polygon and the Radius A B, 


iſe tre to the Triangle which is under the Circumference 
and the Radius AB (by iP 6.) as Baſe to Baſe, that is, 
th tiÞs the Circuit of the Polygon to the Circumference ; 


e fronince this Triangle and the other have a common Alti- 
| ude. But the Circuit of the Polygon (by the 3d) ends 


f Conend in this. 
" ay 
„ being 
the Ri 


Corollaries. 


ind con 

equi þ Row this and 41. J. 1. it is manifeſt that a Rectan- 
| ro tit gle under the Radius and half the Circumference is 
| for leoual to the Circle; that one under the Radius and the 
7 75 whole Circumference is double; that one under the 


whole Circumference and whole Diameter is quadruple 
: reaſo thereto. | 


2. A Circle is to an inſcribed Square, as half the Cir- 
tumference (C DE) is to the Diameter; bur to a Square 
tircumſcribed, as the fourth Part of the Circumference 
5 to the Diameter. | 


bath if 


HeightWircle is to the Rectangle G F CE, to wit, the ReQan- 


cle, all 
it of ti 
Polygon 


rſt 


and a Triangle which hath the Circumference for its 


Triangle, which is contain'd under the Circumference 
and the Radius, I thus ſhew. Triangles under the Cir- 


In the Circumference. Therefore the other Triangles 


For the Rectangle under C D E, and the Radius CA 
r C F, that is (by the foregoing Corollary) the whole 


Fig. 5. l. 4 


le under FG and C F (that is, to the inſcribed Square 
CDE) as ( per. I. I. 6.) CD E, half the Circumfe- 
tence is to FG or CE the Diameter; which was the 
Thing. And conſequently the Circle is to the 497. 
; 2 3 e | * 


Fg 37. 


cumſeribed Square) as CD E is to the double of the 


(or 33); and more than thrice and 5. 


do contain the Diameter leſs than thrice and one ſeventh 


Diameter more than three times 5. But this Demon 


ARCHIMEDES's Theorems. 
ble the Rectangle GE CE, (that is, to F H the cir. ſo 


Diameter C E, or as the Quadrant CD is to the Diame- G 


* C E. po! 


[ 3. Of Figures which are of equal Circumferences the | 
Circle is the moſt capacious. Let the Circumference of any gin 
Polygon whatſoever ( as for Inflance of a Square) EG HI 
be equal to the Circumference of the Circle. I ſay, that the Ih wh 
Area of the Circle is greater than that of the Polygon. Hr gen 
the Area of the Circle is equal to a Triangle, whoſe Baſe ie. 
the Circumference, and its Altitude the Semidiameter F 4 : ¶ Des 
And the Area of the Polygon is equal to a Triangle whoſe Baſe an; 
the Compaſs of the Polygon, which by the Hyputheſis u wh, 


equal to the Circumference of the Circle, and which hath fir vom 
Its Altitude the Perpendicular FO, let down from the Center 


of the Circle unto the Side of the Polygon, which ſince it i! 
always leſs than the Radius of the Circle, it is manifeſt that 
the Area of the Polygon is leſs than the Area of the Cirtl, 
Q. E. D. And in like manner, amongſt all ſolid Figures 


contain d under equal Surfaces, the Sphere may be demonſtra- 


ted to be the moſt capacious. } | 
PROP. VI. Theorem. | be 


IE Circumference of a Circle contains th and 
Diameter leſs than thrice and one ſe vento 


For the Demonſtration of this Theorem, Archimed: * 
aſſumes regular Polygons, one circumſcribed about a Cir 


cle, the other inſcrib'd, and both of them of 96 Sides Icon 


And then he ſhews that the 96 inſcribed about a Circle, 


and conſequently that the Circumference which i 
leſs than them, doth alſo contain the Diameter leſt 
than thrice and one ſeventh. But the 96 Sides inſcribe! 
in the Circumference, (and conſequently the Circumfe- 
rence alſo which is greater than them) doth contain the 


ſtration is too Jong to be brought in this Place. Nay 


if we minded to extend our Geometrical Reaſoning ti 


Polygons of more Sides ſtill, we may contract the LF 
mits even now ſer more and more without Limit, - 
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: Cir» ſo come nearer and nearer for ever to the true Pro- 
F the portion. This hath been perform'd by Ludolph Ceulen, 
ame- Grimberger, Metis, Snellius, and others. The chief Pro- 
portions hitherto found I ſhall here ſubjoin. 

ces the [ However, ſince a Tangent of 30 Degrees multiplied by 12, 
of any gives the Circuit of a circumſcribed Hexagon; and a Sine of 
66H30 Degrees multiplied by 12 gives the Circuit of an Hexagon, 
at the which is inſcribed : Foraſmuch alſo as in like manner the Tan- 
„„er gent of half a Degree multiply d by 720, yields the Circuit of 
aſe 1 circumſcrib'd Polygon of 360 Sides; and the Sine of half aA 
FA: Degree, the Circuit of an inſcribed Polygon of 360 Sides; 
ſe Baſe ¶ and ſo on for ever : It will not be difficult to underſtand, by 
eſis i: what Means many ſuch Numbers may be found, out of the 
ath fir ¶ now given Tables of Sines and Tqngents. 1 


Center The firſt Proportion, which is that of Archimedes, j 
it ll is thus: 7 WK: 1 
ſt that | The Diameter 7 | | 1 
 Cirele The Circumf. is 22; which is greater than the true. 1 
Figure f The Diameter 77 

nonſtra· ] The Circumf. is 223 ; leſs than the true one. 


The Proportions of 22 to 7, and 223 to 19, if they 
be reduced to a common Conſequent, (which is done 
after the ſame manner, in which Fractions are reduced 
to the ſame Denomination) will be thus, 1562 to 497, 
ns the and 1561 to 497. . 5 | 
ven Therefore the Diameter being ſuppos'd 497 Parts, the 
Circumference greater than the true one will be 1562; 
and the Circumference leſs than the true « 561. 
: | Both of them therefore differ from the true, by a 
himeds Quantity leſs than #5 Part of the Diameter. But if the | 
3 a Ci. Proportion of 7 to 22, and 71 to 223 be reduced to a | oY 
Side ¶ common Conſequent, there will ariſe the Proportions of 
Circle 56 to 4906, and of 1562 to 4906. : 9 
event Therefore the Circumference being ſuppos'd to be 
nich | 4906 Parts, the Diameter leſs than the true will be 
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ter " 561, the Diameter greater than the true 1562. 

ſcribe Both therefore differ from the true Diameter by 
dm Quantity leſs than 258 Part of the Circumference. 

train t 


The Proportion delivered by Merius is much more ac- 


1 xurate than this of Archimedes. According to this, 
ning 0 4, 3 
the LiÞ The Diameter is 113. 


it, and The Circumference 355. 
J 5 
*F 1 Amongſt 


| 


8 ARCHIMEDES's Theorems. 

Amongſt all Proportions conſiſting of ſmall Numbers, 
none comes nearer to the true one; for from this, the 
Diameter being ſuppos'd of 10,000,000 Parts, the Cir. 
cumference comes to be of 31,415,929, which differ; 
from the true one only in the firſt Figure 9, and this by 

an exceſs but a little greater than two ten-millioneth 
Parts of the Diameter. 15 

But more exact than both is that double Proportion of 
Ludolp bus a Ceulen; the former of which conſiſts of 211 
Figures, and the latter of 36. 


The Diameter 
oo, ooo, ooo, ooo, ooo, ooo, ooo. 
The Circumf. greater than the true 
31451 59265,3 588979, 3 23847. | 0 
The Circumf. leſs than the true 2 
314, 1592635, 358979, 328846. * 
The Difference of both the Circumferences is one Fe 
Particle of the Diameter denominated from a Number , 
which conſiſts of a Unity and 20 Ciphers ; and conſe. E: 
quently as well this as that differs from the true Circum-· 1 
ference by a Quantity leſs than is the ſaid ſmall Part ff 
the Diameter; to wit, one hundredth of a millionerh o * 
a millioneth of a millioneth Part. Pp. 


The Diameter 
1 00000,000000,000C00,0,00000,000000,000000, 
The Circumf. greater than the true 
3141 59,2653 58 9793 23,846264,338327,950289. 
The Circumf. leſs than the true 


314159, 2653 58,9793 23, 846264, 3383 2,9502886. 


The Difference of both the Circumferences betwix! 
which is the true one, is that ſmall Part of the Diameter, 
denominated from a Number which conſiſts of Unit) 
and 35 Cyphers ; which ſmall Part bears a leſs Proportion 
1 to the whole Diameter, than one little Grain of Sand 
— 4 doth to the whole Globe of the Earth. For the whole p 
= Globe of the Earth doth not conſiſt of ſo many litt 1 
Grains of Sand, as are the little Parts of the ſaid Son 
F Vuhich are contain'd in the Diameter. N 
It is needles to go any further. Nevertheleſs yu 
may proceed infinitely, if you be minded to continu 1 
Geometrical Reaſoning, an expedite Method of which! 
delivered by Snellius. Au 


mbers, 
is, the 
ie Cir. 
differs 
this by 
lioneth 


tion of 
8 Of 21 


Part o 
Dneth o 


bet wax! 
ameter, 


f Unity 


portion 


of Sand 


: whole 


y little 


id Sor 


eſs you 

"ntinu 

yhich 1s 
{Tit 
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[The Circumference being ſuppor'd of 


1,000000,000000,000000,000000,000000,000000,000090 Parts. 
The Diameter will be as near as may be, of 
0,318309,886183,790671,537757,926745,025724 Parts.) 


Scholium. 


now delivered, are theſe which follow. 


TE moſt excellent Advantages of the Proportion 


| The Invention of the Diameter from the Circum- 


ference. 


E T the greater Term of one of the Proportions which 
*have been now delivered in the firſt Place, the leſſer 


inthe Second, the Circumference in the Third ; by theſe 
three Numbers let there be ſought by the Golden Rule a 


is ode! Fourth Proportional. That is the Diameter ſought. 


Jumber 
conſe. 
** 0 
ircum- ; 


As if the Circumference of the greateſt Circle of the 


Earth be ſuppos d to contain 25000 Engliſh Miles of 35288 


Feet each, and the Diameter be ſought ; the Terms will 
ſtand thus, 1 EY, 
7854 


g——I13z———25000 


+ Multiply now the ſecond by the third, and divide the 
Product by the firſt ; and there will ariſe 7854 Miles 
for the Diameter of the Globe of the Earth. 


The finding out of the Circumference from FR 


Diameter. 


3 T the leſſer Term of one of the Proportions above 


delivered be ſet in the firſt Place; the greater in the 


ſecond; the known Diameter in the third: and by theſe 


three Numbers let there be ſought a fourth Proportio- 
nal. That will give the ſought Circumference. 


As if the Diameter of the Globe of the Earth be ſup- 
pos'd to contain 7854 Engliſh Miles; and the Circuit is 


ſought; the Terms will ſtand thus. 
iI T — | |. 
Then multiply the ſecond by the third, and divide the 


Product by the firſt; there will ariſe 25000 Miles for | 


the Circumference of the Globe of the Earth. 
Ns How 


—— 1% * 
er 


* 
1 
% 
; . 
14 
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* 1 
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conſiſt of 21 Figures; there will be found a Circumfe. 


Proportion of Archimedes, the Interval of the two Cir. 


Ihe Difference of the circular Area thus found from the Þ 
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How little this Circumference exceeds the true one 
was ſaid above; to wit, by an Exceſs but a little greater 
than aretwo ten-millioneth Particles of the Earth's Dia. 
meter; that is, by 9 or 10 Feet. But if we uſe the Lu. 
dolphin Proportion, even the former, the Terms whereof 


rence inſenſibly differing from the true, not only when 
the given Diameter is of 7854 Miles, ſuch as is the Dia. 
meter of the Earch; but alſo although the Diameter be 
ſuppos'd of an 100 Millions of thoſe Miles. For this be. 
ing fupposd, there will ariſe a Circumference differing 
from the true one by a Quantity about one hundred-mi). 
Jioneth Part of a Foot. But if to find ont the Circumfe. 
rence of the Globe of the Earth, we make uſe of the 


cumferences the one greater, the other leſs than the true Þ 
one, will exceed 20 Miles. Archimedes his Proportion L 
therefore is not to be uſed but in ſmall Meaſures; nay, Þ 
it will always be expedient to uſe that of Met ius, which T7 ia 
both conſiſts of ſmall Terms, and is above a 1000 times 
More exact. | | | 


The meaſuring of a Circle, . . 


T HE Semidiameter multiplied by half the Circumfe- {thei 
1 rence produceth the Area of the Circle; as is ma. 
nifeſt from Corol. 1. Prop. 5. of this Book. ; 
As if the Semidiameter of the Farth, which contains 


3926 Miles, be multiplied by half its Circumference, J 


to wit, by 12500, there will ariſe 49 075000 Miles N 
ſquare for the Area of the greateſt Circle of the Earth. 


true is had, if the Difference of half this found Circum- 
ference from the true half-Circumference be multiplied 
by the given Semidiameter ; or the difference of this Se. 
midiameter from the true, be multiplicd by the given 
Semicircumference. | 


- The Menſuration of Cylinders and Cones. 


| Put this here, becauſe it depends upon the Menſurs 2 0 
tion of a Circle, A Cylinder therefore, and any 1 4 
N * = wh i 


ARCHIMEDES's Theorems, 
one whatſoever is produced from the Altitude multiplied by 


eater Wthe Baſe : A Cone and Pyramid from the third Part of 


Dia. ¶ the Altitude multiplied by the Baſe ; for they are third 
© Lu» Parts of Cylinders and Priſms, having the ſame Baſe and 
ereot ¶ Altitude with them, by 10, and 7, I. 12. 


imfe. W Let the Baſe of a Cylinder or Cone be of 50 ſquare 


when Feet, and the Height of 100 Feet. Multiply loo by 
Lia. 5o, and there ariſe 5000 cubick Feet for the Solidity of 
er be the Cylinder. Multiply the third Part of the Altitude 


is be. 100, which is 33+ by 50, there ariſe 16665 cubical Feet 


ering for the Solidity of the Cone. 


mil. 

umfe. | N 1 | 

f 8 PROP. VII. Theorem. 

> Cir. 

2 true | i 

tion H HE Circumferences of Circles have the ſame 

nay, Proportion betwixt themſelves which their 

which PDiameters have. per | 

OY For the Circuits of like Polygons, which may be in- 
Icribed in a Circle without end, are always betwixt 
themſelves as the Diameters A F and I C (by Coroll. Pr. 
T. J. 12.) But theſe Circuits (by the third Pr. of this 
Book) end at length in the Circumference. Therefore 

Ftheir Circumferences alſo are betwixt themſelves as 

umfe- {their Diameters. &. E. B. N 

is ma-· . 

eim PROP. VIII Theorem, 

rence, . 


a 5 is circumſcribd about, as that which is in- 
(cum. (crib din a Cylinder, is equal to a Rectangle whoſe 
riplied N Heighth is the Side of the Cylinder, but its Baſe 
— equal to the Circuit of the Baſe of the Priſm. 
given; | | | 


Part I. The Superficies of the circumſcribed Priſm 
touches the Cylinder according to the Lines E A, NE, 


tauſe by the Hypotheſis the Cylinder is a right one) are 
Tight to the Plane of the Baſe, and conſequently right 
Alo (by Defin. 3.1.11.) to the Lines C G, G M, &. 
But they are alſo equal betwixt themſelves. Therefore 
4 . : one 


Miles HE Superficies of a Priſm, as well that which 


c. which are the Sides of the Cylinder; but theſe (be- 


II 


Fg. 6. & 7. 
4. 1.2, 


Fig. 3. 


Fig. 4 * 


12 
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one Side of the Cylinder is the common Heighth of aj 


the Rectangles C O, O M, MH, &c. Therefore the Sy. 
perficies of the circumſcribed Priſm is equal (as is ma 
nifeſt from 1. I. 6.) to a Rectangle contain'd, under the 


Circuit of the Baſe of the Priſm, and the Side of th; 
Priſm or Cylinder. 


Part IT. The Reaſon of this is the ſame. For the 
Side of the Cylinder is again the common Altitude of 
the Rectangles BDIK, KIQP, &c. which conſtitute 
the Superficies of the inſcribed Priſm, | 

1 | | 


PROP. IX. Theorem. 


| 52 HE Superficies of a regular Pyramid circum: 
ſcrib'd about a right Cone, is equal to a Tria: 
ole, which hath for its Baſe the Circumferent| 
(FHLD) of the pyramidal Baſe, but its Hegi 
the Side of the Cone (B G.) — 
And the Superficies of a regular Pyramid in 
ſeribed in a right Cone, is equal to a TrianghÞ 
which hath for its Baſe the Circumference of th 
pyramidal Baſe, but for its Height the Perpendicu 
lar (B O) let down from the Top unto a Side of t 


Baſe. 


Part I. Let there be drawn unto the Contacts, 6 
K, M, the right Lines BG, BK, B M. Theſe will lf 
be Sides of a right Cone, and conſequently equal. And 
becauſe (by the Hypotheſis) the Axis B A is perpendiſ 
cular to the Plane of the Baſe FK D, the Plane alſo GBA 
(per 18. J. 11.) will be perpendicular to the Plan 
FK D. But HG (per 18.1. 3.) is perpendicular ti 
A G the common Section of the Planes FK D and GBAE 
Therefore H G (as is gathered from Defin. 4. J. II.) i 
alſo perpendicular to the Plane GB A. And conſequent 

Ivy is alfo perpendicular to B G. Therefore the Side 
G B of the Cone, is the Heighth of the Triangle F BH 
In the ſame manner the Side of the Cone will be thi 
Heighth of the reſt HB L, LB D, c. Therefore th 


Triangle comprehended under the Circumference 1 


of all 
the Su. 
is ma. 
er the 


ok the 


or the 


ude of 


ſtitute 


1. 12.) in the Superficies of the Cylinder; and the 
| Superficies of a Pyramid circumſcrib'd about a right 
Cone, ends in the Superficies of the Cone. 


cum: 
Tian 


ferent 


Heil 


"4 
2 
I 


Ro 
0 
2 
= 
4s 


+ 
* 


at laſt a difference betwixt themſelves leſs than any 
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LD and the Side of the Cone is equal to the Superficies 
ofa Pyramid circumſcribed, without the Baſe, Which 
was the firſt Part. e 5 

II. The Demonſtration of this Part is almoſt the ſame 
with that of the former. | 


PROP. X. Theorem. 


d HE Superficies of a regular Priſm circum- 
ſcrib'd about a right Cylinder, ends (Defin. 6. 


Part I. The Superficies of regular Priſms deſcribed E.; 
about and inſcribed in a Cylinder without end, will have 


which can be given. Much more therefore will the Su- 
perficies of a circumſcribed Priſm differ from the Super- 


iangl: ficies of the Cylinder, which is in the middle between 


of til 
endicy 
of tht 


x2 
5 


the inſcribed and circumſcribed Superficies, by a Diffe- 


rence leſs than any given one whatſoever ; that is, (Def. 
6. 1:12.) will end in the cylindrical Superficies, whilſt 
it continually exceeds it leſs and leſs. 


Part II. This may beſhewed inthe ſame manner from Eig. ;; 


the 9 and 3 of this. 


icts, G, 


will al 


1 . And | 


rpendi. 
o G34 
e Plant 


-ular te 


2 


93 


In the Figures there are only exhibited the Halves of 
| the Cylinder and Cone, left a Multitude of Lines ſhould 
| breed Confuſion. But the Cylinder and Cone are to be 
conceiv'd in the Mind entire, and as having theſe circum. 
| ſcribed Priſms and Pyramids encompaſſing them. For 
chus it more clearly appears that plain Surfaces circum- 


| ſcribed are greater, according to the 3d Axiom. 
I 11.) U ; 


Lemma iu the following Propoſition, 


| 1 ET AB, CD, EF, be proportional, and let K B Eg. 7: 


be half AB, and EG, double EF; K B, CD, E G, 


will alſo be proportional. 


The right Line K B is to A B as E F is to E G. 


t 


: Therefore the Rectangle K B, E G (per 16. J. 6) is 


equal 


33 


Fig. 5, 6. 


potheſis proportional, AD alſo (or AN) G H, and te! 


cuit N M, and the double of B C) is equal (by the 8th 


ſcrib'd about the Cylinder. But a Triangle under the 


2 Proportion duplicate to the Proportion of AN to G H, 


gon N M hath the ſame Proportion to the Superficies 5 =. 
| * : 


y a e 
Lo = * a 
- 
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equal to the Rectangle A B, EE. But this (by 17. J. 6) Nike! 


is equal to the Square of CD. Therefore alſo the Red. N conſ 


angle K B, E G, is equal to the Square of CD. There. the f 


fore (by 17. J. 6.) K B, CD, E G are proportional. ficie 


PROP. XI. Theorem. Wh 


Circle, whoſe Radius (& H) is mean propur- Pes 

tional betwixt the Side of a right Oy linder Cire 

(BC) and the Diameter of the Baſe (BD) un F 
equal to the cylindrical Superficies. — 


Let the regular and conſequently like Polygons, NM, , 
RS, be underſtood to be circumſcribed about the Circle 


ABN, GP H; and upon the Polygon NM let a 'riſm 


be conceiv'd to be erected, with which the Cylinder is 
circumſcribed. Becauſe BD, GH, B C are by the Hy- 


double of B C will by che Lemma be proportional. Nov 
the Triangle contaia'd under AN and the Circuit off 


the Polygon MN is equal to the Folygon circumſcribelll 7 
NM (by the fourth of this Book): And the Rectangł E. 
under BC, or EF, and the ſame Circuit N M (that is, Of t 


as is manifeſt from 41+ J. 1. the Triangle under the Cir-W 


of this Book) to the Superficies of a Priſm circum- 


Circuit NM and AN is to the Triangle under the Cir- 
cuit NM, and the double of B C (by 1.1. 6.) as AN 
is to the double of B C. Therefore the Polygon NM 
alſo is to the Superiicies of a Priſm circumſcribed about 
2 Cylinder, as AN is to the double of B C. But be- 
cauſe J have already ſhewd AN, GH, and the double 
of B C to be proportional, the Proportion of A N to 
the double of B Cis (by Defin. 10. 1.5.) duplicate tot 
the Proportion of A N to G H. Therefore the Polygon 


NM hath to the Superficies of the Priſm a Proportion ee 


duplicate to the Proportion of AN to G H. But the 4 
Polygon N Mhath alſo to the Polygon like to it GRS 


as is eaſily gathered out of 1.1, 12. Therefore the Poly- Þ* 
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7. 1.6.) N cke Priſm, which it hath to the Polygon G RQS; which 
e Rect. ¶ conſequently is equal to the Superficies ofthe Priſm. In 
There. the ſame manner, I might ſhew that the priſmatic Super- 
J. ficies, which are circumſcriptible infinitely about the 
Cylinder, are always equal to the Polygons which may 
be circumſcribed infinitely about the Circle & P H. 
Wherefore ſeeing both the priſmatic Superficies (by the 


loth of this) end in the Surface of the Cylinder, and the 


Propor- Folygons in the Circle GP A (by the zd of this) the 
e, Superficies of the Cylinder alſo will be equal to the 
Yunder Circle GP H. Q. E. D. 

D) u From this admirable Theorem, a Circle is preſented 
which is equal to a cylindrical Superficies. 


„ NM, | 5 

Circle Corollaries : 

| Vriſm | | | | ak 

_ | HE Superficies of a right Cylinder is equal 
rk to a Rectangle contain d under the Side (BC) 

ind the 1 : | 
Nov nd the Circumference of the Baſe. 

cuit off. | fe | | 


1 The double of B C (as hath been ſhew'd above) is to 


(cribelfÞ ; 
Range G H, as G H is to BA, or AN; that is, (by the 7th 
that is, N of this) as the Circumference P is to the Circumference 


he Cir. FB N. Therefore the Triangle under the firſt, to wit, 


the 8th {the double of BC; and the fourth, to wit, the Circum- 
ircum- ference BN, is equal to a Triangle under the ſecond 
der the U H, and the third, to wit, the Circumference P, (as 
he Cir-N appears from 16. J. 6.) But the Triangle under G H 


SAN 
1NM 
about 
zut be- 
double 
IN to 


to the Circle & PH, that is, (by the 11th of this) to 


under the double of B C and the Circumference B N, 
(that is, as appears from 41. J. r. the Rectangle which is 
under BC and the Circumference B N) will be equal 


- 


© the cylindrical Superficies. Q. x. D. 


Duperficies, Therefore let this be Corollary 2 
2. Thecylindrical Superficies (B M, QN) which are 
pf the ſame Height, are berwixt themſelves as the Dia- 
meters of their Baſes) BF, QR) 


For the Rectangles under the Circumference 1 28 
the 8 E) and the equal right Lines FM, RN, to 3 


* 


— 
* 


and the Circumference P, is (by the 5th of this) equal 
he cylindrical Superficies. Therefore alſo the Triangle 


| From this Corollary it is manifeſt, that the Properties of 
Rectangles are common to them with right cylindrical 


15 


Fig. 35 6 


1977 


Fig 20, 21. 
„ 12. 


» » " 
* 
* 


Fig. 20, 21. 


J. 12. 


(by the 7th of this) as the Circumference CL to the 


have the ſame. 


The fame 
Figure, 


Fig. 24, 25, 
. I 3, | 


' rence of the Baſe be multiplied by the Altitude. As f 
| Baſe of 6; multiply 20 by 6, there ariſe 120 ſquirh” 
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(by Corel. 1.) the cylindrical Superficies are equal, arg 

betwixt themſelves (by 1. J. 6.) as the Baſes, to wit, the 

Circumferences CL, SE; that is, as the Diameter; 
BF, QR (by the 7th of this.) | 
3. The cylindrical Superficies (C I, AR) which hay 
(11, br. are betwixt themſelves, as their Altitude; 
BR: | | 8 | 
For the ReQangles contain'd under the equal Circum. 
ferences GB, MQ, and the Sides TI, BR, to which! 
(by Corol. 1.) the cylindrical Surfaces are equal, are be. 
twixt themſelves (by 1. J. 6.) as TI, BR. j 
4. Like cylindrical Surfaces (B M, RI) have betwix 
themſelves a Proportion duplicate to that which (BF, FF 
QR, ) the Diameters of the Baſes have. - K 
Seeing the Cylinders are ſuppos'd to be like, M F vill; 
be to IQ (by Deßn. 4.1. 12.) as B F is to QR; that is ; 


Circumference S E. Wherefore the Rectangles ao 
which are contain'd under the Circumferences C L, SE. 
and the Side MF, IQ, will be like; and conſequenty Ha. 
they will have betwixt themſelves (by 2c. I. 6.) a Pro- e 
portion duplicate to that which M F hath to I Q; tha ar 
is, B F to QR. Therefore the cylindrical Surfaces ali; 


5. Cylindrical Surfaces (B M, R I,) have betwitÞ 
themſelves a Proportion compounded of the ProportionÞi 
of the Sides (F M, IQ,) and the Diameters of the 3 
5 (TP, QR, ) as is manifeſt from 23.1. 6. and the 1 
OT this. | | þ 3 

6. If cylindrical Surfaces (A R, FD) be equal; « 
the Diameter (AB) is to the Diameter F N,) ſo reci - 
procally (by 14.1.6.) the Altitude (F H) will be uf 
the Altitude (B R); and converſly. © ' 2 

7. Laſtly, from the ſame 1K Coro]. is had the Meaſunf 
of a cylindrical Superficies; to wit, if the Circumfe 


the Altitude be of 20 Feet, the Circumference of thi 


Feet for the cylindrical Superficies. 
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ll, are 
it, the 


meten FR OP. XII. Theorem. 


* 1 E Superficies of a right Cylinder is to the 

Baſe (ABN) as the Side of the Cylinder 

ircum. (C B) is to (BO) the fourth Part of the Diameter 

e 

uin Let G H be a mean Proportional betwixt B C the xg. 6.5. 
Heighth, and B D the Diameter of the Baſe, and conſe- of this. 


1 (BE, quently (by Lemma before Prop. II. of this) a mean Pro- 
Eportional betwixt A N and the double of B C. The 


4 Circle GP H of the Radius G H is ( by the 11th of 
that 15, this) equal to the curve cylindrical Superficies C D. 


to the Fut the Circle G P H hath to the Baſe of the Cylinder 


es ao AB Na Proportion duplicate (by 2. J. 12.) to the Pro- 


L, S. portion of GH to AN; that is, the ſame which the 
quent!\FHouble of B C hath to the Radius B A (by the Hypo- 

) a P- theſis, and Def. 10. I. 5.) that is, the ſame which B C' 
2; ihn Kath to B O, the fourth Parr of the Diameter. There- 
ces all fore the cylindrical Superficies alſo is to the Baſe A B N 
Is BC is to BO, the fourth Part of the Diameter. 
det wn E. E. D. \ | . | 

ortion ns | 
the 3. 
the u 


Corollary. 
2 , HE Superficies of a Cylinder which hath its Sides 
| be o. equal to the Diameter of its Baſe, is fourfold of the 
Baſe. But if the Side be a fourth Part of the Diameter 
Meaſun df the Baſe, the Superficies of the Cylinder will be equal 
rcumfe to the Baſe. Both theſe are manifeſt from the Propo- 
—— . 
> of the 
{quart * 


PROP. XIII. Theorem. 
| Circle whoſe Radius (O L) is amean Propor- Fi. s. 1. 
= tional betwixt the Side (B C) of a right Cone, 
0 end the Radius of the Baſe (AC) is equal to the 
Þþ fonical Super ficies, „ 
FF. : Let 


„ 
1 


Fig 948. T HE Superficies of a right Cone is equal to a TI. * 
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Let regular Polygons EF, IN, be underſtood to be I 
circumſcrib'd about the Circles ACG, OL, andaPy. MW AC 
ramid circumſcrib'd about the Cone to be erected upon cun 
the Polygon E F. 8 e = 

Becauſe, by the Hypotheſis, A C, or A G, is to OL, fis, 
as OL is to BC, the Proportion of AG to B C vill wi 
(Defn. 10. J. 5.) be duplicate to the Proportion of AG (as 
to OL. But as A G is to B C, ſo is the Triangle under un- 
AG and the Circuit E F to the Triangle under B C and Þ thi: 
the ſame Circuit EF. Therefore the Proportion of the O | 
Triangle under A G and the Circuit EF, to the Trian. Þ of : 
gle under B C, and the ſame Circuit, is alſo duplicate to |] 
the Proportion of A & to OL. Bur the Triangle under ha\ 
AG and the Circuit E F is equal to the Polygon LFE fol 
(by the 4th of this): And the Triangle under BC and : 
the ſame Circuit E F (by the gth of this) is equal to vi 
the Superficies of the circumſcribed Pyramid. There. 
fore the Proportion of the Polygon EF to the Superf- 
cies of the Pyramid is alſo duplicate to the Proportion -: 
of AG to OL. But the Proportion of the Polygon be 
E F to the Polygon I N, which is by the Conſtruction . 
like to it, is (per 1. J. 12.) alſo duplicate to the Propor- 
tion of AGto OL. Therefore the Polygon E F hau 
the ſame Proportion to the Superficies of the Pyramid 
and to the Polygon IN, which conſequently are equi 
In the ſame manner I might ſhew that the Superficies oi 
Pyramids, which may be circumſcribed about a Cone in 
finitely more and more, are always equal to Polygons 
which may be circumſcribed infinitely about the Circle 
OPL. Wherefore ſeeing both the Surfaces of Pyri. 
mids (by the 1oth of this) do at laſt end in the Surface th 

of the Cone, and Polygons (by the 3d of this) in the . 


Circle O PL, the Superficies of the Cone and the Cir- de 

cle OP ſhall likewiſe be equal. Q E. D. fa 
From this excellent Theorem a Circle is found which! 

is equal to a conical Surface. 18 

Corollaries. F. 


angle comprehended under the Side of the Com 
(B C) and the Circumference of the Baſe (C G). 
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which 


a TI. 


| have the ſame Properties with Triangles. And ſo it 


2. That the conical Superficies (B AF, QX R) ha- Eg 20,257 
ving their Sides (BA, Q X) equal, are betwixt them ( 12. 
ſelves as the Baſes of their Diameters (B F, QR.) 

3. Thoſe which have equal Baſes CFT. A Z B, are Fg. 23, 24! 
betwixt themſelves as their Sides (CF, A Z.) And, 


52 


- 


Let! 


p55 
"4 q; 


ARCHIMEDES's Theorem, 
Let OL the Radius be a mean Proportional betwixt 
AC and BC. Then becauſe (by the 7th of this) the Cir. 
cumference C G is to the Circumference P as the Radi- 
us A & is to the Radius OL ; that is, by the Hypothe- 
ſis, as OL is to B C; the Triangle under the firſt; to 
wit, the Circumference CG and under the fourth B C 
(as appears from 16.1.6.) will be equal to the Triangle 
under the ſecond ; to wit, the Circumference P, and the 
third OL; that is, (by the 5th of this) to the Circle 
OP LJ; that is, to the Conical Superficies (by the 13th 
of this) BCD. N. E. D. ; | . 
From this Corollary it appears that conical Surfaces 


follows, 


1. 12. 


4. Thoſe conical Superficies (B AF, QZ R) which Fg 20, 21. 


7! 
# 


Pare like, have betwixt themſelves a Proportion duplicate 12. 
to that which is betwixt the Diameters of the Baſes. 
ramid | | 4 4 

equal 


5. All conical Superficies whatſoever have betwixt The ſame 


Pane a Proportion which is compounded of the Figure. | 
Proportions of the Sides (B A, QZ) and of the Dia- 
meters (BF, QR) which are in the Baſes. And, 15 


6. Thoſe which are equal have their Sides and the 


Diameters of the Baſes reciprocally proportional; and 
thoſe which have them ſo, are equal. | - 
| All which is demonſtrared from Coroll. r. as above we 


F 


? deduced the Corollaries concerning the cylindrical Sur- 


face out of the firſt Corollary there. . | 
. Laſtly, we may meaſure a right conical Surface, if Eig. 25. l. t. 
ue multiply the Side F C by half the Circumference of 
the Baſes. As if the Side be of 5 Feet, the Circumfe- 


> rence of the Baſe of 20; multiply 5 by 10, and there 


Will ariſe 50 ſquare Feet for the conical Superficies, 
The Demonſtration is manifeſt from the ſame firſt Co- 
3 rollary. | „„ * . 
Con ä 
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PROP. XIV. Theorem: 
HE Superficies of a right Cone is to the Baſe, 
Between the Side B Cand A C the Radius of the Baſe, 


let OL be a mean Proportional. Therefore the Pro. 
portion of BC to A Ce is duplicate to the Proportion 


of OL to AC (Defin. 10.1.5.) Now (by the 13th T 
zhis) a Circle of the Radius O is equal to the con. 
cal Superficies CB D. But the Proportion of this to 
A CG the Baſes of the Cone is (by 2. J. 12.) duplicateto 
the Proportion of O L to AC; and conſequently is the 
ſame with the Proportion of BC to A C. Therefore 
the Proportion of the conical Superficies CB D is to 


the Baſe A CG, as B C is to AC. &. E. D. 


Corollaries. 


TEE Superficies of a right Cone produci | 
by an equilateral Triangle turn'd abut 
the Perpendicular (K A) is double to the Ba 


(2 ) 


For the Side K B is equal to B D, and conſequently þ 
double to the half of it A B, which is the Radius of tie 


Baſe. 


Angle B (by 26.1. 1.) is biſected, and conſequent!y 


ABD is half right. But ADB is alſo an half right Þ* 
Angle (by Coro#. 11. pr. 32.1.1.) Therefore D A, BA, 
are (by 6.1. 1.) equal; and conſequently B D is che! 
Diameter of the Square A K, whereof A D is the Side. ec 
is the Semidiamerer of the Baſe B I. 
ſeeing the Perpendicular A B (by 26. J. 1.) . 0 2 


Now the ſame A 


* 


as the Side (B C) is to (AC) the Radius Þ 
the Baſe. . 


2. The Superficies of a Cone produc'd by a gt. B. 

angled equicrural Triangle (E B D) is to the 
as in a Square the Diameter is to the Side. 
For the Perpendicular B A being drawn, the right ; 


Baſe, 
dins of 


e Baſe, 
Ee Pro- 
ortion 
3th of 
> CON. 
his to 
Cateto 
is the 
erefore 
) is to 


oduc | N a Triangle, as NPV 
q rallel to NV. 


I ſay that the ReQang 


abou } 
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From v 


| feſt. 
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hich, and this 14th the Corolary is mani- 


3. The Superficies of the right Cylinder, ( K) rig. 24 


| i; 10 the Superfties of the right Cone (& B N)) as 


the Side 
Cone. 
For the Superficies of the Cone G B N is to the Baſe 
EMI, as the Side B N is to Q N the Semidiameter of 


oy 


* 


3 
1 158 tO 


Rectan 
ther. 
Draw NA per 


of the Cylinder is to half the Side of the 


the Baſe ( by the 14th of this;) that is, as half the Side 
B N iso the fourth Part of the Diameter G N. But the 
Baſe MI (by che 12th of this) is to the Superficies of 
the Cylinder G K, as the fourth Part of the Diameter is 
to N K, the Side of the Cylinder. By Equality of Pro- 
portion therefore the conical Superficies G BN 1s to the 
*cylindrical Superficies GK, as half the Side of the Cone 


- 


N K, the Side of the Cylinder. E D. 


3 


i »r 


A Lemma to what follows. 


* a 
„let there be draw 


n QD Pa Er ia 
le under PN and NV is equal 


to the Rectangle under P Q, QD, together with the 
gle under N Q and the two NV, Q put toge- 


pendicular to the Side NP, and equal 


to NV; and the Rectangle NO being compleated, ler 


the Diameter PA be drawn. Then from Q let there 
be drawn QE parallel to N A, which may cut PA in 
B. Through Blet CF be drawn parallel to NP. Be- 
cauſe A N is equal to NV, it is manifeſt that QB alſo. 


Is equal to QD, (from Coroll. I. p. 4.1.6.) Therefore 


the Rectangle O N is the Rectangle PNV, and FQ is 


PQD. It remains that we prove that the ReQangles 
OB, EC, BN, are equal to the Rectangle under NQ, 


5 2 WAS * 

2 r n 
3 e 
7 8 


2N Q and C 
-FNQandN 
38-4 

Hos i 


* 
* 


and the two N A, BQ; that is, to the Rectangle under 
2N Q, and the two Lines NV, QD. But that is mani- 
feſt; for the Rectangle under NQ and N A, QB, is 
equal (per 1. I. 2.) to theſe three Rectangles; that under 
1 A (that is, the Space EC,) and that under 
C (that is, the Space B N,) and 


that under 
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Fig. 11, 12. 


Circle, QS B, N Z O. 


whoſe Radius G H is a Mean betwixt Part of the 


PN, NV; the Rectangle P N V is equal to the Square E 


G K. Therefore ſeeing Circles are betwixt themſelves |? 


to the Circle G HM. E. Dvd py | 


ARCHIMEDESs Theorems. 


- NQ and QB that is again the Space B N, and conſe 
. quently the Space OB which (per 43.1. 1.) is equal to 
B N. The Propoſition therefore is manifeſt. 


PROP. XV. Theorem. 


F a right Cone be cut by the Plane SB ba. 
rallel to NZ O; T ſay, that the Circle & HH 


Side N O, and QD, NV (the Radius's of he 
Circles O SB, NZ O) taken together; is equi 
to the conical Surface intercepted betwixt the parali $f 


Let G F be the Mean betwixt P Nand NV. Like. 
wiſe let G K be the Mean betwixt PQ and QD; and 
let there be deſcribed the Circles G FL, GK T. Thü 
(3y the 13th of this) will be equal to the conic Superfi + 
cies QP B, and the other to the Superficies NOH 


The Rectangle P NV (by the Lemma) is equal to th: 
Rectangle PQ, together with the Rectangle und 
NQ and NV QD, taken together. But becauſe ( 


Ih bo * a6 "WY IS: 
- 8 ane 
2 r 


the Conſtruction) G F is a mean Proportional betwir | 


of G F (by 17. J. 6.) And becauſe GK is (by the! 
Conſtruction) a Mean betwixt PQ, QD, the Rectangle 


(by 17. J 6.) PQD is equal to the Square of & K: And! 
becauſe G H by the Hypotheſis is a Mean betwixt ON 
and QD, NV, taken together, the Rectangle (by . 
I. 6.) under QN, and QD, NV, taken together, is e. 
qual to the Square of G H. Therefore the Square oi 


GE is alſo equal to the Square of G H, and to that of | 
(by 2.1. 12.) as the Square of their Radius's, the Circk Þ 


CLF will alſo be equal to the two Circles & KT, GM 


taken together. But ( by the 13th of this ) the Circk 
G LF is equal to the conical Superficies NPO. Then - 
fore the conical Superficies NP O is alſo equal to tie 
Two Circles GK T, and GHM. ButQPR one Partot Þ'Þ 
the Superficies NPO is (by the ſame) equal to the Ci: 


cleGKT. Therefore the remaining Part, which is com. 


prehended betwixt the parallel Circles Z Z, SS, is equal 


conſe- 
qual to 


B pa- 
of the 
of the 


_ equl 
para 


het wint 


8 Uare | 
D F, taken together. 
Ctangle Þ- 
And 


by the 
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A Lemma to what follows. 


23 


ght Lines (B H, CG) which inthe Circle intercept Fig. 13. 


F I 
; R equal Arches (BC, HG) are parallel. | 


For let C H be drawn. Becauſe the Arches B C, HG 


are by the Hypotheſis equal, the alternate Angles alſo 


(by 29. J. 3.) BHC, G CH, will be equal. Therefore 


"HM : (by 28. J. 1.) B H, and CG are parallel. Q, E. D. 


p R O P. XVI. Theorem. 


E there be inſcribed in a Circle a regular 
1 Figure of an even Number of Sides, and let 


tit be equilateral ; let E B be drawn from the Ex- 

Like. 
); and 3 
I hit 4 
zuperfi. 
N OPS. 
to the : 
undet 


fe (0% 


tremity of the Diameter unto B, the end of the 
Side next to the Diameter: and let the right Lines 


BH, CG, DE, join the Angles which are equally 


diſtant from A. MR 5 

I ſay that the Rectangle contain'd under the Dia- 
meter A E, and the Subtenſe E B, is equal to the 
Rectangle of one Side of the inſcribd Figure A B, or 


B C, &c. and of all the joining Lines B H, CG, 


Draw C H, DG: Becauſe B H, C G, DF intercept 


(by 26. J. 3.) equal Arches, B C, HG; CD, GE; theſe 
Lines (by the Lemma) will be parallel. By the ſame 
Argument B A, CH, D G, E F, are parallel. All the 
Triangles therefore (by 27, and 15. J. 1.) BAK, K HL, 
LCM, MGN, NDO, OF E, are equiangular. Theres» 


fore (by 4. J. 6.) as B K, is to K A, fois HK to K L; 
and as H K is to K L, fois CM to ML; and as CM 


to ML, ſo is G M to MN; and as G M is to MN, fo 
is DO to ON; and as D O is to ON, ſo is FO to OE. 
Therefore (by 12. J. 5.) as one of the Antecedents, B K, 


is to one of the Conſequents K A; ſo all the Antecedents 


B K, K H, C M, MG, DO, OF, (that is, all the joining 


i 1 Lines B H, C G, D F) are to all the Conſequents A K, 
K, LM, MN, NO, O E (that is, to the Di ; 


O 3 


Eg. 13. 


(244 eee eee 


24 


Fig. 14; 


Figl x3. 
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AE.) But (by 8.1.6.) as B K is to AK, ſo is E B to 
B A. Therefore as all theſe together BH, CG, DF 


are to A E, ſo is E B to B A. Therefore (by 16.1. 6.) 


the Rectangle under B A on one Part, and all the joining 
Lines B H, CG, D E, on the other, is equal to the Red. 
angle which is under A E and EB. & E. D. 


PROP. XVII. Theorem. 


VT ET there be inſcribd in D A F a Segment if 
a Circle, whoſe Baſe D F t perpendicular 1 
the Diameter AO E, a Figure equilateral, and 
an even Number of Sides ; and let there be drawn, 


as in the foregoing, the Line EB. 


T ſay, that the Rectangle comprehended under E B, 


and A O part of the Diameter, is equal to the Re- 
_ Etangle which is under one Side of the inſcribed Fi- 
gure, and all the joining Lines B H, CG, &c. ta- 


ken together with D O half the Baſe. 


The Demonſtration is the ſame with that of the fore. 


going. 


Lemma 1. to what follows. 


1 there be inſcribed in the greateſt Circle of 2 
Sphere a regular Figure, which hath its Sides mea- 


| ſured by the Number Four; and ſtands about the Axis 


AE; which Axis remaining unmov'd, let the Circle 
be turn'd round together with the Figure : — 
I fay, that there will be inſcrib'd in the Sphere a Bo- 
dy contained under conical Superficies. 

It is manifeſt (ſee Defin. 2.1. 12.) that B A, HA, 
likewiſe D E, FE, deſcribe entire Superficies of right 


_ Cones. Then becauſe the Lines C B, GH, and G F, 


C D, being produced, do concur on both Sides in the 
ſame Point of the Diameter AE which is in like man- 
ner to be drawn out, and cuts the joining Lines per- 
pendicularly ; It is alſo manifeſt that the ſaid Lines 


b 


nt of 


1 to 
2d of 


aun, 


EB, 
Re- 
Fi- 
, T4 


fore. 
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C 3, GH, &. do deſcribe Parts of right conical Sur- 

faces which are intercepted betwixt the parallel Circles, 

| which the Tops of the Angles B, C, D, deſign in the 
ſpherical Superficies. 8 55 


Lemma 2. 


IT ET DAF be the greateſt Section of a Segment of 
6 a Sphere whoſe Axis is A O. Let there be inſcribed 
jn this a Figure having all the Sides equal, the Baſe ex- 
© cepted, and let it be turn'd round about the Axis AO. 

I ſay, that a Body contain'd under conical Superficies 
will be inſcrib'd in the ſpherical Segment. . 
This is proved as the foregoing Lemma. 


PR OP. XVIII. Theorem: 


in the firſt Lemma; and let the right Line 


(EZ) be drawn from the Extremity of the Diame- 


ter unto the end of the Side next to the Diameter. 


I ſay, that a Circle, the Square of whoſe Radius 
(I ss equal to the Rectangle A EB, contain d un- 
der the Diameter A E, and the ſubtenſe E B, is 
equal to all the conical Surfaces inſcrib'd in the 


That isa Circle whoſe Radius (I) is a mean Propor- 


tional betwixt AE and EB. 


Becauſe the right Lines B H, CG, DF, are equal to 


j the right Lines BK, CM, DO, taken twice; (by 1. 
Iz.) the Rectangle under one Side of the Figure in- 
ſcrib' d in the greater Circle (to wit, under A B, or B C, 


or CD, or DE,) and under all the joining Lines toge- 
ther BH, CG, DF, is equal to the Rectangle under AB 
and B K, together with that which is under B C and 
4. the Compound of B K and CM, together with that 
> which is under CD and the Compound of C M and 


F DO, together with that which is under DE and DO - 
I for ſo each of the Lines BK, C M and D O, are taken 


04 vice, 


E T the ſame Things be ſuppoſed which oy Fig. 13; 


3 


25 


and undęr DE and DO Now let P be a mean Pro. 
portional betwixt AB and B K; and Qa Mean betwixt £8 


4 


ARCHIMEDES's Theorems. . 
twice. But (by the 16th of this) the Rectangle under 
AB and all the joining Lines BH, CG, DF, taken to. 
gether is equal to the Rectangle AE B; that is, (by 
the Hypotheſis) to the Square of I. Therefore the 
Square of I is equal to the ReQtangles under AB and 
BK, and under BC and the Compound of B K ani 
CM, under CD and the (Compound of C M and DO, 


B C and the Compound of B K and CM; and Ra Wt 7 
Mean be:wixt CD and the Compound of C M, DO; f 
Sa Mean betwixt D E and DO. The Squares there. he 
fore of P, Q, R, S, (by 17.1.6.) are equal to the above. 
ſaid Rectangles. Wherefore ſeeing I have already ſnewd 
the Square of I to be equal to the ſame Rectangles, ii 
muſt alſo be equal to the Squares of P, Q. R, S, toge. 
ther. Seeing therefore (by 2. J. 12.) Circles are be. 
twixt themſelves as the Squares of their Rad ius's; the! 
Circle deſcribed of the Radius I, will alſo be equal to 
all the Circles together whoſe Radius's are P, Q, R, $, IX 
(as is manifeſt from 22. J. 6.) But the Circles of the 
KRadius's P and S are { by the 13th of this ) equal to 
the conical Superficies which the Sides AB, ED, have 
produc'd ; foraſmuch as P is a mean Proportional be 
twixt AB the Side of the Cone, and B K the Radin Þ; 
of the Baſe; and S is a mean Proportional betwixt EIK. 
and DO; and the Circle of the Radius Q is (by k (©? 
15th of this) equal to that Segment of a conical Superficies 
which is intercepted betwixt the two parallel Circlesof n 
the Diameters CG, BH, becauſe O is a Mean bet wixt BC 
and the Compound of B K, ( M: And for the ſame Þ 


| Cauſe the Circle of the Radius R is equal to a Segment r 


of a conical Surface, which is intercepted betwixt the 4 
parallel Circles of the Diameters C G, DF. Therefore 


the Circle deſcribed from the Radius I, is equal to the 4 
conical Surfaces inſcribed in the Sphere taken all toge- Þ* 
ther, Q. E. D. e 0 | 7 
| . b E 1 
PROP. XIX. Theorem. 13 
Fg... TE the ſame Things be ſuppoſed which were Þ* 


in the 2d Lemma, and let the right F 1 


4 9 7 
1 * 4 
"1; ls. 
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under IE B be drawn from the Extremity of the Diame- 


en to. Ner (A E) tothe end of A B the Side next to the 


4 00 Diameter. I, 

B and 1 ſay, that a Circle whoſe Radius is a mean Pro- 

& and WPortional betwixt (E B) and (AO) the Axis of 
. 4 the Segment, is equal to all the conical Superficies in- 
Ache ribed in the ſpherical Segment D A F. 

Sd, d The Demonſtration is altogether the ſame with that of 
there, dhe foregoing ; only for Prop. 16. let Prop. 17. be cited. 
above. | | Re 

och: PROP. XX. Theorem. 

51ES, It . 3 1 

toge Onical Superficies inſcrib'd in a Sphere, do at Br. is, 
re bs length end in the Superficies of the Sphere. 
* 1 : Let there be given a Superficies as ſmall as you will, 
„R, , Has X. It is manifeſt that within the ſpherical Superfi- 


Ties A CEG, there may be given ſome other Concentri- 
"cal thereto, which falls ſhort of this by a Quantity leſs 


} | 

1 Þoth, as cut with a Plane through the Center. Let there 
Radin be drawn the Diameter A D E, and in D let NQ touch 
xr EDIT K. If the Arch A E be biſected in C, and again the Re- 


(by th: 


erficie, Dit laſt the Arch AB (as is manifeſt of it ſelf: ) leſs 


f be biſected, and ſo on, there will be left 


rclesor ! khan the Arch AN. If to this Arch the right Line AB 
ixt BC be ſubrended, it is manifeſt that it will not reach tothe 


e ſame 


an equilateral Figure of an even Number of Sides in- 


mu ſcribed in the Circle CAGE, no Side whereof reacheth . 
refore unto the Circumference PD ML. Wherefore if all be 
to the | turn'd round about the Diameter AE, it is manifeſt that 


| toge i there will be inſcribed in the exterior ſpherical Surface 


which is concentrical to the other, and conſequently (by 


Axiom 3. of this) are greater. Becauſe therefore the ſphe- 


rical Surface DP LM falls ſhort of the ſpherical Surface 


AC EG, by a Quantity leſs than the given one X; much 


more will the conical Surfaces fall ſhort of the ſaid 


, were | ſpherical Surface ACEG by a Quantity leſs than the 
given one X, and (by Defn. 6. J. 12.) conſequently will 


PROP. 


; 7 end in the Superficies ACE G. Q.E. b. 


* 
\.. 


chan X. Let ACE G, DP LM, be the greateſt Circle of 


Circumference PD ML, and that it will be a Side of 


conical Surfaces, which include the ſpherical Surface, 


28 


Fig: 17. 


Six, 16, 


"TT was demonſtrated, Prop. 18. that a Cir: 1 


Diameter A E and the right Line E B, which 1; l 


ter of the Sphere. 


the Difference of thoſe A E, BE, becomes likewiſe le: 
than any given one. Therefore much more ſhall the mean 


length differ from a Circle whoſe Semidiameter is A“ 
by a Nefe& leſs than any given one whatſoever ; tht . 


do demonſtrate more operoſely. 
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PROP. XXI. Theorem, 


6 Super ficies inſcribed in a ſpherical & 
nent DA F, end in the ſpherical Super ficies 9 
the Segment it ſelf. 

This may be demonſtrated by the ſame Reaſoning a Wal! 7. 
the foregoing was. Ds . 


PROP. XXII. Theorem. 2 


whoſe Radius is a mean Proportional betwixt th 


drawn from the Extremity of the Diameter unto th 
end of the Side A B next to the Diameter, is equal und 
all the conic Super ficies inſcrib'd in the Sphere. || 

1 ſay, that this Circle ( ſee Def. 6. 1. 12.) ends af 
length in a Circle, whoſe Radius is A E the Diam 4 


For if more and more Sides be infinitely inſcribed in Þ 
the greateſt Circle (which then being turn d round abou Þ 


AE produee conical Superficies) ; it is manifeſt tha Þ 
the Side A B becomes at length leſs than any given F 


right Line, and conſequently that the Subtenſe E B ap- 1 
proaches to the Diameter AE within a Diſtance leſs allo Nhe 
than any given one; from whence it comes to paſs that IF 7 


Proportional betwixt A E, BE, which is al ways greate! 
than BE, differ from AE at length by a Defe& lei 
than any given one Therefore the Circle alſo whoſ: 
Semidiameter is a Mean betwixt A E and B E, will u 


is, will end (Def. 6. I. 12.) in it. QE. D. | \ 
This which is clear enough of it (elf, there is no need BW 
PROF FE 
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PROP. XXII. Theorem. 


a & r was demonſtrated, Prop. 19. that 4 Circle kr 17. 
eien whoſe Radius is a mean Proportional betwixt | 
EB and the Axis of the Segment A O, is qual to 

al the conical Superficies inſcribd in the ſpherical Por- 

bm DAF. | 

I ſay, that this Circle ends in a Circle whoſe Ra- 

ius is the right Line A D drawn from the Vertex of 

the Segment unto the Circumference of the Circle 

Cie F N which is the Baſe of the Segment. 


vixt th : 
ich j For becauſe it now appears from the foregoing De- 
A n onſtration that E B doth at length end in AE; it will 
to ble Ao be manifeſt that the mean Proportional betwixt EB 
qual u and A O doth at Jength end in the mean Proportional 
etwixt AE and A O, that is, (by' Coro. 2.p. 8. J. 6.) 
AD it ſelf. It is therefore manifeſt that the Circle 
110 whoſe Radius is a mean Proportional betwixt E B 


and A O, doth end in rhe Circle of the Radius AD 
8 E. D. 


ibed n 


OnNg a 


ends a 
Dram. 


d abou fſÞ} A Lemma to the following Propoſition. 
ſt tha | 
given ; [F the Diameter of one Circle be double to the Dia- 
E B 2p- BY meter of another, the one Circle will be en to 
eſs allo Nhe other. 
8 N ö This is manifeſt from Prop. 2.1.12, and Def. 10. J. 5. 
Ile lels 
e mean | 
gum T "PROF, XXIV. T heorem. 

in 
1 WIE Superficies of every Sphere is fourfold of Fig. 16. 
is AE the greateſt Circle of the ſame Sphere. 
r; tht Þ 


This moſt noble T heorem of Archimedes we ſhall from 
\ at goes before expeditiouſly demonſtrate in this man- 


Let 


10 need 


R OP. 


c% 


in the greateſt Circle of a Sphere about the Diamey 


much ſhorter and clearer than that of Archimedes. 
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Let an ordinate Figure, the Sides whereof are me. 


ſured by the Number Four, be underſtood to be inſcrib 


AE. Let this Figure be turn'd round about AE, wy 
ſo produce conical Surfaces inſcrib'd in the ſpherical u 
face, and let EB be drawn. It hath been demonſ, 
ted above (18. of this) that all conical Surfaces inſc, 
bed in a Sphere are equal to the Circle, the Square oft, 
Radius whereof is equal to the Rectangle AE B, Wh 
is, whoſe Radius is a mean Proportional betwixt A 
and EB. And this will always happen, although i, 
Inſcription be infinitely continued. Wherefore ſeinh; 
the inſcrib'd conical Surfaces (by 20. of this ) will 
length end in the ſpherical Surface, and the Circle wu 
Radius is a Mean betwixt A E and E B, will at le 
end (by 22. of this) in the Circle whoſe Radius is Al, 
the ſpherical Surface ir ſelf alſo (by 2. of this) will 
equal to the Circle of the Radius A E, that is, (by 
foregoing Len ma) to four Times the greateſt Cid 
AC EG. Q, E. D. | | | 1 

He that ſhall read Archimedes will find that the Wi 
here uſed in demonſtrating this moſt noble Theoren$®$ 


Corollary. 


| | | neigh 
is the Diameter of a Sphere, or whoſe Diameter is do 
ble to the Sphere s Diameter. N 

Scholium. infi 


en 


ao * 
1 
* 


* 
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me. 
ſcrit{ {according to this 196,325,000 ſquare Miles are contain'd | 
amen n the whole ſpherical Surface. . 
E, u 2. The Diameter of a Sphere multiplied by the Cir- 
al d rumference of the greateſt Circle gives you the ſpherical 


0 nſtn. 

inſci 
E Ofth 
B „ tha 
IXt Al 


Puperficies. According to which, if the Earth's Diame- 
ter conſiſt of 7, 853 Miles, and conſequently the Circum- 
Fcrence of the greateſt Circle conſiſts of 25, 00, the 
hole ſpherical Surface will be in the ſame Miles 
$96,325;000; for 7,853 x 25,000 == 196,325,000. 

= The Demonſtration appears from Core. 1. Prop. 5. of 
his; for a Rectangle under the Diameter of a Sphere, 
Ind the Circumference of the greateſt Circle, is accord- 


- 


ang to that Corolary fourfold of the greateſt Circle. 


"Sal 


lena, 


is Al; ä | 

(58 PROP. XXV. Theorem. 

oY $; HE Surface of any ſpherical Portion whatever tg 17. 
ie M 1 (a- DA is equal to a Circle, whoſe Radi- 
oren : ig the right Line ( A D) drawn from the Vertex of 


| the Portion to the Circumference of the Circle (DOFN) 
uhich is the Baſis of the Segment. "30 


Sides, the Baſe being ſer aſide, be imagin'd to be in- 


chin crib'd in the Section of the greateſt Portion about the 
Axis AQ; this Figure being turn'd round about AO 


[ame 1 


phenti will inſcribe conical Surfaces in the Portion. Let the 
1ant 8; oht Line E B be drawn alfo as above (in 18 and 19 of 
r 15001 his) All the conical Surfaces now inſcribed are equal 
(by the 19th of this) to the Circle whoſe Radius is a mean 
Proportional betwixt E B and the Axis of the Segment 


1 


A0. And this will always happen if the Inſcription be 


Surfaces inſcrib'd in the Segment end at length (by 21 


ng ef this) in the ſpherical Surface of the Segment, and 
1 Cuf the Circle whoſe Radius is a Mean betwixt EB and AQ. 


ends (by 23.) in the Circle of the Radius AD; the 
eaſuPHpherical Surface of the Portion alſo D AF (%% 2.) will 
e mu be equal to the Circle of the Radius AD. Q. E. D. 


b oft This is another of the more noble Inventions of Archi- 


es, ti medes, which, as the former, we have demonſtrated in a 


accol much ſhorter and clearer Way than he did. 3 
34 : I PROP. 


Let a Figure equilateral and of an even Number of 


infinitely continued. Wherefore ſeeing both the conical 


32 


Fit. 18. 


HPS) is equal to the Surface of the Sphere. 


the Cylindrical Surface will be equal to each Segmat | 


the Cylindrical Surface H S will be (by Corel. p. 12. «if 
cle of the Sphere inſcrib'd in the Cylinder; of whit 


. 5. 


Surface HT. But the ſame Circle is alſo (by the f. 


| 
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PROP. XXVI. Theorem. 


HE Superficies of a right Cylinder «© 1 | 
TL cumſerit'd about the Sphere (as the Cylinls 


And if a Cylinder and Sphere be cut by Plan 
perpendicular to the Axis (B G); each Segment ff 
of the Sphere. 


Part I. Becauſe the Side HP of the Cylinder is (h _—_— 
the Hypotheſis) equal to PS the Diameter of the Baſe; IF 


this) fourfold of the Baſe; that is, of the greateſt Cu 


ſeeing (by 24th of this) the ſpherical Surface it ſelf is Ie 
ſo fourfold, this will be equal to the Cylindrical Su 1 


Part II. Let the right Lines BO, GO, be dram 
Becauſe the Angle BOG (by 31.1. 3.) is right, as bei 
the Angle in the Semicircle, and O C falls perpendicu W 
from it upon BG; BO (by Corol. 2. p. 8.1.6.) will ber 
mean Proportional betwixt G B and B C, that is, be. 
twixt I T and HI. Therefore the Circle of the Raum Pr. 
BO (Hr. of this) will be equal to the Cylindrical e 


going) equal to the Segment of the 1 Surface Ne p 
O B K. Therefore the Cylindrical Surface H T and tie 
ſpherical O B K are equal. ET + 
Then becauſe it is ſnew d in the ſame manner thatthe 
Cylindrical Surface HX is equal to the ſpherical Q BR, FJ 


the remaining Cylindrical Surface IX will be equal u "gp 
the remaining ſpherical Surface QOKR, which is i; ty 


tercepted betwixt two parallel Circles. 7 
And from theſe the Propoſition is manifeſt of all Se? 
ooo b l 


10 


Jac t 
PROPEE 
1 
| i 


| [Coroll. Hence the Superffcies of a Cylinder circumſcribi | 
about a Circle is double to the Baſes] | * 
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PROP. XXVII. Theorem. 


te 1 | HE Segments of a ſpherical Surface divided 


by parallel Circles have that Proportion a- 


Fg 18. 


mongſt themſelves, which the Segments (BC, C D, 


% A, AE, E F, FG) of that Diameter (B G which 


en perpendicular to the parallel Circles have amongſt 


oma; ſemſelves. 


It follows from the foregoing. For by that the Seg- 
ments of the ſpherical Surface OBK, QO K R, MQRN, 
Pc. are equal to the Cylindrical HT, IX, LN, &c. 
But theſe (by 13. J. 12.) have the ſame Proportion be- 
ixt themſelves which the Segments of the Axis B C, 
wh D. D A, &'c. have. Therefore thoſe alſo have the 
is me Proportion. & E. P. 


du 


1s 0 
Baſe; 
2. 0 


t C 


3% Scholium. 
ray | 
b | ? . | 1 

ä * Rem hence the Proportion of Zones and Climates 
be; betwixt themſelves becomes known, For they are 
- . one another as the Segments of the Axis, which are 
„* 


aim now from the Table of Sines. 


_ BF a ſpherical Surface. For becauſe both the whole Sur- 


rf Nee of the Sphere is known from Schol. Prop. 24. and 
* e Proportion of the Segments, the ſame as that of the 
Parts of the Axis, is alſo given; it is manifeſt that each 
the Segments become known. 
Nov both the foregoing, and all the reſt of the Theo- 
ems which follow, are altogether ſingular and admira- 
le, and well worthy that thoſe who are ſtudious of Geo- 


at the 
BR, 
al to 


in metry ſhould give all Diligence to underſtand them. 
f A Lemma to the following. 
" Ir: Plane (Q N) touch a Sphere in (O) a right Line 


| Sar tothe Plane. 
= Let 


From the ſame alſo we learn to meaſure the Segments 


| Eig. TY 5 
1 (AO) from the Center to the Contact is perpendicu- 


21. 


* | wk 
34 
* 


Fig: 20, 22, Very Sphere is equal to a Cone (Z O) whiſe ; 
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Let QN the touching Plane and the Sphere be eit 
throughthe Contact withtwo Planes, which in the Spher, 
may produce the Circles OG, O D, but in the Plane C 
the right Lines CO, IO, which ſhall touch the Circle 

in O. Therefore by 18. J. 3. A O is perpendicular 90 
both I O and CO, and conſequently by 4. J. 11. pet. 
pendicular to the Plane QN. &. E. D. : 


PROP. XXVII.. Theorem. 


Altitude (K O) is equal to the Radius « tk 
Sphere; and the Baſe (Z) equal to the Super fia 
the Sphere. | . 


Let ſome Polyedral Body be underſtood to be circum 
ſcribed about the Sphere, and let the ſolid Angles thereof 
be cut off by new Planes touching the Sphere. W hichbeÞ 
ing done, there willariſe another Polyderal Body contain 

Ing the Sphere, but leſs than the former, and conſiſting 
more Angles, and having a Surface compounded of mo: 
tangent Planes in Number, but leſs in Magnitude. Ifti: 

| ſolid Angles of this Polyedrum be again cut off by mW 
tangent Planes, and the Angles of the third Polyedun i 
thence ariſing likewiſe, and ſo on for ever; it will cone 
to paſs at length that both the Polyedrum will exceed the 
Sphere by a ſolid leſs than any given one whatſoever; | 
and the Surface thereof compounded of tangent Planes 
(which, as I ſaid, are endleſſy leſs in Magnitude, and 8 1 
more in Number than they were before) will exceed th: WM 
ſpherical Surface alſo by a Plane leſs than any given on: 
whatever. Both which Things, although they mightbe WT 
demonſtrated, yet becauſe they are of themſelves mani. 
feſt enough, I ſhall for Brevity ſake take for granted 
Theſe Things being thus ſtated, we proceed. 1} thi 
The Polyedrum now deſign'd is compounded of yu a 
mids, the common Top whereof is the Center of it 
Sphere, and the Baſes are tangent Planes, which con- 
tute the Surface of the Polyedrum. And becauſe e 
right Lines drawn from the Center A unto the Cont BE 
of each of the Planes, are (by che foregoing Lemma) pel· 
pendicular to each of the Planes; therefore the Heiß 
of all the Pyramids, whereof the Polyedrum conſiſts, 


Wil 
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ent will be equal; to wit, A B the Radius of the Sphere. 
here If therefore the Plane X be ſuppoſed equal ro the Sur- 
ON face of the Polyedrum it ſelf, and upon it there be erect- 
cls ed a Pyramid at the Height MN, which is alſo equal 
to the Radius of the Sphere; It is manifeſt (by 6.1. 12.) 
pet. that all the aboveſaid Pyramids, that is, the whole Po- 

| Iyedrum are equal to the Pyramid X N. After the fame 

manner all the reſt of the Polyedrums containing the 

Sphere, which from the perpetual Abſciſſion of the ſo- 

lid Angles will ariſe one after another infinitely, are al- 

© ways equal to the Pyramids (repreſented by X N) the 
116 Altitudes whereof MN are the Radius of the Sphere; 
he but the Baſes (X) equal to the Surfaces of Polyedrums 
f tl encompaſſing the Sphere. Wherefore, ſeeing at length 
ie both the Polyedrums (as I ſaid above) do end in a 
Sphere, and the Pyramids, (XN) as IT will ſhew by and 
by, do end in the Cone Z O; the Sphere alſo (by 1. of 


X 
B 
124 

„ 

382] 

k WAL 


cum. this) will be equal to the Cone. &. E. D. 

ere Bur that the Pyramids XN end in a Cone, I thus 
chbe ſhew. The Surfaces of Folyedrums end in the Surface 
ntair of the Sphere, as it was taken for granted above. But 
ing the Baſes X of the Pyramids X N are always ſuppos'd. 
"mo: equal to the Surfaces of the Polyedrums; and Z the Baſe 


Ifthe of the Cone, Z O is by the Hypotheſis equal to the Sur- 


y new face of the Sphere; therefore the Baſes X alſo will end 
drum MW in the Baſe Z; and conſequently ſeeing the Pyramids 
come XN be to the Cone, which by the Hypotheſis is of equal 
ed the 8 Height (by Corol. Prop. 1 I. I. 12.) as the Baſe X is to the 
ever; Baſe Z, the Pyramids alſo will end in the Cone. 4 
Planes The Demonſtration of this Propoſition and the follow- 
e, and ing is altogether-diverſe from that which Archimedes 
ed th made uſe of, which indeed is very ſubtile and ingenious, 
en one but prolix and difficult; to which there are premis d 
ght be two Poſitions that are manifeſt, and eleven Propoſitions, 
mani. ¶ beſides others not a few, on which they depend. But 
ante the Theorem it ſelf, as propounded by Archimedes, is 


2 


thus ;. Every Sphere is fourfold of a Cone, which hath 


f Pyn. 4 a Baſe equal to the greateſt Circle of the Sphere, and its 
of tit 4 Altitude equal to the Radius, | i 

* 4 . 1 

fe e 3 

ontads ON Scholium. 

;) PE 7 F 5 
Height $4 Rom this noble Theorem is deduc'd the Menſuration 

onſiſts, 


1 of the moſt noble of ſolid 3 For if the Sixth 


will Part 


£ 

& 1 
"Ws 
WV: 
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Part ofthe Diameter, or the third Part of the Semidia. 
meter be multiplied by the Surface of the Sphere, al. 
ready known by Schol. Prop. 24. there will ariſe the Soli. 
dity of the Sphere. as 
Suppoſe the Superficies of the Earth be found to con. 
tain 196,325,000 ſquare Miles, and let the third Part of 
the Semidiameter conſiſt of 1309 ſuch Miles. Multiply 
the two Numbers together, the Product 256,989,425, 
will be the Number of the cubic Miles of the Earth's 
Solidity. e : 

For ſeeing a Sphere (by this Prop.) is equal to a Cone 
whole Altitude is the Radius of the Sphere, and its B:k 
the Surface of the ſame Sphere, and the Solidity of the 
Cone (by Schol. Prop. 6. of this) is produc'd from th: 
third Part of the Altitude (that is, of the Radius of the 
Sphere) multiplied by the Baſe (that is, the Surface of 
the Sphere,) the Sphere's Solidity alſo is obtain'd from 
the 3d Part of the Radius multiplied into the Superficucs, 


PROP. XXIX. Theorem, 


Very Sector of a Sphere is equal to a Cone who's 
L. Altitude is the Radius of the Sphere, and ti: 
Baſe the ſpherical Super ficies of the Sector. 


Firſt, let the Sector AE C G be leſs than an Hem:- 
ſphere Let a right-lin'd polyedral Body be under ſtood 
to be circumſcrib'd about the Sector. Now if all the re- 
maining Ratiocination be carried on after the ſame man- 
ner as was done in the foregoing, the Thing ſought will! 
be concluded in the ſame manner. This Thing alone 

will require to be ſhew'd, upon which indeed the whole 
Reaſoning depends; to wit, that the Superficies of the 
Polyedrum, which is compounded of Planes on every 
Side, touching the Surface of the Sphere ECG, is greater 
than the Surface ECG. Which is done thus. Let ano- 
ther equal and like Surface be conceiv'd to be ſet to the 
Surface E CG encompaſs'd with toucking Planes in the 
very ſame manner as the other is. There will now (by 
Axiom 3. of this) the whole Surface compounded ct 
Planes, be greater than the whole ſpherical Surface. 
Therefore half the Surface compounded of Planes will 
alſo be greater than half the ſpherical Surface EC G. 


hen 


by the Circle of the Radius CG or B G; and of Seg- 


4 away from the Sector, if it be leſs than an Hemiſphere ; 


1 cles, whether parallel or not parallel is meaſured; if 


web 
. Fel 
' 
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Then let the Sector AE B G be greater than an He- 
miſphere. Both Sectors taken together are (by the fore- | | 
going) equal to a Cone whoſe Heighth is the Radius of i 
the Sphere, and its Baſis the whole Superficies ; that is, 1 
(by 11. J. 12) to two Cones which have the ſame * 
Hei ghth, but have their Baſes equal to the Segments of 1 
the ſpherical Superficies EC G, E B G. But one of the 4 
Sectors AE CG, that which is leſs than an Hemiſphere, 1 
is by Part 1. equal to a Cone, whoſe Altitude is the Ra- 1 

dius, and its Baſe the Surface EC G. Therefore the 0- 11 
ther Sector E AB G is equal to the other Cone whoſe vl 
Heighth is the Radius, and irs Baſe the remaining ſphe- 


rical Surface EB G. &. E. D. 4 

Corollary. 4 f 
Okeiag (by 25. of this) the Superficies E CG is equal F 
I) tothe Circle of the Radius CG, and the Superficies 


E B G equal to the Circle of the Radius B G; the Se- 
Gors AE CG, and AE BG, will be equal to Cones 
whoſe Altitude is the Radius of the Sphere, and their 
Baſes Circles of the Radius's CG, and B G. 


Scholium. 


Fer theſe Things is deduc'd the meaſuring both of Fg 23. 
1 Sectors and Segments of Spheres ; of Sectors (as 
appears from School. Prop. 6. of this) if the third Part of 

the Radius be multiplied by the ſpherical Surface of the 
Sectors, which is already known from Schol. Prop 27. 0c 


ments, if the Cone E A G be meaſured, and be taken 


but added thereto if it be greater. 
The Segment (MQRN) which lies betwixt two Cir- Fg. 18. 


the Segments QB Rand MN already known, be a k 
ſubſtratted one out of the other. ö 


2. PR Q P. XXX. Theorem. 
A N Hemiſphere (EO B D) is double to the Fig. 24, 
Cone (E B D) which hath the ſame Baſe and 
Altitude with it ſelf. 8 
e | Pa The 


Fg. 25 


ſcrib'd in it, as D O is to BO. 


| 
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The Cone whoſe Baſis is the hemiſpherical Superficies 


EO D, and its Altitude the Radius AB, is to the Cone 


EB D (by 11.7. I2.) as Baſe is to Baſe; that is, as the 
hemiſpherical Surface EO B D is to the greateſt Circle 


PT. Therefore ſeeing the hemiſpherical Superficies 
E OB D is double to the greateſt Circle (by 24. of this) 
the Conealſo which hath the Superficies EO B D for its 


Bafe, and the Radius AB for its Altitude, is double to 
the Cone EB D. Burt (by 28. of this) the Hemiſphere 
is equal to a Cone which hath the Radius for its Altitude, 
and the hemiſpherical Superficies for its Baſe. Therefore 
the Hemiſphere is alſo double to the Cone E BD. QE. b. 


PROP. XXXI. Theorem. 


E a Sphere be divided into tuo Segments 


ILBG, ISK &, by the Plane I O G T which 
doth not paſs through the Center A; and let the Dia- 
meter B O K be perpendicular to the cutting Plane. 

As the Altitude O B of the Segment IL B G, 


is to the Radius of the Sphere AB: So let O K, 


the Altitude of the other Segment, be made to the other 


Line K N. a 1 
In like manner, As O K, the Altitude of the Sg- 


ment ISK G, is to the Radius AK or AB, So let 
the Altitude O B of the other Segment be made to 


| #he other Line BD. Which Things being ſuppos d, 


T ſay, 
1. The Cones I NG and I'D G whoſe Altitudes 


are O N, O D, and 1 OGT their common Baſe, are 


equal to the ſpherical Segments. 


2. There is the ſame Proportion of the Segments 


as there is of the right Lines DO, NO. 

3. The Segment IS K & is to the greateſt Cone 
IK & inſcribed in it, as NO is to KO; aud the 
Segment IL BG is to the greateſt Cone IB G ir 


Part 
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Part I. Let the Sphere and Cones be cut by a Plane 
through the Diameter B K. There will be produced in 
the Sphere the greateſt CircleB LK G, and inthe Cones 
the Triangles BIG, IK G. And becauſe BOK the Di- 


ameter is (by the Hypotheſis) perpendicular to the Cir- 
cle QT, IOB (by Def. 3. J. 11.) will be a right Angle. 


The Angle in the Semicircle is alſo a right one (by 31. 
J. 3.) Becauſe therefore in the Triangle BI K, there is 
drawn from the right Angle, I O perpendicular to the 
Baſe BK; BIwillbetoIO, as (by 8. J. 6.) B K to KI. 
Therefore the duplicate Proportion of BIto 10 is equal 
to the duplicate Proportion of BK to KI; that is, (be- 
cauſe B K, KI, KO (by Corol. 2. Pr. 8. I. 6.) are three Pro- 
Portionals) equal to the Proportion of B K to K O. 
Then becauſe O B is (by the Hypotheſis) to B D, as 
O K is to the Radius AB; by Inverſion it will be always 
thus, DB is to B O, as A B to OK; and by Permuta- 
tion thus, DB is to B A, as B O to O K; and by Com- 


paunding thus, DA is to B A, as B K is to O K. Be- 
cauſe therefore I have already ſhew'd the Proportion of 


BK to O E to be duplicate to the Proportion of BI to 
10, and conſequently (by 2. J. 12) equal to the Propor- 


tion betwixt the Circles deſcrib'd by the Radius's B I, 
10; DA will alſo be to B A, as the Circle of the Ra- 


dius BI, to the Circle of the Radius 10, Therefore 


the Cone under the Altitude D A, and for the Baſe, the 


Circle of the Radius IO; that is, the Circle QT, is e- 


qual to the Cone under the Altitude B A, (by 15. J. 12.) 


which hath for its Baſe the Circle of the Radius BI; 
that is, (by Corol. 29. of this) the ſpherical Sector 
A IB G. Wherefore if the ſame Cone I A G be added 
as well to the Sector A IB G, as to the Cone under D A, 
and the Circle QT, the Wholes will be equal; to wit, 


the ſpherical Segment I LB G will be equal to two 


Cones, whereof one is that which is under the Baſe Q T 
and the Altitude D A, and the other J A G is under the 
ſame Baſe QT, and the Altitude O A. But theſe two 
Cones (by 14. J. 12 ) make up the Cone I D G. There- 


fore the Segment IL BG will be equal to the Cone 
ID G-0- FD: 


By the ſame Reaſoning the Segment ISKG will be 


Equal to the Cone IN G, with this only Change, that 


the Cone I A G which before was added, be now taken 


away... | | 
P 3 Part 
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Part IT. This is manifeſt out of the firſt. For the 
Cones IDG and IN G are betwixt themſelves (by p. 14. 


J. 12.) as are DO and NO. Therefore the Segments 


alſo ILB G, IS K G, equal to thoſe Cones, are be. 
twixt themſelves, as the right Lines, D „NO 


Part III. This likewiſe is manifeſt from the firſt. Por 


the Cone ID G is to the Cone IB G, (by the ſame) as 
DO is to O. Therefore the Segment alſo 1 LB G which 
is equal to the Cone 1D G, is to the Cone I B G, as 
DO is to B O. - 


Scholium. 


F the firſt Fart of this Propoſition there ariſes ano. 


ther Way of Meaſuring ſpherical Segments, and that 
a very eaſy one; if, to wit, the Cones ID G, IN G, be 
meaſured ; which will be done if the third Parts of the 
right Lines DO, NO, be drawn into the Circle QT. 


PROP. XXXI. Theorem. 


Riu Cylinder (G K) is both in Solidity and 
the whole Super ficies to the Sphere about whicl 
it is circumſerib'd, as 3 to 2. ES 


Let B Q be the common Axis of the Sphere and Cy- 
linder, and EB D the greateſt Cone inſcrib'd in the He- 
miſphere EO B D. Becauſe the Cylinder E K (half of 
G K) is (by 10. J. 12.) treble to the Cone EB D, while 
the Hemiſphere is double to the ſame Cone, (by 30. of 


this) it is manifeſt that the Cylinder E K is to the He- 


miſphere as 3 to 2. Therefore alſo the whole Cylinder 
G K is to the whole Sphere QE B D as 3 to 2. Which 
was the firſt Part. 


Then becauſe the Side of the Cylinder K N is equal 


to G N the Diameter of the Baſe, its Superficies with- 
out the Baſes will befourfold (by Corel. Pr. 12. of this) of 
the Baſe MI, nd conſequently taken together with the 
Baſes, that 1s, the whole Superficies of the Cylinder, 
will be fixfold of the Baſe. M I, which is equal to the 


greateſt Circle of the Sphere But the Superficies of the 


Sphere is fourfold of that greateſt Circle. Therefore che 


Whole Superficies of the Cylinder G K is to the Superfi- 
cies of the Sphere, as 6 to 4, Oras3 to 2, Which was 
the other Part. There 
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Therefore a Cylinder is both in Solidity and the 
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- BF whole Superficies to the Sphere, about which it is cir- 
„ | cumſcrib'd, as 3 to 2. NE. P. | 
e- | 
| Scholium. 
* ” 26 | 
as | is an Argument what a great Value Archimedes puts 
:h upon this Theorem, that he would have a Sphere in- ' 
as ſcrib'd in a Cylinder ſet upon his Tomb. And perhaps Fl 
amongſt ſo many other famous Diſcoveries, this chiefly 
and above all others pleas'd him for this Reaſon, to wit, 
becauſe there was one and the ſame rational Proportion 1 
both of Bodies, and of the Surfaces which contain 4 
0- FF them. We have demonſtrated a like Identity of Affecti- 1 
at ons betwixt Rings, and the Surfaces of Rings, in the 4th 
de Book of our Cylindricks and Annularies, Prop. 13, 14, 
ne # 15. And another famous Example of the ſame hath alſo 
|  offer'dit ſelf to me in the Sphere it ſelf. For I have 
found, that like as a Sphere is to a right Cylinder which 
encompaſſeth it (which will neceſſarily be equilateral) 
2s 2 ĩs to 3, and this both in reſpe& of Solidity and Sur- 
11 | face; ſo likewiſe the Sphere hath to an equilateral Cone 
egncompaſſing it, that Proportion which 4 hath to 9; 
0 and this both in regard of Solidity and Superficies. 
From which this alſo follows, That the ſeſquialteral 
Proportion found by Archimedes in the Sphere and Cy- 
y- | linder, is contained in three Solids, Sphere, Cylinder, 
e- # and equilateral Cone. The Demonſtration of both 
of | which Things, with ſome other Theorems of my own, 
le # in which the wonderful Nature of the Sphere will 
of more appear, I ſhall ſubjoin in the thirteen following 
e- Propoſitions. TG e 
er. 5 ; 1 5 5 
ch PROP. XXXH. Theorem. 
355 HE Superficies of a Sphere is double to the Fr: 26. 
b- Superficies of a ſquare Cylinder inſcribd in 
8 |: the ſame Sphere. © EN 
„ Let AK L be the Square inſcrib'd in the greateſt Circle 
he of a Sphere, from which turn'd round, there is deſcribed a 
* ſmquare Cylinder; and let AL be drawn as a Diameter 
2 common to the Cylinder and Sphere. Becauſe the Square 
33 AL is (by 47.1.1.) equal to * equal Squares 1 K, 


2 5 T 4 8 
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K L, it will be double to one A K. Therefore alſo the 
Circle of the Diameter AL, is (by 2. J. 12.) double to 
the Circle, whoſe Diameter is AK; to wit, to the Cir. 
cle CN. But the Superficies of the Sphere is (by 24 of 
this) fourfold to the Circle whoſe Diameter is AL; for 
that is the greateſt Circle of the Sphere, ſeeing AL is 
the Diameter of the Sphere Therefore the Superficies 
of the Sphere is Eighrfold of the Circle CN. But be. 
cauſe LK, K A (by the Hypotheſis) are equal, the cy- 
lindrical Superficies ACL is (by Coro! Pr. 12. of this) 
quadruple of the Circle CN. Therefore ſince the Su- 
perficies of the Sphere is Eightfold of the ſame Circle, 


it will be double to the cylindrical Superficies. Q. E. D. 


PROP. XXXIV. Theorem. 
T HE Superficies of a Sphere hath that Propor- 


tion to the whole Superficies of a ſquare Cylin- 


der inſcrib'd in it, which 4 hath to 3. 


Let the ſame Things be ſuppos'd which were in the 
Foregoing Demonſtration. Becauſe by the Hypotheſis 
LK the Side of the Cylinder, and AK the Diameter of 
the Baſe thereof are equal, the cylindrical Superficies 
CL will be quadruple (by Corol. Pr. 12. of this) to the 
Baſe CN, and conſequently the whole Superficies of the 
Cylinder is to both Baſes CN and SL, as 6 is to 2. But 
the Superficies of the Sphere is to both Baſes together 
CN, S L, as 8 is to 2, ſeeing in the foregoing it was 
ſhew'd that it is to one Baſe as 8 to 1. Therefore the 
Superficies of the Sphere is to the cylindrical Superſi- 
cies CL as 8 is to 6, or 4 to 3. QE.D. 


Corollary. 


IL * whole Superficies of a right Cylinder deſcrib'd 


about a Sphere, is to the whole Superficies of an 
equilateral Cylinder inſcrib'd, as 2 is to 1. For the cir- 
cumſcrib'd is to the ſpheric Superficies as 12 is to 8 (by 
32. of this.) But the Spheric is to the Inſcrib'd as 8 is 
to 6 by this preſenr Propoſition. Therefore the Circum- 
{crib'd is to the Inſcrib'd as 12 is to 6, or 2 to 1. 


p R O P. 
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the F | 95 | 

of PROP. XXXV. Theorem. 0 

Portion of any ſpherical Superficies whatever Fig. 26, e, 

for Þ (as IL. BG) hath the ſame Proportion to tbe 

is | Superficies of the greateſt inſcribed Cone, which (BG) . 
be the Side of the Cone hath to (GO) the Radius of the Wi 
y- Baſe. | 25 | ö 

is) | Becauſe (by 25 of this) the Superficies of the Portion it 


uu. ILB G is equal to the Circle of the Radius BG; the "i 

le, Proportion thereof to Q T, that is, to the Baſe of it {elf #61 

D. and of the Cone, will be duplicate to the Proportion (by : jj . 

2. . 12) of BG roG ©; that is, (by 14. of this) of the | 

Proportion of the conical Superficies IB G to the ſame | 4 

| Baſe QT. Therefore it is manifeſt (by Def. 10. J. 5.) that 4 

the Superficies I LB G is to the conical Superficies I B G, 0 

as the ſame conical Superficies IB G, is to the Baſe QT. oy 
Nl | Wherefore ſeeing the conical Superficies I B G, is to the 


Baſe QT, as B G (by 14. of this) is ro G O, the Super- | if 
te Þ| ficies of the Portion will alſo be to the conical Superfie 1 851 
is cies IB G in ſerib'd in it, as B & is to G O. & E. D. . 
. n ? g 
yo HE Superficies of the Hemiſphere (EO BD) HR 24 1 
an | I. bath that Proportion to (EBD) the Superficies 7 {| 
er | of the greateſt right inſcribed Cone, which in a Square =_ 
wa the Diameter hath to a Side; and that Proportion to F 

— 


© | rhe Superficies of a like Cone circumſcribed, as the 
2 Side in a Square hath to the Diameter. 


I. The Demonſtration of the firſt Part is manifeſt from 
the foregoing. For EO BD the Superficies of any Por- 

tion whatever, and conſequently of the Hemiſphere, is 
4 to the conical Superficies inſcrib'd, as BD is to D A, 
But BADK isa Square whole Diameter isB D and 
u the Side DA. ch N . 
2 Part II. Let EB C be half of the Square circum- 
* ſcrib'd about the Circle (whoſe Center is O); which EBC 
being turn'd about the Axis A B, let there from thence 
| be produc'd a Cone circumſcribed about the Hemiſphere. 
4 Now becauſe the Square E C is (by 47. 1. 1.) double to 
I the Square EB or Gl, the Circle of the Diameter EL 
7 , | | 10 


Fig. 6. l. 4. 
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alſo is (by 2.1. 12.) double to the Circle whoſe Diameter 


is GI, that is, to the Circle HG DI. Bur (by 24. 
this) the Superficies of the Hemiſphere included in th 
Cone E B C is double to the {ame Circle. Therefore tie 
Circle of the Diameter E C is equal to the hemiſpherical 
Surface. Wherefore ſeeing the conical Superficies EBC 
is (by 14 of this) to the Circle of the Diameter EC, u 
wit, to its Own Baſe, as the Side B E is to EO the Radi. BP 
us of the Baſe; it will be alſo to the hemiſpherical d 

perſicies inicribed in it, as B E is to O; that is, asthe Þ 


Diameter in a Square is to a Side. Q. E. D. 


PROP. XXXVII. Theorem. 


A Sphere hath the ſame Proportion to a ſquare cn fl 
| nical Rhombus circumſcribed about it, both n 
reſpect of the Solidity and Surface, which in a Aua, 


the Side hath to the Diameter. 


Terms, S, R, Q, O; the Proportion then of & ro O wil 


Let the Square EB C F be circumſcrib'd about HG Dl 


the greateſt Circle of a Sphere, from which Square 4 
turn'd round about the Axis Þ F, let a conical Rhomby 
encompzling the Sphere be produc'd. 


As EB a Side of the Square (ſee Fig. 6.1. 4.) is to E 


Diameter EC, even ſo let S be made to R; (ſee Fre. i;. 
J. 5 ) and let this Proportion be continued through fout 


triplicate to the Proportion of Sto R; that is, of EB. 


to E C, and the Proportion of O to R will be duplicate 


to the Proportion of O to O, or of RtoS; that is, of [1 


E Cto EB; and conſequently (by 20.1.6.) O is to R 


as the Square of E C is to EB; from whence (by Schu. 1 
Pr. 6. and 7.1.4.) O is double to R. Theſe Thing 
being thus ſettled, let the Sphere EB CF be underſtood Þ 
to be circumſcribed about the conical Rhombus. Thus 


the Sphere HG DI will be to the Sphere EB CF (by 8. 
J. 12.) in the triplicate Proportion of the Diameter 61 
or EE to the Diameter EC; that is, (as I have alrezd) 
mew d) it will be as S to O. But the Sphere EB CF 
to the conical Rhombus inſcribed in it (by 30. of this 


28 2 is to 1; that is, (as I have ſhew'd above) as O is tol. 


Therefore by Equality of Proportion, the Sphere 16 


DI is to the ſame Rhombus which is deſcribed about 1 


it, as 8 is to R; that is, as in a Square the Side E B 1 


to 1 
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to the Diameter EC. Which was the firſt Part. Then 
From the ſecond Part of the foregoing, it appears that 
the Superficies of the Hemiſphere is to the Superficies of 


the Cone E B C, and conſequently the Superficies of the 


whole Sphere is to the Superficies of the whole Rhom- 
pus EB CF. as in a Square the Side is to the Diameter. 
Therefore the Sphere as well in Solidity as in Superfi- 
ties is to the ſquare Rhombus E B CF, as in a Square 
| the Side is to the Diameter. Q. E. D. | 


i PROP. XXXVIII. Theorem. 


1 


F | HE Superficies of the Portion (B G&K D) 


re 1 which contains an equilateral Cone (B K D) 
is double to the Super ficies of the ſame Cone. 


* This is maniſeſt from 35. For the Superficies of the 


Portion B GK D is to the inſcrib'd conic Superficies 


{by 35 of this) as BK is to BA. But becauſe the Cone 
B K D is ſuppos'd to be equilateral, K B is equal to 
B D, and conſequently double to BA. Therefore the 
Fuperficies B GK D is alſo double to the inſcribed co 
nical Superficies. Q. E. D. | 


1 I PROP. XXXIX. Theorem. | 
TT" HE Super ficies of a Sphere is to the whole fig. 27. 


it, 0516 10 9. =, 
Let Z be the Center of the Sphere, and BK D the e- 


| | 1 GSuperficies of an equilateral Cone inſcrib'd in 


buchen Cone inſcribed; and K Z A O the Axis common 
to the Sphere and Cone. If the Sphere and Cone be cut 
through this, there will be produced in the Sphere the 
greateſt Circle, and in the Cone, the equilateral Triangle 
B K D, one Side whereof will be the Diameter of the Ba- 


ſis of the Cone Q T. And becauſe the Axis of the Cone 


K A is perpendicular to the Baſe QT, BAK (Def. 3. J. 11.) 


will be a right Angle. Therefore the Square of B A is 
equal to the Rectangle K AO. (Corel 1. Pr. 17. I. 6. Now 


becauſe the Side of the equilateral Triangle cuts off (Co- 
ol. 5. Pr. 15. J. 4.) a ath Part of the Axis AO, the Rectan- 
gle K A O, that is, the Square of B A, will be treble to 

the Square of A O (by 1.1.6.) Wherefore ſeeing the 


Square of the Radius Z O is (Corol. 3. Pr. I. I. 2.) quadru- 
ple of the Square of A O, the Square of the Radius 2 Q : 
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will be to the Square of the Radius BA, as 4 is to; 


* 
* 
+ 


Therefore the Circle O BK is al ſo (by 2 J. 11.) to the 


Circle Q J, as 4 is to 3. Therefore four Circles OBK, 
that is, (by 24. of this) the whole ſpherical Superficia 
DG is to the Circle QT, as 16 is to 3. But (Corol.1. Pr. 


of this) the Superficies of the equilateral Cone B K Di F 
to the Circle QT, to wit, its own Baſe, as 2 is toi; 


and conſequently the whole Superficies of the Con: 


BK D; that is, including its Baſe, is to the Baſe, u 
wit, the Circle Q, as 3 is to 1, org to 3. Therefon ! 
ſeeing I have ſhew'd that the Superficies of a Sphere i 


to the ſame Circle, as 16 is to 3, the Superficies alſo af | 


the Sphere D G will be to the whole Superficies of the ' 


equilateral Cone, as 16 is to 9. & E. D. 
. Or otherwiſe thus: 


I Ecauſe by Corol. 5. Pr. 15. J. 4. the Side B D of thes | 
24232 quilateral Triangle cuts off a 4th Part of the Au 
AO, the ſpherical Superficies BO D willbe a th Partly 


27 of this, and conſequently the Superficies BG DK, thre | 


4th Parts of the Superficies ofthe whole Sphere. When 3 


fore if the whole Superficies be ſuppos'd to be 16, the dl. 


perficiesB G K D will be 12. But (by the foregoing )th 3 


Superficies B G K D is double to the conical Superficiz 
B K D, and conſequently is to it, as 12 to 6. Therefor 


the whole Superſicies of the Sphere is to the conical BA 
as 16 is to 6. Then becauſe the Super ficies of the Cone 


B K D (as being equilateral) is (by Corel. 1. Pr. 14. of this) 

double to the Baſe QT, it is manifeſt that the conical Þ 
Superficies B K D (to wit, without the Baſe) is to th 

whole Superficies of the Cone, as 2 is to 3; that is, 61 


to 9. Therefore by equality of Proportion the who 


Superficies of the Sphere is to the whole Superficics uf 
the equilateral Cone inſcrib'd, as 16 to 9. &. E. D. 


PR OP. XL. Theorem. 


b | A E Superficies of the Sphere bears the Propur 4 


7 4 
8 
3054 
IE; 1 


IT riang 


eſt, 15 
AB 


tion to the whole Superficies of an equilaters 


Cone circumſerib'd about it, that 4. doth to 9. 


Let there be circumſcrib'd about the greateſt Circl of | 


a Sphere BP M theequilateral Triangle D OF, by which 
asturn'd round about the Axis O A B, let there be pro- 


duc'd an equilateral Cone,circumſcrib'd about theS phere. F y 
And let there alſo be circumſcrib'd about the equilareril Þ 


Tre 4 
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4 riangle DOF the Circle NDLOF, which, as is mani- 


Jeeſt, is concentrical to the former; and let the Axis 


DAB be produc d to N. Becauſe BN is a 4th Part of the 


Axis O N as is manifeſt (from Corol. 5. Pr. 15. I. 4.) ON 


: sdoubleto BK. Wherefore the Proportion betwixt 
Circles being duplicate (by 2.7. 12.) ofthe Proportion of 
the Dlameters, the Circle BPM will be to the Circle 


foregoing Demonſtration, that the Circle NDLOF is to 
the Circle QT. the Baſe of the equilateral Cone inſcrib'd 
in the Sphere FL, as 4 is to 3. Therefore by equality of 
Proportion the Circle BPM is to the Circle QT, as 1 is 
to3. But the whole Surface of the Cone DOF is (by 
Cor. 1. Pr. 14. of this) trebleto QT. Therefore the 
whole Superficies of the Cone is ninefold of the Circle 
BPM. Wherefore ſeeing the Superficies of the Sphere 
T pPis quadruple (by 24 of this) of the ſame Circle 


| Foregoin x to 4. But it hath already been ſhew'd inthe 


BPM, the whole Superficies of the equilateral Cone 
DO F is to the Superficies of the Sphere to which it 


Is circumſcrib'd, as 9 is to 4. Q. E. D. 

Coroll. 1. From this Demonſtration it is manifeſt that the 
Axis BO of an equilateral Cone circumſerib'd about a Sphere, 
= one and a half of the Diameter 0 f the Sphere E K, or as 3 to 2. 
2. That ® T the Baſe of the Cone DOF is alſo one and an 
Þalf of both Baſes of the Cylinder circumſcrib d about the ſame 
obere. For QT a to B P M, as 3 to 1. Therefore QT is to 
PM twice, a6 3 ig to 2 „ 
3. That the Superficies of the Cone DOF is one and an half 
of the Superficics of the equilateral Cylinder circumſcrib'd a- 


bout the ſame Sphere. For that f is double to QT, while this + per co. 
is quadruple to BP M*. Therefore the conical Superficies will u. 1. p. 14. 


be to the Cylindrical as twice 3 to four times 1 ; that is, as of this. 


9 PRO P. XLI. Theorem. 


NE whole Super fies of an equilateral Cone Et 28. 


j circumſcrib d about a Sphere, is quadruple to 
the whole Superficies of a Cone inſcribed in the ſame 
VVV 
4 By the foregoing the whole Superficies of the equila- 
teal Cone DO F circumſcrib'd, is to the Superficies of 
the Sphere, as 9 to 43 and the Superficies of the Sphere 
is the whole Superficies of the inſcribed Cone SK T, as 


wy 1s to 9 (by 39 of this.) Therefore by Permutation of 


Eaqua- 
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G 70 4, or as 3 0 2. ] 25. of this: 


Fig. 28. 
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Equality of Proportion the whole Superficies of the qi 
cumſcribed equilateral Cone is to the whole Supe! fie 
oftheequilateralinſcribed,as16isto 4,or as 4to 1. C. E 


PROP. XLII. Theorem. 


A Sphere hath that Proportion to B K C an equileſ 


teral Cone inſcribed in it, which 32 hath 10 9 


Let the Sphere and Cone be cut by a Plane pa fg 
thro'the common Axis K O, producing in the Sphere 
greateſt Circle OF KI, and in the Cone the equilate 
Triangle B KC. Ihen a Plane being drawn thro' t 
Center A perpendicular to O K, let the Hemiſphen 
F G Kl be cut off, in which let the greateſt Cone FRI 
be underſtood to be inſcribed. Now becauſe (by C, 
p. 15. J. 4.) the Side B C of the equilateral Triangle ch 


off a 4th Part of the Axis O K, PK will be to AK, as zu 


25 that is, as 9 to 6. But the Baſe QT is to the Circk 
OF KI, that is, to the Baſe N D, as 3 to 4, that is, as 
to 8, as appears from what was demonſtrated pr. 3) 

Wherefore ſeeing the Proportion of the Cone B KC vi 
the Cone F KI is (by Schol. 2. pr. 1 F. I. 12.) compound 

of the Proportion of the Altitude PK tothe Altitude A 
(that is, of the Proportion of g to 6) and of the Propotts 

on of the Bate Q tothe Baſe N D (that is, of the b. 
portion of 6 to 8) the Cone BK C will be to the Com 
FK I, asg to 8. Wherefore ſeeing (by zo of this) th: 
Sphere C G 1s quadruple of the Cone F K1, the equi 


lateral Cone B K C will be to the Sphere C G, as gt 


Ji. QED. 


PROP. XLII. Theorem. 


AN equilateral Cone circumſcrib'd about 41; 
Sphere, is eightjold of an equilateral Cone in. 


ſerit'd in the ſame Sphere. 


Let S KT and DO F be the equilateral Cones in- 


ſorib'd and circumſcrib'd, and let O K B be the common 
Axis. Then let as well both the Cones as the Sphere be 
cut by a Plane paſſing through the Axis; their Sections 


will be two equilateral Triangles, and the greateſt Cit 


cle BP M. About the Triangle DO F likewiſe le 


there be underſtood to be deſcrib'd the Circle ND 0}, 
and let the Axis OK B be produc'd unto N. Nov be- 


cauſe the Side D F of the equilateral Triangle doth (by 


Corol. 5. pr. 15. J. 4) cut off NB the 4th Part of tt 


Axis ON, is is manifeſt that O N is double to B ng | 


the cin 
er Ndies 
. B.) 
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Like manner, becauſe the Side $ T of the other equila- 


teral Triangle cuts off B C the 4th Part of the Axis B K, 


IN O will be to B O, as B K is to CK; and by chang- 
ing, as N O is to B K, ſo is BO to CK. But NO is 
double to B K. Therefore B O is likewiſe double to 
CK. Therefore becauſe of the Similirude of the Tri- 
angles, DO FE, S K T, DF and ST alſo, to wit, the 
Dismeters of the conical Baſes will (by 4. J. 6.) be in a 
double Proportion betwixt themſelves. 
ſeeing the Cones D O E, S K T, be like, and conſe- 
quent ly (by 12. J. 12.) their Proportion is triplicate to 
the Proportion of the Diameters DF and S T; which 
is that of 2 toi, the Cone DO F will be to the Cone 
K J, as 8 to 1. Q. E. D. 

le cus 

as 3 0 
| 1 Sphere hath the ſame Proportion both in reſpect 
Ml of Solidity and Surface to the equilateral Cone 
DO F circumſcrib'd about it, which 4 hath to g. 


The Sphere T P is (by 42. of this) to the equilateral 
Cone 8 K T inſcribed in it, as 3 is 9. But (by the fore- 
going) S K T the equilateral Cone inſcribed isto DOE 


the equilateral Cone circumſcribed, as 1 is to 8, that is, 


Wherefore 


PROP. XLIV. Theorem. 


3 72. Therefore by equality of Proportion the Sphere 
ITP is toD OF the equilateral Cone circumſcrib'd, as 
32 is to 72, that is, as 4 to 9. But in Prop. 40. we de- 
monſtrated that the Superficies of a Sphere is to the 


whole Superficies of an equilateral Cone circumſcribed, 


as 4 is to 9. Therefore a Sphere both in Solidity and 
Superficies is to an equilateral Cone circumſcrib'd about 

it, as 4 is to 9. 5 1 | 
' That therefore which Archimedes was ſurpris'd at in a 


9. E. b. 


Sphere and Cylinder encompaſſing it, we have alſo now 


demonſtrated in a Sphere and an equilateral Cone en- 


compaſſing, to wit, that there is the ſame rational Pro- 


portion of the Solidities betwixr themſelves, which there 
is of the Surfaces. For as he found that the Sphere is 
to the Cylinder as well in Solidity as Superficies, as 2 
to 3; ſo we have now taught, that the Sphere is in re- 
I pect both of Solidity and Surfaceto an equilateral Cone 
encompaſſing, as 4 tog. TE, 


; hence we ſhall without much labour demon- 


vl 


| Mtrate that the very Proportion; to wit, the ſequialtera), 
. which Archimedes ſhew'd to be betwixt the Sphere and 


Cylin- 


49 


Eg. 28, 


| 
50 _ ARCHIMEDES's Theorems. 
Cylinder, is continued by the equilateral Cone circum. 


ſcrib'd both in the Solidity and Superficies ; and ſo ve 
ſhall put an End to the preſent Work, 


PROP. XLV. Theorem. 


mo N equilateral Cone circumſcribd about a 
u — | 5 Ln . . . 

ed 20 thi \ Sphere, and a right Cylinder in like mani 
Treatiſ. ci cumſcrib d about the 2 Sphere, and the ſam: 


Sphere it ſelf, continue the ſame Proportion; to «it, 


the ſeſquilateral, as well. in reſpect of the Solidity as 
of the whole Superficies. 

| For by 32. of this Book, the right Cylinder G Ken. 
compaſſing the Sphere, is to the Sphere, as well in re. 

ſpect of Solidity as of the whole Superficies, as 3 is to:, 
or as 6 to 4. But by the foregoing the equilateral Cone 
B A D cicumſcrib'd about the Sphere is to the Sphere 
in both the ſaid Reſpects, asgisto 4. Therefore the 
ſame Cone is to the Cylinder, both in reſpe& of Solidi- 
ty and Surface, as 9 is to 6. Wherefore theſe three Bo- 

dies, a Cone, Cylinder and Sphere, are betwixt them. 


ſelves, as the Numbers 9, 6, 4, and conſequently conti 
nue the ſeſquilateral Proportion. & E. B. 


[PROP. XLVI 


NMH E ſame ſeſquilateral Proportional holds 
betwixt an equilateral Cone and Cy- 
nder circumſcrib'd about the ſame Sphere, in 
reſpect of their whole Surfaces, their ſimple Sur- 
faces, their Solidities, Altitudes and Baſes. 


This Propoſition is manifeſt as to the whole Surfaces and So- 
dities from the foregoing ; as to the ſimple Surfaces, fr 
Coroll. 3.Pr. 40. of tha; as to their Altitudes and Baſt: 
from Coroll, 1, and 2, of the ſame 40th Propoſition.] 
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